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FOURIER SERIES EXPANSION FOR THE GENERAL
POWER OF THE DISTANCE BETWEEN TWO POINTS

by R. F. A. Abiodun

ABSTRACT. Simply by using the property of orthogonality of cosine

functions, the Fourier series for the hypergeometric function
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is the distance between two points (r;, 6,, ¢;) and (r,, 0,, ¥,)

is given. When ¢ = 0, it yields the expansion for r-(x+l) valid
for all values of A, where X can be real or complex. By special-
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izing A, the expansions for (c2 + rz) and (c2 + rz) are al-
so obtained.
1. INTRODUCTION. The expansion for powers of the distance between

two points is often required in various fields of Mathematical
Physics. Various approaches to the expansion have been considered
by several authors. Recently Sack [1] in a generalization of
Laplace's expansion, presented a series expansion of the form

(N ™ =7 r,) P,(cos @) ,
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in terms of Legendre polynomials P, for arbitrary real powers of

2 2

the distance r = (rl + T, - 2r1r cos w)ll2 between the two points

2
P1 = (rl, 91, ¢1) and P, = (rz, 02, wz) referred to polar coordi-
nates and cos w = coOsS 01 cos 02 + sin 01 sin 92 . cos (wl - wz).
Ashour [ 2] following Sack's method obtained the Fourier series ex-
pansion:

(2) o= Z£=0Rn’£(r1, r,) cos £w

Sack's approach (and in effect Ashour's as well) requires a knowl
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edge of the partial differential equation satisfied by r. Second
ly, their approach assumes a preknowledge of the functional form
of the desired expansion functions Rn X Thirdly, their expansion

presuppose the knowledge of the expansion for a specific value of
n. Furthermore, the use of series solution and the equating of
coefficients which their approach entails could be cumbersome.

In this paper we show that a new Fourier expansion for r

(where
A can be any number real or complex satisfying R(A) > -1) can be
obtained very simply merely by using the orthogonal properties of

the cosine functions. Two other new results are also given.

2. MATHEMATICAL DERIVATIONS.

Eason, Noble and Sneddon [3] have proved that
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where r2 = a2 + b2 - 2ab cos 8, R(u-v+r+1) > 0, and R(c) > 0.
Using the result given by Erdelyi {4, p.373, equ.(8)} and putting
uw = v, we obtain after simplifications that
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valid for R(A) > -1. The function F4 appearing in equation (4) is
the Appell hypergeometric function of two variables defined by
. i (o) (8)
. . =
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With the notation,

(6) a = r, = min(rl, rz), b = ro= max(rl, rz), (r< > 0)

we obtain from equations (3) and (4) that
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valid for R(a) > -1.

This result becomes useful in the following section.

3. THE MAIN RESULT TO BE PROVED.

We shall obtain the Fourier expansion of the hypergeometric func-

. 1 1 1 . r-
tion ZFI[‘Z‘A+E,5)\+1,1, 2]
c
Let
1 11 r? ®
(8) oFi L5 A+ AL “;7 1 = Zm:oAA’m cos m 6.

The hypergeometric function 2F1 is continuous and of bounded varia
tion in the interval (0,n).
Multiplying both sides of equation (8) by cos nf and integrating

with respect to 6 from 0 to 7, and using the orthogonality proper-

ty of cosine functions, we obtain
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With the help of equation (7), the Fourier series for 2F1 is ob-
tained thus:
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valid for R(A) > -1.

L. PARTICULAR CASES.

On specializing the parameters in equations (9) and (10), interes
ting results can be obtained.

Case (1): On letting ¢ » 0, equations (8) aﬁd (10) reduce to
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valid for R(A) > -1. By analytical continuation, this condition
can be further relaxed. For negative values of A, the series for

A, o is of finite terms and the expansion therefore remains valid
s

for all values of A. When N is real, the ekpansion of this case
reduces to the result of Ashour [2].

Case (ii): Let A = 0, ¢ # 0. Equations (8) and (10) reduce to
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(13) (c? + rz)—l/2 =) A, _ cos mf
s
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Case (iii): Let A = 1, c # 0. Equations (8) and (10) again yield
the Fourier expansion

(15) (c? + r2y73/2 ) A, _ cos mf
,Mm
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Expressions such as expanded in Cases (ii) and (iii) frequently
arise in atomic physics where the constant c may be treated as an
adjustable physical parameter.

By setting the parameters suitably, further results can be ob-
tained as particular cases of expansion (8). Other interesting

expansions of the function f(r) will be treated in the next com-
munication.
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