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A NOTE ON THE MAXIMALITY OF THE IDEAL 
OF COMPACT OPERATORS 

by H. Porta 

Let A,B be rings, and! and A-B-bimodule, i.e., ! is a left A-mod­

ule and a right B-module and moreover s(tu) = (st)u for s E A, 

tE! and u E B. A subset ce! is a sub-bimodule if it is an additi­
ve subgroup and satisfies sku E C whenever k E C and s E A, u E B. 
If E,F are Banach spaces, we shall denote the space of bounded 

linear operators T:E + F by !(E,F) (and by !(E) when E = F). 
Consider the following situation: A = !(iq), B = !(iP), 
! = !(iP, iq), where ir, 1 ~ r < +~ denotes the (real or complex) 

Banach space of numerical r-summable sequences. 
The bimodule structure is defined by composition 

iP-º+ iP ~ iq ~ iq (we will use capital letters for operators). 

It is clear that the set of compact operators C = C(iP, iq) is a 
sub-bimodule of ! . We aim to make a few remarks on the following 
results: 

a) if 

b) if 

< q < p < 

<p=q< 

+~ , 
+~ , 

then C = !; 

then C is a maximal sub-bimodule 

( = two sided ideal) of !; 

c) if 1 < p ~ q < +~, then aH sub-bimodules S c.f, satis­

fying C e S aontain neaessarily theidentity operator 

J: iP -->- iq. 

The statements a) and b) are known; a) goes back to Pitt [3] and 

is in fact a particular case of Th. A2 in [4], b) coincides with 
Th. 5.1 in [1] and c) seems to be new. 

Our goal here is to observe that a modification of known proofs 

of b) actually yield c) of which b) is a particular case, and that 
a) is a corollary of b). This last remark would shorten the proof 

of Th. A2 in[4] and mildly confirms our suspicion that proving 
c) first has sorne methodological advantages. We believe (but have 
been unable to prove) the following: 

CONJECTURE: if 1 < P ~ q < +~, then C is a maximal sub-bimodule. 
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from whieh e) follows trivially. 

The proof of e) aboye is obtained by restating meanderingly the 
ingredients of the proofs of Lemma 5.1 in [1) and Lemmas 1 and 2 

in [ 2). We denote by 11 xII s the s-norm of x = (x l .x2 •••• ). i .e .• 

11 xII s 

LEMMA. Let 1 < s < +00. 

and suppose that xk -+ 

E >0.n=1.2, .... xkE.tS.k=1.2 .... 
n 

O weakZy and inf {lIxkll ; k = 1.2 .... } = 
s 

= 6 > O. Then there existe an inareasing sequenae of positive in-

tegers nI < n2 < and eZements zk E .ts , k = 1.2, ... suah that: 

n 
zk ll i) IIx k - .;;; Ek for k = 1.2, ... ; s 

11 zk ll 
s 

(where e k is the kth unit veator (0.0 ..... 1.0, ... ) 

in .t s ) is an isometry and the image E = TI(.ts ) of TI 

is a aompZemented subspaae of lS. 

Proof. Define -21 6). For x = (x.) 00 E lS and n a 
J j=l 

positive integer denote by P x the 
n sequenee (x l .x2 , •••• xn.O,O •... ). 

- P xlII .;;; to be true and El nI s 
Let now nI be large enough for IIx l 

define zl = P xl. 
nI 

Sinee xn --+ O weakly (i.e .• eoordinate wise) there is an integer 

.;;; 1. E' 
2 2 

.;;; 1. E' 
2 2 

n n 
and define z2 = P x 2 _ P x 2 

N nI 
n 2 2 

Clearly IIx - z lis .;;; 

nk k k 
in sueh a way that IIx - z 11 .;;; E' and the veetors z have disjoint 

s k 

support, i.e., for eaeh n there is at most one k with z: ~ o. 

Sinee we also have 
n k k 

- IIx - z 11 
s 

t 6 > O. (i) and (ii) follow from Lemma 1 in [ 2) . 
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Proof of aJ. Let p* be the conjugate of p defined by p* = p/(p - 1). 

