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EXISTENCE OF SOLUTIONS FOR GENERALIZED CAUCHY-GOURSAT 

TYPE PROBLEMS FOR HYPERBOLIC EQUATIONS 

Eduardo Luna 

INTRODUCTION. Let X be a Banach space and R the set of real num
n 

bers. If S e R is a Lebesgue measurable set we will denote by 
L (S,X) the set of al! Lebesgue-Bochner measurable functions with 

q . 
power qsummable on the set S into the Banach space X. Let a i E R, 

a.> O (i= 1,2) and consider the closed intervals 1.= <O,a.> for 
~ ~ ~ 

i= 1,2 . . 

Let the graphs of the functions gl:I l + Iz, gz:Iz + 11 represent 
two continuous non-decreasing curves with (0,0) as their only 
point in common. Denote by ~ the set of all points (xl,xz)in the 

xlxZ-plane such that gl(x l ) ~ Xz ~ a Z and gz(xz) ~ xl ~ al' 
Take PiE<1,,,,> (i= 0,1,2), Po ;;;'max(Pl'PZ) and let P3=(Po'Pl'Pz)' 

In this paper the derivatives we understand in the sense of S.So
bolev (i.e., L. Schwartz derivatives representable by a Lebesgue
Bochner locally summable function). 

In the first section we define a class of functions U . This class 
P3 

is a subset of the set of continuous functions u from I1xlz into X 
which have S. Sobolev partial derivatives u , u , u . We pro-

xl Xz xlxZ 
ve that the class U is linearly isomorphic to the product space 

P3 
W = L (~,X) x L (1 1 ,X) x L (Iz ,X) x X Thus the class U 

P 3 Po PI Pz P 3 
inherits a Banach type structure from the product space W 

P3 

In the sequel we shall be concerned with the following hyperbolic 

equation (0.1) uXlxZ(Xl'XZ)= f(xl'xZ) a.e. on ~, where f: ~ + X 

is a bounded Bochner measurable function on ~ . 

Let Y= L(X,X) denote the collection of all linear continuous map
pings from X into itself. Let V= B(~,X) x Lp(I¡,y) x L",(I1,Y) x 

x,Lp(I¡,X) x Lp(Iz,Y) x L",(Iz'Y) x Lp(Iz,X) x X where B(~,X) is 
the space of bounded Bochner measurable functions with the supre

mum norm from ~ into X, and pE<1,"'>. Take (f,CLo,CL1,CLZ'So,Sl:SZ'Y) 
E V and let ~= ("',p,p). By a solution of the genera!ized Cauchy
Goursat boundary problem in the class U- for the hyperbolic equa-

p . 
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tion we mean a function uE U¡; satisfying equation (0.1) and the 
boundary conditions (0.2) 

UXI(",gl("))= ao(").u(·,gl(")) + a l (").ux2 (",gl(·)) + 01 2 (") 

a.e. on 11 

U x (g2 (.), .) = ¡¡ (") u (g ("),.) + ¡¡ (") u (g (.),.) + ¡¡ (.) 
2 o. 2 l. xl 2 , 2 

a.e. on 12 

u(O,O)= y 

In the third section we establish that the generalized Cauchy
Goursat boundary problem is meaningful, i.e., all the operations 
appearing in the definition of the problem make sense. Also we 
prove the existenee and uniqueness of the solutions for the ini

tial data from the product space V in the fourth section. 

The continuity of the solutions on the initial data in the sense 
ofthe topology of the normed space V is also established. 

1. DEFINITION OF THE CLASS U 
P3 

From now on when dealing with derivatives we will specify if they 
are to be taken in Sobolev sense, otherwise they will be taken in 
the usual sense. 

DEFINITION 1.1. A function u:I l xI 2 ~ X beZong8 to the cZa88 UP3' 

if and onZy if, u i8 continuou8 on I l xI 2 and there e~i8t u l E 
L (I l xI 2 ,X). U2EL (I l xI 2,X), u 12 EL (t.,X) 8uchthat: 

PI P2 Po 

(a) Dlu= u l ' D2u= u 2 ' D12u= u12 where the derivative8 are taken 
in SoboZev 8en8e. 

(b) There e~i8t8 a 8et Al e 11 of Lebe8gue mea8ure aero 8uch that 

the function X2 ~ u l (X I ,x2) i8 continuou8 on 12 for every fi~ed 

Xl~Al; the funetion ul(·,gl(·)) EL (Il,X); ul(Xl'gl(X l ))= 
PI 

u l (Xl'X2) for aH X2E <O,gl(x l » at eaeh X1EI 1 ; u1(xI,cx1 )= 

= u I (xl'x2) for aH X2E <cxl ,a2> at eaeh xl E <0,g2 (a2» , 

where CXl= sup {X 2EI 2 :g 2 (x 2)= Xl}. 

