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NEW REPRESENTATIONS' OF' vVHITTAKER'S 
CONFLUENT HYPERGEOMETRIC' FUNCTION 

por J. 13RO.MBERG 
N. York 

By suhstituting an Euler integral f,or an equivalent Beta 
function in the summand of the oonventional ser~es. for function 
Mk.m(x); a. generalization' of the Poisson type' integral repre
sentation of cylin~ical and associated functions is Qbtained, 
which further, byexpressing it as a series .of known integrals 
of this type, yields an expansion of .. Whittaker's function in 

. terms ofBessel and Struvefunctions of.· increasing orders .. 

1. Integral Representations. Whittaker'g solution M/c.±m(x) 
oí the differential equation 

y" + [-1/4+k/x+ (1/4-m2)/x21j .0, (1) 

whose classic expression (1) may be written as 

M k.m (x) :=::: [1' (2 m + 1) /1'(- k + ni, + 1/2)] . xm+1/2. . 

~ . 
(r1/2x • z: {[I'(- k + m + 1/2+n) 11'.(2 m + 1 +n)]. xn/n!} , .(2) 

n=O,1 

appears, ~fter _multiplying, in (2), th esummand and dividing 
the constant factor by l'(k + m + 1/2), as 

M, (x) = e, Xm+1/2 e-1/2x 
I~tm ",m 

ce 

Z:[B(-k+m+1/2+n, k+m,+1/2).xn/nl], (2a) 
n=O •. l 

(') [1], § 16.1 (p. 337, bottom). The bracketed figures in these foot· 
notes refer to the order numbers in tIle list of references at tIle end of 
the texto 
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where, as in the rest of the present 'calculation, 

C'c,m~ l/B(- k + m+ 1/2, k +m.+ 1/2) (3) 

and, the· B-funct~ons hav'e the,·usual meaning. . 

1 . 

B(p, q) =- [1' (p) . r (q)] /1' (p + q) = f tp-1 (l-t)q-l dt (2) .• (4) 
, , 'o 

00 

We substitute in (2a) the series ~ [(-1/2~)s/sl]for e-1/2x, 
n=O.l . . 

transf.orm the doubJ.e ser~~ thu,s :obtain~d by CauchY'·5 rule, 
with N -:-... n + s, and introduce the unit factor NI /N 1 .into the 
summand: 

00 s=N 
Mk,m(X)=C'c,mxmt1/2. ~ [(xN/NI). ~'( {NI/[(N-s)lsl]}. 

n=O~l 8=0 .. 1 

(-1/2)8. B(-k+m+ 1/2+N -s, k.+ m+ 1/2»]. 

According to (4) and interchanging summation and inte
gration we have, with' the usual notation for the binomial coef
ficient appearing in the braces, 

00 

Mlc.m(X) = Ck,mxm+l/2 ~ «xIV/NI) 
N=O.,l 

1 N ' f {~[(~) (-1/2/t)s]). t-lHm-1/2+IV (1-t)'t+m-1/2dt). 
o s=O.,l 

By the binomial formula the factor in braces is ,equivalent to 
[1-1/(2t)]IV, and so, with 

~=- 1/2 x, 

00 

M'c,m(x) = C'c,m xm+1/2 ~ {[( -1/2 x)IV /NI] 
N=O.l 

(") [1], §§ 12.4, 12.41 (pp. 253-5). 
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1 

/ (1-2t)N .,t-k+~~1/2 ~1-:-:t)1:+::-1/2 ~t} =. _ .. 
O . , 

'" =2±2kCk,m xm+1/2 zj U(-l;)N.jN!] 
, N=O.,l' . 

1 

/ (1-2t)N [t(l-t) ]±k+m-1/2 [~+. (1-2t)] :¡=21c dt} . 
O ' • .." 

