AN ALGEBRAIC MODEL OF THE m-VALUED
PROPOSITIONAL CALCULUS WITH
VARIABLE FUNCTORS

by ALAN ROSE

Algebraic models, in terms of elements of a Boolean algebra,.

have been given for the m - valued propositional caleulus without

variable functors (1) and for the 2-valued propositional calculus: .
with variable functors (2). We shall now combine the two methods

to give an algebraic model of the m - valued propositoinal calculus.

with variable functors (m =2,3, ...).

Since, with the notation of Lukasiewicz (3),

8P = DPsl...sm  (A)

we may, as before, take as the algebrais representative of the pro-
positional variable p the (m—1) -tuple (P1, ..., Pm—1) 0f ele-
ments pi, ..., pm—1 0of a Boolean algebra, where

PiSPiga (1=1,.. ,m—2)

(other propositional variables being, of course, treated similarry)

and we may take as the algebraic representative of the variable

functor & the m (m —1) - tuples (81, ..., 81, m—1), ..

oy (Bmay v ooy

8my m—1) Where

8 <81 (1=1,...,m;j=1,...,m—2)

(other variable funetors being, of course, treated similaryl).

By (A), if we regard (81, ...,8,m—1) as the algebraic repre-

sentative of §; (¢.=1,...,m) and the algebraic representative of
Sp is (al, o oy am_l), then

ai= (PiNdL) U@1NPN&i) U... U@ m—2NDm-1N
Ndm—1i) U(P’'m—1 nsmi) (t=1,...,m—1).
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A formula of the propositional caleulus with s designated
truth-values takes desginated truth-values exelusively if and only

if its algebraic representative is (B1, ..., Bm—1) WhereB, =1 (s=
1L,...,m—1).
For example, if m = 3, the algebraic representative of 3p is

((p1N811) U(P'1NP2NB1) U(P2N8s1), (p1Nd1z) U(P'1N
NPz N S22) U (ps Nds)) .

A formula takes designated truth-values exclusively if and only
if its algebraic representative is (Bi, B:) where B =1I1iss=1
and B, =1 if s = 2.

Let A, K denote the functors of Lukasiewicz (4) and let C,I
-denote the implication funetors whose truth-tables are given below.
‘Clearly C(I) satisfies the standard conditions of Rosser and Tur-
quette (5) when s =1(2). As examples we shall show

CPQ |1 2 3 0 IPQ | 1 2 3 ¢
1 1 2 3 1 1 2 3
2 1 1 1 2 1 2 3
3 1 1 1 3 1 1 1
P P

‘that the formulae C8KpqAdpdq, IKKSpSRpSRRpdq take de-
-signated truth-values exclusively in the cases s =1, s = 2 respecti-
vely, the symbol R denoting the primitive negation functor of
Post (6).

We note first that the representative of Cpq, Kpq, Apq are

(p’1Uq1, p2Uqz), (P1Nq1, P2NQ2), (P1Uqs, p: Ug:) respectively.
‘Thus, with the above notation,

Br= ((P1N 91 N311) U ((P'1 UQ’1) N P2N g2 N81) U
U ((p=Uq) Nd1)) U(piNd1) U1 Np2N8a) U
U (p2Nds1) U (g1 Nd11) U(Q1 N g2 N&1) U(Q: NBs1) .

But (pindi1) V(g1 Nd11) = (P1UG1) ndu = P1n 91 N1y,
(P'1N PN 1) VU (Q1N g2Nd1) = ((P'1 N p2) U(Q10 @z)) Uy =
Z((Pinp:ng) V(dinp2ngz)) N1 = (p1UQG1) N
NP0 Gz N8’
(P2N8:1) YV (@2nds1) = (P2V (@2 nda1.
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Thus B: = (p1n q1ndu) U((P'1U Q1) N P2 n G2 n21)U
U((P2Uq2N8:1))’U(pingin 811) U((P1UQL) n
NP2 NGz N 81) U (P2 U Q%) ndst)) =1.

In the second example we note first that the representatives
of Ipq, Bp, RRp are (p’; U g1, P’z U @), (P’ P1U P’2),
(p’1 NP2, p’1) respectively. Thus

Bz = (((pin 812) U (P’1n P2 nd22)U (P2 N &2)) N
N((P2n8:2)YU(p2n(p1UP2) N 822) U(P1NPp2ndsz)) N
N((P'1 N p2N8iz) U((prUP)N p'1 N822) U(P1 N 832))) U

U (g:nd12) U(Q1n g2nd2) U(q2N8s)

= (((p1N812) U(p’1n p2N8s2) U (P2 N8s2)) N((p’2 N812)U
U(p1n82) U(P'1NP:N8s2)) n((p1np2ndiz) U(pandss) VU
U(p1nds2))),U(q1N8iz) U(Q1n gz d2) U(Q2N852)

= ((P1N 812N 82 Nd32) U(P’1n P2NS22n 832N S12) U

(P’2N82N812N8)) U(qs n 32)U (1N g2 0 822)U(q’2 nds2)
=8"12U 8, U&3, U (g1 Nds2) U(q'1 N @2 n 82) U(g’: NSs2)
=8:Uq1U&u(g1ng:) Y& Ug,=1.
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