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NOTE ON GALOIS EXTENSION OVER THE CENTER 
by Monabu Harada 

- In {2} S.U.Chase, D.K.Harrison and A.Rosenberg obtained a Galois 
Theory for strongly Galois extensions of commutative rings (CHR

Galois). This was generalized to non commutative rings by F.R. 
Demeyer {3} , T.Kanzaki {6} , H.F.Kreimer {a} and others. Rece~t 

ly, O.E.Villamayor and D.Zelinsky obtained in {11} a weak Galois 
theory of commutative rings in order to study the strong one from 
a different point of view. 

In the first section of this short paper we shall use similar ar
guments to those of {11} to show that if an algebra A over a com

mutative ring R is a strongly Galois extension of R, then A and its 
center C are weakly Galois extensions over C and R, respectively • 
If A is a weakly Galois extension over C, A is the sum of all C-mo· 

dules J o (see below or {10} for the definition of J o ). By means 
of some properties of the Jo's, we shall study in section 2, a Ga
lois theory over the center, the argument being similar to that of 
{7} and {S}, Theorem 1. 

The author would like to express his thanks to Professor O.E.Vil~ 

mayor for inviting him to Universidad de Buenos Aires and giving 
an opportunity to see his and Zelinsky's preprint of {11}. 

1. GALOIS EXTENSION OVER R. 

Let R be a commutative ring with identity, A an algebra overR, C 
the center of A and G a finite group of automorphisms of A. We 
say that A is a 

ring AG if there 

that LOEGO(xi)Yi 
nitely generated 

Galois extension with respect to G of its G-fixed 

exist elements xi 'Yi i=1,2, ... ,n, in A such 
= 6 1. We note that if AG = R, then A is a fi-

0, 
and separable R-algebra by {9} , Lemma 2. 

Let r be an R-subalgebra of A and G the group of all automorphis~ 

of A leaving invariant the elements of r.We quote here the defini 
tion of weakly Galois extension of {11}: A is said to be a (rigtt) 
weakly Galois extension of r if the following two conditions are 

satisfied: 

a) A is a finitely generated projective right r-module. 

b) GAt = Homr(A,A), whete Lgixi£(A) = Lgi(XiA) for giEG,Xi,AEA 

LE~I~IA 1. Let A be a strongly Galois ext~nsion of R 1JJith group G. 

If R has no proper idempotents. then A and its aenter Care 1JJeakZy 
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Galois eztensions of C and R, pespectively. 

ppoof: Since A is a finitely generated R-module, there exist mutua! 
ly orthogonal primitive central idempotents e. such that ~~ Ie. = 1. 

1 1- 1 

Then Home(A,A) = ~ .• Home (Ae.,Ae.) and HomR(C,C)=~ .• HomR (Ce.,Ce.). 
1 ei 1 1 1 ei 1 1 

Let T. = {gl£G,g(e.)=e.}. We can easily see that Ae. is a strongly 
1 1 1 1 

Galois extension of Rei with group Ti (see {3}). Furthermore, Ae i 
and Ce i are strongly Galois extensions over Ce i and Rei with respect 
to H. and T./H. by {3} and {9}, where H.={gl&T.,g(d)=c V c£Ce.}.Hence 

1 1 1 1 1 1 

Home (Ae.,Ae.) = H.(Ae.). and HomR (Ce.,Ce.) = (T./H.)(Ce.). .Now, ei' 1 1 1 1. ei 1 1 1 1 1. 

we put H~ = {hl&G,hIAe.=h' for some h'£H.,hIAe.=IA for i~j} .Then 
1 1 1 J ej 

H~ ~ H {hl£G,hlc=Ie }. Therefore, Home(A,A) = HAR.. Similarly we 
obtain HomR(C,C) = G'CR. ' where G' is the group of all automorphisms 
of Cover R. Condition a) follows from {1} , since A is separable 
over R. 

THEOREM 1. 
gpoup G. 

Let A be a stpongly Galois eztension of R with finite 

Then A and its centep C ape weakly Galois eztensions of 
C and R, pespectively. 

ppoof: We shall use the same notation and argument of {11} .Since 
A is A 8A* -projective, C = (HomAR.(A,A)) = HomAR.(A ,A) (cf.{l1}, x x x a a 
(2.7)). Furthermore, Rx has no proper idempotents by {11}, (2.13). 