In our range of integration. it i~ Il-,-2t I <1 ,and the bino
mial formula nUly be applied to the =F 2k-th power before 
dt (except,' possibly, at a terrriinus, but we \shall ignore, tem-
porarily, this singularity): ' 

'" Mh,m(X) = 2±2h Ck•m xm+11.2 Z; ([(_l;)N jN!] 
N=O.¡l ' 

1 ' 

;i; {(+. l)p (=F ~k) '/ [t(l-t) 1±k+m-1/2 (~-2t)N+P dt} ) (5) 
p=o,,1 . ip, o 

Denoting the value of the integral in (5) by 11, we have, 
with t =' sin2 "', 

1/211 
A = ! (sin'" . cos '" ) 2( ±lc+m-1/2) cosN+p (2"') sin 2'" . d", = . 

o 

1/211 
= 22(:¡=1c-m)! sin2(±k+m) (2"') . cosN+p (2"') : d(2"') = 

o 

1t 

= 22(:¡='c-m) f' sin2(±lc+m) cp • cos N+p cp dcp. 
o 

In the range of our 'last integration sin cp is symmetrical 
ánd cos cp is antisymmetrical with respect to the ordinate through 
the middle of the range. Ther,efor,e: . 
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1t .1t/2 

for (N + 1) odd it is f =- fand A=ü; 
1t/2 o 

1t 1t/2" 

for (N + p) even it is f = + f ailcÍ A = 
1t/2 o 

1t/2 

= 22('flc-m)+1 . f cos2[±Mm+1/2(N+p)] cp • tan2(±k+m) cp • dcp = 
o 

= 22('flc-m) r (±k +m+l/2) .. 1' [1/2 (N+ p) + 1/2] 

;1' [±k+m+ 1,+ 1/2 (N+ p)](S) .. 

Applying to the second Gamma-function Legendre's dup
lication formula (4) 

r (z + 1/2) = 1[1/2. 2-(2z-1) . .1' (2z) /1' (z), (6) 

A = 22('fk-m) 1[1/2 {1'(±k +m + 1/2) 

(1' [±k +m + 1 + 1/2 (N.+ p)]}. 
{2-(N+p) (N + p)1 /[1/2 (N+ p)] I} . (7) 

We have now to substitute into (5) the value of the integral 
A fr·om (7) for the terms with (N + p) oven ando to . drop ther,e 
thetermswith (N+p) odd; as,consequently, (-l)N(=t=l)P= 
(_l)N+p(±l)p=(±l)p and as also [(N+p)I/N!gN~ 
OP ('f,N+p)/o'f,P, we can write: 

Mlc,m(x) =2-2m 1[1/2 Clc,m r(±Mm+1/2) . xm+1/2 ['(Z: .i + i i) 
. N~O,.2 p=O,.2 N=1.S p=l,S 

( 
l)p (=F 2k) oP ( (I/2 'f,)N+p })] 

± íp o'f,P ([1/2(N+p)]!r(±k+m+1+1/2(N.+p)] 
(8) 

After another application of Cauchy's rule, with N+p=:=M, 

(") [2] tab. 42, NI'.6 (p. 71) Qnd tab. 17, NI' .19 (p 44), With Q' con
dition of validity to our + 7.:+ m < O, which is insufficient, as· will be 
seen; [11], p. 164, (11). 

(') [1], § 12.15 (p. 240). 
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the summation be~omes 

ca M 

uP {(1/2l;)M/[(1/2M) Ir(±k +m + 1 + 1/ M)]}/ul;p) . ~ ,ij ( ... ), 
.1U=O.2 p=O.:l 

with the understanding, originally, that O < P < M; but, as,· for 
M DO 

p> M, it is UP (l;M) /ol;p = 0, we may repIaoe z: by Z). With 
p=O.l p=O~l 

2M used for M in both the summatiQn ¡¡yrnhoI and the summand, 
our sum becomes now 

i i «±l)p (+~k ) 
M=O.l p=O.l . !p 

UP {(1/2l;)2M/[Mlr(±k +m + 1 +M)]} /u'f,p) , 

and, beca~se o~ thte well:"known definitiod. of the modified 
BesseI functiop 

lv(z) = n-1/2 [(f(v + 1/2) ]-1 (1/2 z)V 
1t f [~~~h (±z COS &)] sin2v &d& (5) (6) = 

° 
00 

= z: {(1/2 z}v+2n/[ nI I'( v + 1 +¡n)]} (7) (9) 
n=O.,l 

we may now rewrite (8) as 

(0) [3], § 3.71, (9) (p. 79). 
(0) Choice of sign independent of choice between exp. and cosh; 

1t i/21t i/21t i/21t 00 .., 

if cosh is used, it is J = 2 J t J = 2 J and J = 2 J. 
o o _i/21t o -XJ o 

(") [3], § 3,7, (2) (p. 77). 
(8) Thus most of the beginning of the present article down to this point 

could haye been dropped; we keep it· becauee pi a more 'general hel1ristie 
value poss,ibly' ~erent to, the used methodof replacing a" Beta functhm by 
its integral representation. 
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Mk,m(x) = 22- m 1t1/2 Gk,m r (±k + m + 1/2) xniti/2' 