First observe that if T E l(lP, lq), 1 < p,q < + ~ , and 

L IITekll~* < + 00 , then T is compacto 

This is obvious because if P E l(lP) is the projector on the first 
n 

n coordinates defined aboye, then for :¡c E lP we have 11 (T - TP )xll = 
n q 

11 (T - TP ) L xke k 11 L.. xkTekll ..;; L Ixkl IITekll q ,.;;; n k=1 q k>n q k>n 

O> 

)1/p L liTe IIP* )1/p* ,.;;; 11 xII )1/p* ,.;;; ( L Ixkl P L IITekIl P* 
k>n k:.n k q P k>n q 

and therefore TP --+ T in the operator norm. n 

Assume now that S is a sub-bimodule of l = l(lP, Lq), 1 < P ,.;;; 

,.;;; q < + ~ such tha t C e S and C 'Í S, .or equivalently,. such tha t 
all compact operators belong to S and there is a non-compact 
T' E S. This means that forsomesequence Xl ¡X Z,.:. weakly con-

vergent to O in LP, we have IIT,xnll q ;;;. ~1> O for s~me ~1 and all 

n = 1,2, ... ; then alsoll xnll ;;;. ~ > O for sorne ~ and all 
P 

n s 1,2, .••. For E> O, choose a sequence En> O such that 

L E:* = EP* and let nI < nz < and zl, zZ, ... be as in the 

lemma aboye, corresponding to these En' It is clear that t ~ ,.;;; 
,.;;; IIzkllp ,.;;; t::.. for sorne t::.. and all k and therefore th~ operator TI 

in the lemma can be modified by an invertible diagonal operator 

D E l(LP) in such a way that SI = TID : LP --+ LP satisfies Srek= 

zk for all k = 1,2, •..• Consider now, for~I'~Z, .•. ,An arbi­

trary scalars, the estimate 

n n. n n. . 
L X.x J 11 ,.;;; 11 LA. (x J - zJ) 11 + 

j=1 J P . j=1 J P 

n n. 
,.;;; L 171.·1 EJ. + IIS 1 ( L A.eJ )1I ,.;;; 

j=1 J j=1 J P 

n . 
,.;;; 11 L X .eJII 

j=1 J P 

n • 
L A. zJII ,.;;; 

j =1·J P 
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This clearly shows that there is a well defined bounded operator 

P P Sek = xnk S:l --+ l satisfying for k = 1,2, ... , and in fact 
k nk k 

11 (S - SI)e IIp = IIx - z IIp .;;; t k • Let now T" = T'S E S. Setting 

yk = T"e k = Txnk E lq we have lIykllq;;" 6 > O for k = 1,2, ... and 

since ek --+ O weakly we also have yk --+ O weakly in .eq . Hence 
m 

the lemma aboye applies again: let {y k} be a sub-sequence of {yk} 
k mk and {w } satisfy Uy _ wkll 

q .;;; t k with {wk} equivalent to the u-

If S' E .C(.eP) 
ro 

is defined by S'ek = e k we obvi-

k mk ously have T = T"S' E S and Te = y . Let uso denote by U E ! (.e q) 

the operator (corresponding to TI inthe lemma) determined by 

U ek = wk and by 

U Je k - Tek U 
q 

J:.eP --+ .e q the identity map. We have 

= U wk - Tek Uq .;;; t k so that U J - TE! is com 

pact by the first part of this proof. Therefore U J (U J - T) + 

+ TES. But the subspace generated by {wk } being complemented in 

.eq (see lemma) and isomorphic to .eq , there is a U' E !(.eq) such 

that U' U E !(.eq) is the identity operator. Then J 
= U' (U J) E S, as claimed. 

(U' U) J = 

Proof of aJ. First let us observe that b) implies that every opeE 

ator W E !(.eq) of the form W = WIWZ,W I E !(.eP,.eq), Wz E !(.eq,.eP) 

for sorne p ~ q, must necessarily be compacto In fact, the family 

M of such operators is a two sided ideal in !(.eq) wich contains 

all operators of finite rank. Thus, the closure of M contains 

C(.eq). But the closure of M is different from !(.eq) because the 

identity in !(.eq) is at distance one from any proper ideal such 
as M. But C being maximal by b), it follows that Me closure M = C. 

Assume now that < q < p < + ~ and T E !(.eP,.eq) is not compacto 

Then there is a sequence {xn } in.eP sU:ch that xn --+0 weakly and 

UTxnU ;;.. 6 > O for sorne 6. It follows that UxnU ;;.. 6' > O also 
q P 

for an appropiate6'. Now we apply the lemma again to produce a 
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sequence {zk} in lP such that: i) 

satisfying Tek = zk and ii) zk .is 

there is an operator TI E !(lP) 
n k k 

near x , so that also IITzlI ;;;. 
q 

;;;. 6/2 for all k = 1,2, ... Consider.now the operator W = W1W2 

where W1 = T and W2 = T1J for J:lq ~ lP the identity. From the 

first remark, W must be compact, and in particular IIWekll ~ o. . q 

But this contradicts Wek = TT 1Jek = TT 1ek = Tzk ~o. Then T is 

compact, andthe proof of a) is complete. 
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