Hence, H(x)(Ax)t = Homex(Ax,A x) and G'(x)(Cx)t = HomRx(Cx,Cx ) , 
where H(x), G' (x) are as above in Ax and Cx. Since C is R-finite
ly generated, all elements of H(x) and G'(x) are induced by ele
ments of Hand G', respectively (by {11}, (2.14)). Hence (HAt)x= 
= H(x)(Ax)t= ilomcx(Ax,A x) = (Home(A,A))x since A is C-finitely ge
nerated and projective. Therefore, HAt = Home (A ,A). Similarly 
G'CR. = HomR(C,C). 

We shall give latter an example in which a strongly Galois extension 
of R is not a strongly Galois extension over its center with respect 
to the corresponding subgroup. 

2. GALOIS EXTENSION OVER CENTER. 

In this section we always assume that A is a separable algebra over 
its center C. If HAt = Home(A,A), then for any element x in A H, xt 
belongs to the center of Home (A ,A) = C; hence A H = C. We shall study 
some properties are treated in {7} and {1 O} • For 0 E H let J o = 
= {xIEA , yx = xa(y) for all YEA} = HomAt0 ,Ao), where Ao is the 
same module as A as left A -module and the 0 per a t ion 0 f 
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A as right II-module is defined by x*y • xa(y). Furthermore, Aa = 
A 8 eJ a and A - AJa (see {lOll. For any element xta ~ Jata ~ 

AtH(xta)(y) .. xa(y)= YXr for every y ~ A. Hence, (J a)7 • (Ja)r 
and A,a .. AtJata = At(Ja)r .. At .C(Ja)r since AtAr • At .eAr by {l}. 

PROPOSITION 2. Let A be 8eparab~e·over its center C and S a 8ub8et 

of H. Then SAt" Home(A,A) if and on~y if A • La~sJa • 

Proof: SAt" La~sAta .. LAt 8 (Ja)r' Since C is a C-direct sum
mand of A and Home(A,A) .. At geAr' the propo:sition follows. 

COROLLARY. A i8 a ~eak~y Ga~oi8 e:ten8ion if and on~y if A=ra~sJa' 
where S i8 a finite 8ub8et of H. Furthermore, A i8 generated by u

nit8a8 C-modu~e if and on~y if SAt" Homc(A,A) and the e~ementso.f 
S are inner-automorphism8. 

Proof: It is clear. 

Let S be a subset of H. We call S strongly distinct if there ex~ts 

a family of elements {x~a), y~a)}~-n(a) a ~ S such that 
1 1 1-1 ' 

It is cleat that this condition is equivalent with the existence a. 
Galois generators if S is a group. 

THEROREM 3. Let S , J a be a8 above and r .. r sJ. If S i8 strong~y a£ a 
di8tinct, then r .. r s.J. Conver8e~y,if r = L s.J and r i8 a di . a£ a a£ a 
rect 8ummand of A a8 C-modu~e, then S i8 8trong~y di8tinct. 

Proof: ASSume that r = ~.J and r is a direct summand of A as C-La a 
module. At 8 Ar = Homc(A,A), since A is C-separAble. Let Pa be a 
projection of A onto J a • Then Pa ~ Homc(A,A). Hence, there exist 

elements {x~a) y~a)}~-n(a) in A such that ~x~~) • y~a) .. p. There 
1 '1 1-1 I. 1'" 1 r a -

fore, 0 .. p (J ) = J ~T (x~o) )y!a) for af:T. Since AJ =A ~T (x~a) )y~a)= a T TI. 1 1 T 'I. 1 1 

= O. Similarly, Ja(I - ra(x~a»y~a» = O. Hence, I=ra(X~a»y~a) 

Conversely, assume S is strongly distinct. We assume Oar sZa ' 
a~ . 

za ~ J a • Then 0 .. ~.~. x~a)z y~a) = ~. t (~.T(X~a»y~a» .. Z .Hence 
1.11.T 1 T 1 I..a a 1.1 1 1 a ' 

LEMMA 2. Let A ~ B be R-a~gebra8. If B i8 R-8eparab~e, then VA(B) 
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is a di~ect summand of A as t~o-sided ~ (B)-moduLe, ~he~e VA(B) -
= {al£A , ba = ab fo~ aLL b £ B}. 

* P~oof: We consider A as a left B 9RB -module. Since B is R-sepa-
rabIe, there exist elements {Xi'Yi}i in A such that XXiY i - 1 and 

XbX i 9 Yi - XXi 9 Yib for all b £ B. Now we define a map ,:A -+ A 

by setting ,(a) X(Xi 9 y~)a XxiaYi for a £ A. From the above 

relations of {xi,Yi } we obtain ,(A) ~ VACB) and ,IVA(B) IVA{B}' 

Furthermore, ,Caa') = X.x.aa'y. = (Xx.ay.)a' = ,Ca)a' for a'£VACB). 
/' 1 1 1 1 1 

Similarly ,Ca'a) = a'+Ca) .• Hence" is VA(B) - VACB) homomorphism. 
Since VACB) is VACB) - projective, A = VA(B) ct ker ,. 