:i {(± l)p (:¡: 2k ) OP [I±lc+m(~)/(1/2 ~)~!c+m]!o~~} . (10) 
p=o~ P , . " " 

,H, may also be written symbolically: 

Mk,m(X) = ~ 1t1/2 G¡c,m r (± k +m + 1/2) (1/2 ~)m+1/2 

, ' , (1 ± oio~)'T2ic[I ±lc+m(~)/(1/2 ~)±¡c+m]. (11) 

Wesubstitute into (10) ,or (11), for the Bessel function, 
itsPoiss.on type integral representation, (9), perform the dif.:. 
ferentiation o /o~ behind the integration symbol, interchan~ 
summation and integration and cancel constants, then use the 
binomial formula: 

n ' , 

f {~ [(:¡: ~lc ) cosP &]} [exp(± ~ cos '&)] sin2(±fc+ml & d& = 
o p=O"l ,rp , 

= 2 G¡c,m(1/2 ~)mti/2 

n , f (1 + cos &). T2¡c . 'exp'(± ~ cos &) . sin2(±¡c+m) & d& = 
o " 

n 

f[exp(± ~ cos &)] tan±2¡c (1/2 &) . sin2m & d&= (12) 
o 

n . 

f (~~~{±[~cos&+2klogtan(1/2&)]} )sin2m &d& (6). (13) 
o 

Instead of investigating, 'at each application, the legality 
of using the binomial formula and of interchanging integration 
with summation or differentiation, it is simpler ,to check 'our 



main result (12), and to obtain simultaneously the, oondition ' of 
its validity, by substituting it into the original equa~ion (1). 
A still sh{)rter way (8) is sugge~ted by ,the: s~ilarity of formula 
(12), once it has been derived, to a formula givlen by.' Nielsen: 

B[1/2(p + v) + 1, 1/2(p-v) + 1] =2-p 

1/21C 1/21t 

ftanV oo. sinPt1 (200). doo • 2 ftariVei). (1/2 sin2oo)~ti"doo (9), (14) 
o o ' 

valid, acoording to the same authority (10), for 

(15) 

In order to apply (14) (which is, incidentally, a simple oorollary 
from our (4)) to the B-function in (2a), we assume 

1/2(p±v) +1=n+m-k+1/2 and 1/2(p+.v)+1=m+k+1/2; 

whence p=n+2m-1 and v=±(n-2k);n=O, 1, 2 .. ",' 

Cond~tion (15) of validity now splits 'into: 2n + C'R, (2m-2k) >-1 
and C'R,(2m + 21~) > -=-1 ; these two conditions reduce, for the 
critical 'value n = 0, to 

C'R,(± k + m) > 1/2, 

or,for the case that both k' and m are real, 

(For M'c,_m(x) , the second in the fundamental systen of sol
utiOns df. (1), the oondition of validity becomeseven more 
stringent: C'R,,(±l~- m) >-1/2, or -¡k¡- m> -1/2). 
, 'As the series in (2a) conv,erges uniformJy"we mayigter
change in it summaÍion and integration (11) andrewr1tte it as 

(0) [4], p. 379. 
(10) , [4], p. 373, eq. rw 
(") [1], ~ 4.7 (p. 78-9). 



lJh,m(x) -:-~ Q!t,~ \ffltt1/2 (rU2X . 

1/2rr "" . .' .' . 

f riJ '[(1/2 sin 2cri)n+2m tan ±(n-2kl eo . xn /n r]} deo . 
o n=O,l 

= 2 C k,m xm+l/2 e-1/2X 

1/2rr "". - . 

! (~{[(~: en)2 . X ]n/nl-} )(¡¡g sin !aen)2rn. tan T2k <;O • den = 
o n=O,.l 

.1/2rr 

= Ck,m xm+1/2 e-1/2x f {exp[1/2 x(l + cos 2OO)]} 
o 

(1/2 si!l2en )2m tan ",!2k '? d(2en), = 2-2m Ck,m xm+l/2 . 

rr 

![exp(=F,1/2xcos&)]tanT2k (1/2&). sin2m &d&. 
~ . -

which is identical with(12), from which also (10) and (11) 
could now be easily derived by rev.ersing the prooedure used 
aboye. 
,. I 