(e) SymmetricaZZy, there e~i8t8 a 8et A 2 e 12 of mea8ure aero 8ueh 

that the function xl ~ u 2 (X l ,x2) i8 continuou8 on 11 for eve

ry fi~ed x2~A2 ; the funetion u 2(g2(·),·)EL (I 2 ,Xl; 
P2 
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U2 (g2(X 2),X2)= u 2 (X l ,X 2) for aZZ xl E <0,g2(X 2» at eaah X2E1 2 ; 
U 2 (CX2 ,X 2)= u 2 (Xl ,X 2) for aZZ xl E <cx2 ,a l > at eaah X 2 E <O ,gl (al» 

where cx; sup {XlEIl;gl(Xl )= X2}. 

DEF1N1T10N 1.2. Let sEL q (I l xI 2,X) , q;;;' 1. We define the opera

tora Ji(i= 1,2) by the formuZas 

J l s.(x l ,x2)= f: IS (t,X 2)dt 

J 2s. (x I ,x 2)= f: 2s(X 1 ,r)dr for aZZ (x I ,x 2) E 1l xI 2 

LEMMA 1.1. The operators Ji(i= 1,2) are weZZ defined bounded Zi

near operatorson Lq (1 l xI 2). 

LEMMA 1.2. The operator T given by the formuZa: 

T(s,~,~,y)= J 2J I s + Jl~ + Jl~ + y 

where 5= s on /:::, and 5= O on 11 x1 2 \/:::,. is a weZZ defined Zinear 

operator from the produat W into the spaae U 
P3 P3 

Proof. Let u= T(s,~,~,y) , where (s,~,~,y)E,W . Clearly, u is con
P3 

tinuous on 1l x1 2 and Dlu= J 2s + ~, D2u= Jls + ~, D12u= s , where 
the derivatives are taken in the sense of Sobolev. 

Lettingul = J 2s + ~, u 2= JIS + ~, u12 = 
satisfies all the conditions specified 
Thus, T is a well defined mapping. 

s one can prove that u 
in the definition of U 

P 3 

From the linearity of the integral and the fact that U is a li
P3 

near space follows the linearity of the operator T. 

LEMMA 1.3. Let the set A e I l x1 2 , Ale 11 , Ble 12 be of measure 

zero. Then the boundary vaZue probZem 

WI2 (X l ,X 2)= O if (xI,x2)~A 

wI (xl,gl (x l ))= O if xl ~ Al 

w2 (g2(x 2),x 2)= O if x2~Bl 

w(O,O)= O 
has a unique soZution in the aZass U ,nameZy. w _ O. where deri

P3 
vatives are taken in the sense of SoboZev. 

Proof. It is evident that w _ O satisfy the given boundary value 
problem. Suppose WEU is a solution of the boundary value pro
blem. Then there exist: 3a set B2 e 12 of measure zero such that 
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The equation JZJlwlZ ' (Xl'XZ)= O for all (Xl,XZ)E Ilxl Z implies the 
existenee of a set B3 e Iz of measure zero su eh that 

JlwlZ,(xl'xZ)= O if Xz ~ B3 , XlEl l . 

Henee wZ(xl'xZ)= wz(O,xz)= wz(gz(xz),xz)= O if xl E1l ' 

Xz ~ Bl UBzUB 3 . 

Similarly we obtain sets Az, Á3 e 1 1 of measure zero sueh that 

Also there exist sets A4 e 1 1 ' B4 e Iz of measure zero sueh that 

w(xl'xZ)= J 1w1 ·(x1 ,x Z) + w(O ,xz) if Xz ~ B4 , xl El 1 

W(X l ,Xz)= JZWZ,(xl'XZ) + w(xI,O) if xl ~ A4 ,XZElz 

Henee, w(X l ,Xz)= w(O,xz) if Xz ~ B4 , xl El 1 

W(Xl'XZ)= w(x 1 ,O) if xl ~ A4 , Xz E Iz 

The last two equalities and the eontinuity of W imply that there 

exists kE X sueh that w(xl'xZ)= k for all (Xl'XZ) E Ilxl z ' 

So, from w(O,O)= o we have that w = o on Ilxl z ' 

THEOREM 1.1. The map T defined in Lemma 1.2 establishes a linear 

isomorphism between the product W and the space U The inverse 
P3 P3 

map F is given by the formulas: 

s= u lZ a.e. on /::,. 