PROPOSITION 4. Let A be a cent~aL sepa~able C-aZgeb~a and r a se

pa~abZe subaZgeb~a (r d C). Then r is a di~ect summand of A as a 

t~o-sided r-moduZe. 

P~oof: We know from {6}, Theorem 2 that r = V A CV A Cr)) and 
V A Cr) is C-separable. Hence the proposition follows from Lemma 2. 

From now we assume that the subset S of 1/ is a finite group G. 

PROPOSITION S. Let A be a cent~aZ sepa~abZe C-aZgebra and G a fi

nite subg~oup of the g~oup of C-automo~phism of AJ Zet r = XOEGJO' 
Then the foZZo~ing statements a~e equivaZent: 

1) r = X ctJ and IGI is a unit in C. OEG 0 

2) r X ctJ aEG 0 
and r is C_sepa~abZe. 

3) A is a st~ongZy GaZois extension of AG and AG is C-sepa~abZe. 

Proof: 1) +-+ 2) It is clear from C{4} Lemma 4) by localization 
of C. 

2) --+ 3) Since r is C-separable, r is a direct summand of A as 
r-module by Proposition 4. Hence, G is strongly distinct by Theo
rem 3. 

3) --+ 1) IGI is unit in C by IS} , Proposition S,and the rest is 
clear. 

LEMMA 3. J J 
o T 

J TO fo~ any a,T 
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PROPOSITION 6. Let G be a finite subgroup of Hand assume A is a 

strongIy GaIois e~tension of AG; Iet 0 be a separabIe C-aIgebra b~ 
t"'een A and AG. Then the foIIo",ing statements are equivaIent:. 

1) 0 = AH for Borne subgroup H of G. 

2) VA (0) = ra&sJa for some Bubset S of G. 

3) There e~ist eIements {Xi & O'Yi & A} such that rXiYi ~ I and 

rp(xi)Yi = 0 for pin ~ In' P & G. ({B}. Proposition 3.5). 

Proof: Since VA (0) ~ ra&GIBJ a' S is a subgroup from Lemma 3. FUr, 

thermore, Homor(A,A) .. A .. 8 c VA (n)r by {6} , Theorem 2, since 0 

is C-separable and therefore 1) and 2) are equivalent. 

1) ->- 3) Let G = YPiH. Then r • r IBJ .. r·r J and r is a 
a&G a 1 B Pi 

direct summand of A as r-module, where r H .. ra&B·Ja· Let p be a 

projection of A onto rBJ i = J B, Then p & HomrB (A ,A) = (A B) .. 8 A r' .. 
Hence, there exist {Xi & AH , Y i & A} such that rX'l 8 Y'r = 

1 1 
p. 

Y & VA (n) and Y = X + X +, •• , where x & 
Pl P2 Pi 

.. yrXiYi = rXiYYi .. rjriXiXpjYi .. rXpjrPj(Xi)Yi 

ra&BJa' 

rHJ Pi 
.. X 

Pl 

Then Y = yI= 

Hence V A (n) .. 

Finally, we. shall give an example of a strongly Galois extension A 
of R, such that A is not a strongly Galois extension over its cen~ 
with respect to its subgroup. However A is a strongly Galois ex
tension over its center with respect to a sui table group'. 

Let G2 be a cyclic group of order 2 and Q the field of rational num 
bers. Put G = G2 x G2 and K = Q(i2). Then L .. K 8QK is a strongly 

Galois extension of Q with respect to G by {9} ,Proposition 1 • 
Let g and h be the inner-automorphisms of Q2induced by 

[ -: ~ 1 and 
[ ~: 1 

respectively. Then (g) x (h) = G and Q2 is a strongly Galois exte~ 
sion of Q with respect to G, since ~{ell,ell,e22,e22,e2l ,el2,el2,e2l} 

2 

is a family of Galois generators. Put A .. Q2 • L. Then A is a stro!J 
Iy Galois extension of Q with group G if we define g(a+b) = g(a)+g(b) 
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for g £ G, a £ Q and b £ L. It is clear that the fixing group of 
its center is equal to G. But if we define g(a + b) = gea) + b , 
then A is a strongly GalOis extension of its center with respect 
to G. 
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