It is natural to s~hstitut~ in (13) 1/211 + &' for & alld thus 
to obtain 

M~,m(x) =2 C'c,m(1/2l;)m+1/2 
1/2rr f ( {:~:h FF[l; sin &' - ~k log tan(1/411 + 1/2 &')]} ) pos2m &' d&' (6), 

-1/211 . 

in order to conveniently introduce the anti-gudermannian 

cp == gd-1 &' = log tan(1/4 11 + 1/2 &') (12) ; (17) 

with gd-1 (-1/211) . -00; gd-1 (1/211)=00; sin&'=tanhcp(lS); 
cos&'-:-l/coshcp(lS); d&'=dcp/coshcp (14), it is 

. (llI) [5], Addenda, § 3, 2nd line (p. 58). 
(lB) [5], Addenda, § 13, ard line (p. 58). 
(14) [5], Addenda, § 9, last line (p. 56). 
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ce 

f f;~~~ [±(~ta~h~-~~~cp)]lcosh-2m-lcpdcp (6) (15). (18) 

For k=O equation (1) degenerates into one of the standard 
f~rms of t4e B~~lequ~t~qQ., sph~?" by ~ ~,essel funetion (of 
an imaginary argument; or modified) (16). Froin (11), ap.d using 
later also (6), we obtain the relation 

Mo,m(x) = 21t1/2 Co,m r (m + 1/2) . (1/2t;)m+l/2 .lm(t;)/(1/2 t;)m = 
= 22m r (m + 1) . Xl/2 :lm(l/? x), (19) 

\yhieh is essent~,any identieal with tPe «seeond' Kummer form
ula» 17) and álSo otbei'wisé well-know (18). But from (18) we 
would have now 

ce 

M o,m(:x) ='2'Co,m(1/2 t;)m+i/2j [~~~~(~ t; tanh cp)] eosh-2m-1 cp dcp (6), 

and by compáring ~his with (19), we obtain 

00 

j [~~~h (± z tanh cp)] eosk-2V-1 cp dcp (6); (20) 

this eould have been derived also direetly from (9) by intro
ducing, aga~n, for fr, first &' and then the anti-gud~rmannian 
qJ, aeeording to (17}. Hyperholie, ~psteadof trigon0IDJetrie, fune-:
tions could bieuse~, with oee~ional' advanta~, in the 'Poisson 
type ir;ttegral .I'tlpresentatipn~ of numerous oth~r Bessel and asso.,. 
ciated funetions (19). We single o~t' for this t,reatment, in view 

, '(111) A' contact (in the case' of m =0) :,appears possible with Sharpc 's 
integral: [3], § 4.43, (2) (p. 105). 

(16) [5], VIII, § 7, 3rd case (p. 146). 
, (17) [1], § l~~l~,(II) ,(p, a~8). , 

(lB) [1], § 17.212 (p. 360-1) j' [6], eq. (1,12) (p. 129) j [10], e 2.213 
(p. 474) j follows also from [7], § 18.43, title (p. 276). 

(10) An m:t~gral rep~esentation '¿iose enough to this type seems to have 
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of a later utilization, the modified Struve function' 

, ' , 1/2rc " , 
Lv(~) =2 [n1/ 2I' (v + 1/2)]-1 (1/2 z)Yfsinh(z~os &) slé~ & d&= 

, • o 

00 , 

:.-. Z:{ (1/2 z)V+2p+1/[1' (p + ~/2) . r (v+ p +3/2)]} (20) (21) 
p=o,;t ! ' 

and write 

Lv(z) =2 [n1/2 r (v + 1/2)]-1 (1/2z)Y 
00 ' J sinh( z tan ép) • COSh-2~~1 ép .dép: (22) 

o 

AIso the condition (16) of validity reduces, for k = 0, to the 
well-known conditionC):(v:) >-1/2 for (9) and (21), and con;, 
sequently for (20) and (22). ' 

2. Connection 01 the Whittaker function with Bessel and 
Struve functions. By the addition thoorem for the braced factor 
in the integrandof (18), 

00 

M'e,m( x) = 4 C'e,m(1/2 ~)m+l/2 f [cosh(~ tanh ép) cosh 211: ép

o 

- sinh(~ tanh ép). sinh 21c ép] cosh-2m-l ép ~ dép. (23) 

In order to transform this exp.ression with the aid 'of ,(20) and 
(22), it remains to expand cósh 2k ép 'and sinh 2k CJ? inio conver
ging series in powers of cosh ép. Expansions 'of this type (for 
a non-qualified2k) are not, p:r:obably, available in the literatura, 
but can be derived when it is noticed that 

been given for the first time in [8], p. 142,(3), where it suffices to subs-
00 

titute ro cosh ep for ex in order to obt,ain Jo (ro) = 2r.-1 f sin (ro cosh ep) d ep, 
, . 

as aPllarently noticed by the author of [9],p. 294, whb, however, de
rives' this formula, aliJo by a, different method. Fora few more general formulae 
of Mehler's type see [3], § 6.13 (p. 170)and9 6.2 (p. 180). ' 

(llO) [3], § 1D.4,' (11) '(p. 329). ' -, 



~here'u = oosh cp árid cj> 1s. ~eal, satisfies, ilf eachcase~ thé dif-
ferential equaiion .: " 

(u2 -1) (d2v/du2) + u(dv/du) - f-t2V-O (21). 

The two sol'u~on\s ü¡fthe Usual type in desoendiug (hecause 
I u I >1) series dI PQWiers ·of u, with the indefinHe constant 
factors omitted, appear as 

00 

cosh±p.cp =+ ¡.¡. z: [4-p fC::r:- f-t, p) cosh±P.-2p cp]= 
. 111=1.2 

00 , ' 

= =¡: f-t z: [4'-p f(=¡: f-t, p) cosh ±\L-2p cp], (24) 
p=O.l ' , 

where 

f(j, p) ~r (j +2p)/ [1' (p+ 1) . r (j + 1 + p)], (25) 

with the understandin.g that the equality in (24) is cor~'ect a180 
for f-t=0, as in this ,case the first (for p=O) ':term on the right 
side becomes (=¡: f-t) r (=¡: f-t) /[1' (+ f-t + 1) ] --l; like.on the left 
side, and, all ;other terms vanish on either side. The series in 
(24) are convergent, by the eI.ementary r~atilo test for cosh cp > 1 
and by the Raabe test for cosh cp = lo The numerical factors 
necessary for combining linearly the two series (24) into 
~:c (f-tcp) are found by causing cp to increase beyond any positive 
limit, with f-t assumed first positiv,e, then negative, and, compar
ing the limit values ,of the series with lim ~i:: (f-tcp) in ,each 

case. The resulting formulae are: 

00 

~:C(f-tcp) =2p.-1 (-f-t) Z:[4-p f(-f-t, p) . cosh p.-'2p cp] ± 2-p.-1 (+ f-t) 
p=O.,l 

00 

z: [4-p f(f-t, p) . cosh-p.-2p cp ]. (26) 
p=O.,l 

It follows from their derivation that they hold only for a 'real 

("') [lOJ, O 2.235 (p. 453). 
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and positive cp; the r~striction, however, i.s merely formal, as 
/-L is unrestricted. 

Interch¡mging s:wnmation and integriltion in the uniformly 
converging series (26) (11) and applying to it (23) for /-L=±2k 
and then using (20) and (22), 

00 00 

. M/c,m(x) =4k Ck,m(1/2l;)m+1/2 f z: {2-2Ie- 2p f(2k, p) 
o p=O~l 

[cosh(l; tanh cp) + sinh(l; tanh cp)] cosh-2k-2m-2p-l cp

- 22k- 2p f(- 2k, p) 
[cosh(l; tanh cp) - sinh(l; tanh cp)] cosh2Ic-2m-2p-l cp} dcp = 

00 

= lm1/2 C'e,m z: ft(2k, p) x-(lc-l/2+p) l' (le + m + 1/2 + p) 
p=o,;t 

[Iktm+p(1/2 x) + Lktm+p(1/2 x)]-
- f(-2k, p) x-{-lc-l/2+p) l' (-k+m+ 1/2+ p) 

[L
'
c-l-m+p(1/2x) - L_Ir+.m+p(1/2x)]}. (27) 

It is possible to' derive this result froro (12), instead 'of 
from (18), by using Poisson integrals of the original type and 
oertain formulas partly appearing in handh'ooks (22), where. 
however, no hints as to their derivatiolll or further autltorities 
are given. By retainirrg the ~::~;~ functi,ons alone in the brac~ 
kets .of (27) we obtain thepart of M'e,m(x) which.is ~d~n in k. 
Further, the factors in (27) daarly split into two groups of 
functions of which Olle does and the other does not oontain m. 
We finally r,epresent,. the Whittaker function in the formally 
simple shape 

00 

M'c,m(x) = k C'c,m z: [[(k -1/2 + p, p, x) . M(l)ktm+p(1/2 x)-
])=0,1 

-K(- le-1/2 + p, p, x) . M(2)_lrlm+p(1/2x)], (28) 

where 

( .. ) [11], p. 265, (9). 
("") The essentil'.l pal t of M v (.) (z) is known in the' literllture: [3], 

§ 13.51, (7) and after (p. 425). In the case of v = O a relation to Thei
singer's integral appears probable: [3], § 10.46 (p. 338). 
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1/21t 

=2(1/2z)vj exp(±z cos &) sin2V &d&= 
o 

~ . ' 

= 2(1/2 z)vJ exp(± z tanh cp) ~OSh-2'¡-1 cp dcp = 1t1/2 I' (v ,+ 1/2) 
. . 

o 

~ 

z: {(±1)n(1/2z)v+n/[I'(1/2n+1) R(v+1/2In+1)]} ¡ (29) 
n=O.l 

[(v, p, z) ==f(2v + 1-2p, p) ~V= {r(2v + 1)/[I'(p + 1) 

I'(2v+ 2--,-p)]} ~V=p-1( 2v1)~V, 
p-

for p=O,1,1 ... , with, for p=O, the convention [(v,O,z)= 

= (2v+1)-lZ-V, and, foi' p=1, the usual assumption (2~) . 1. 

In our case it is ~asy to seethat [{(±k-1/2+p,p,x)= 
= [1' (± 21c + 2p) /1' (± 2k + 1 + p) JI[p 1 X ±lc-1/2-Pp] :-j= 00 for any 
ü<x<oo, at p-=-/=O¡' ~lso for p=O itis [(±k-1/2,O,x)= 

. (± 2k )-1 XTlc+1/2::-j: 00, as it is assumed k .,-j;: O. It mar also' be 
written I((v,p,z)==s(2v+2-p,p).(pzV)-1, with reference to 
the reoentIy introduced special function s(a,b)==:r(a+b-1)/ 
:[1' (a) F (b)] = [(a + b -1) . B(a, b)]-l (24). 

As, from (9) or (20), Iv(-z) = (-l)v Iv(z) and, from (21) 
. oOr (22), Lv(-z) ='- (-l)v LvCz) , it follows, as also from the, 

last form in (29), that M)l)(-z) =( -l)v M)2}(Z) and Mv{2}(_Z) = 
= (-l)v Mv{l}(z); as, besides, obviously, [(v,p,-z)=(-l)Y 
I((v,p,z), the weIl known property M1c.m(-z)=(-1) In I-l/2 
M-lc.m(z) (<<Kummer's first formula») (25) is derived in a pal'ti
,cularly easy way from our (28). 

For an estimate of the oonvergenoe of our r~sult, we firsí 
,apply the asymptotio (for x ~ (0) form of thc Stirling for
mula (26): 1'(x+1)"-'(21t)1/2e-X xX+l/2, to each of the three 
oGamma-functions in (25) and thus obtain the asymptotic value 

(2t> [11], p. 296, a), (1); ib., (3), an expansion I;lf s(g,p), for l' po
:sitive and integer, into a series with Stirling numbers. A more detaile 1 
theory probably included in the author's book (inaccesible to the' writer) 
on "Special functions". 

('"') [1], § 16,11, (1) (p. 338); [10], e 2.273 (p. 474). 
(20) [1], § 12.33 (p. 253). 
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of 2-j-2p f(j, p) : 

I'(j + 2p) '" (2rc)1/2 e-(jt2p"':l) Ü + 2p _1)jt2p':'1/2 =':(2rc) 112 ~-'(jt2p-1) 
[1 + (j-1)/(2p) ]2p [1 + (j-1)/(2p) ]i-1/2 (2p )jt2p-1/2 '" 
'" (2rc )1/2, lj-1/2 . e-2p (2p )jt2p-1/2; r(p + 1) '" (?rc )1/2e-p pp+1/2; 

r(j + 1 + p) '" (2rc )1/2 e-(jtp) (j + p )j+pt1/2 = . 

= (2rc )1/2 e-(jtp) [1 + (j/p)]p [1 + (j /p) ]itl/2 pjtpt1/2 '" 
(2;¡ )1/2 . 1j+1/2 e-p pitP+l/2 ; 

2¡-j-2p f(j, p) '" 1-1 . 2-1rc-1/2 eO p-S/2 = 1/2rc-:-1/2 p-S/2 (30) 

for ii= ± 2k .or any .other ~alue. 
Now, fr.om the firstexpressi.on in (27), rewritten in terms . 

.of the .original P.oi~~n (trig.on.ometric) integrals, we remove, 
such a number N of initial terms that 

c)(. (± k + In) + N > 1/2, (31} 

especially in the case when conditi.on (16) is n.o! satisfied; the. 
finite number of removed singular terms may then ne immag-· 
ined t.o have ooen replaced .odginally by their conv1erging p.owel" 
series fr.om (29), so that result .of the present reas.oning will 
n.ot be affected. If, now, N increases iridefinitely, it f.oll.owsó 
from (30) thatif the sum .of the remainder of the series ap
proaches asymptotically, say, SeN), it is 

00 1/2n . . 
SeN) = 1/2rc":'1/2 ~ {(N+ r)-S/2 [ r e1/2x oos & sin2(lctmtNtr)& d& _ .. 

r=0,1,' o 
1/2n 1 e-1/2x cos & sin2(-lctmtNtrj & d&]J. 
o 

The moduli .of the integrallds are finite m the ,entire range,. 
because .of (32), and S.o 

00 

IS(N) 1< 1/2rc1/2 ~ {(N + r)-S/2 
r=O,.l 

1/2n [ f e2/1x C.OS & sin:! "RJktmtN+r) {l. d& + 
o 
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'. "J' 

i/2n ,"., ' , " , " 

f e~Y~~ C()~{T~in2CJe,He+m~N~r) & d&.]}<'. , 
o '. -

., 
00 

< 1/21t~1/2 {2::, [(N+ r)-S/2]) , 
F-0.1 

'1/211 ' 

f [exp(1/2 X cos &) +exp( -1/2 X cos:&)] sin & d&= n-1/2 

o ' 

00 o 
{Z: [(N +r)-S/2]} f 
r=O.l 

cosh(± 1/2 X co~ &) d cos &. 
1/211 

The value of our last integral is (1/2 x)-1sinh(1/2 x) = 
00 

= z: {x2n/[22n(2n +- 1) I]} and that of the numerical factor prec-
,n=0.;1 " 

e'ding it is finite. Thus the serial part of tha' expression in (27) 
converges bettar than the series in the original form (2) of 
M'e,m(x), which; by applying the Stirling f.ormula to the cOef
ficient r (-k + m + 1/2 + n) /r (2m + 1 + n) therein, proves to 
approach asymptotically tha serie:> Z:, {xn /[ nI nlc+m+1/2]} • 

n 

Function K(Vf p, z) contains, besides the simple monomial 

(pztY)-1 (27), in whlch p is a positiv,e integ,er, ,in~rely (p 2\) 

or s(2v + 2 - p, p), for whose adequate tabulation the turn may 
como some day (28). The tabulation of My<1}(z) and MpJ(z) , should 
require little computational work bayond that involved in tabu
lating ly(t) and Liz) (29); vshóuld run through integer and 
appropriate fractional values; one 'and the same set of tables 
should then suffice for both v = k + m + p and v ,- k + m + p. 
In the case of -1 k 1 + m < O (of course, II and m are assumed 

(07) ,On existing tables of functions {)f this type see [7], section 2 
(pp. 23-33). 

(lIS) See, meanwhile. [12], p. 363-4; cp. [7], § 3.57 (p. 39). 
(20) On tabulation of 1..,(8): [7], §18-1-2 (p. 2~1-3; 280), and l13]p. 

224-88; on that of L.., (8): [7], § 20.57 (p. 296, 308)'. 



real), function Kv(z) (SO) would hecome involv,ed in calculating 
I-Ivl (z); as for Struve fhnctións with iiegativ'e para:Iiie'ters, they 
seem to have aroused no inteI'est in the literature so far; we 
hope to turn to this prohlem in another connection. After the 
necessary tabulations are completed, a. simple -m1:tltiplication oí 
a few factors would he needed' fO,r evaluating. a tei'm in the 
surnmand of (28), and we saw that the terms converge fast 
enough. The. nu~ber of tables ,and operations involved is as 
yet perhapsless forrriidalJIe than ihedifficulties iri. tabulating 
function M'e.m(x) envisaged in a recent treatise on mathema
tical physics (Sl ). 
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