<j>= u l (. ,gl (.)) a .e. on 1 1 
ljI= uz(gz(')' .) a.e. on lz 
y= u(O,O) 

Proof. It is elear that F is a well defined linear map. Let 

(s,<j>,ljI,y) E W , u= T(s,<j>,ljI,y) , and F(u)= (~,~,V,v). 
P3 

By definition of the map F we have: 

~= u lZ a.e. on /::,. 

~= ul(',gl(')) a.e. on 11 
~= uz(gz(')") a. e. on Iz 
v= y 

But,. u lz = s, ul=Jzs + <p, u Z= Jls + ljI. Henee, s= s a.e. on /::", 

<j>= f a.e. on 1 1 , ljI= V a.e. on Iz, y= y, or equivalently 

F o T= IW 
P3 

Let v E U , 
P3 

i.e. the identity map on W 
P3 

F(v)= (s,<j>,ljI,y) , u= T(s,<j>,ljI,y). 



Letting w= u - v we obtain: 
w E U 

P3 
W 12= O 

Wl C· ,gl C·))= O 
w 2 Cg 2 C . ) , . ) = O 
wCO,O)= O 
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a.e. on 6. 

a. e. on 11 
a.e. on I 2 

Therefore from Lemma 1.3 it follows that w = O on I l x1 2 , or equiva-
lently T o F= Iu This completes the proof of the theorem. 

P3 

COROLLARY 1.1. The spaae U is a Banaah spaae with the nopm 1 1 

defined by the fopmuZa P3 

1 u 1 = 11 F Cu) 11 fop aH u E U 
P3 

The opepatop T estabZishes a Zineap isomopphism and isometpy bet-

ween the spaaes W and U 
P3 P 3 

2. A CAUCHY-GOURSAT TYPE PROBLEM IN THE CLASS U_ . 
P 

We are going to enunciate a series of hypothesis which will be used 
throughout the remainder of this papero 

HYPOTHESIS CAl)' The functions gl' g2 are continuous, strictly in
creasing, giCO)= O for i= 1,2 , and x 2= gl(x l ), x l = g2(x 2) imply 
x l = x2= O. 

HYPOTHESIS (A2). The functions gl' g2 satisfy hypothesis (Al)' g~l 
(i= 1,2) are absolutely continuous functions on their domain of de
finition, and the derivatives (g:l)I (i= 1,2) are essential1y boun-

~ 

ded functions. 

HYPOTHESIS (A3). The curves gl' g2 .satisfy hypothesis (A2) and they 
are absolutely continuous on their domain of definition. 

HYPOTHESIS (A4). The functions giCi= 1,2) are such that 

gi (xi) ..; xi for al! Xi E Ii (i= 1,2) 

DEFINITION 2.1. Undep Hypothesis (Al)and (A4) we want to find a 

funation u E U- satisfying equation (0.1) and the boundapy aondi-
P 

tions (0.2) whepe the depivatives ape undepstood in the sense of 

SoboZev. Suah a funation u, if it exists, wiZZ be aaZZed a soZution 

of the Cauahy-Goupsat ppobZem fop equation (0.1) undep the bounda-
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ry aonditions (0.2). 

3. THE CAUCHY-GOURSAT PROBLEM IS MEANINGFUL. 

The following two lemmas will be needed in this section. 

2.1. Jf w. E L (l., Y), W. E L (l. ,X) and g. satisfy Hypothesis 
1 ~ 1 J P J 1 

then the funation Xi + wi(X i ) (Wjogi(x i )) be~ongs to the 

L (l.,X), where i, j E{l,2}, i#j. p 1 

LEMMA 2.2. Jf f:D. + X is Boahner measurab~e and bounded on D. J 

WiE L~(li'Y) (i= 1,2), gi(i= 1,2) satisfy Hypothesis (Az)' then the 

funation x. +w.(x.)(JXi f(t,g.(x.))dt) beZongs to the spaae 
11111 

L (1. ,X) • o 
P 1 

THEOREM 2.1. Under Hypothesis (Az) and (As) the Cauahy-Goursat pro

bZem is meaningfuZ. 

Proof. Because of Theorem 1.1 every u E U- has a representa tion of 
p 

the form u= JZJ1s + Jl~ + Jzw + y where (s,~,W,y) E Wp . For any 

function G. EL (l.,X) (i= 1,2) we are going to write J.G .. (x1,x Z)= 
1 p 1 1 1 

JiG i · (xi)' for all xi E Ii' 

To find u E U- satisfying the generalized Cauchy-Goursat boundary 
p 

problem is equivalent to find (s,~,W,y) E W_ such that . p 

(2.1) 

H')= <JIoC·)[J1JZf.(·,gl(·))+ Jl~'(')+ JZW·(gl(·))+ y] + 

+ <JI 1 ( . )[ J 1 f. ( . ,g 1 ( . ) ) + W (g 1 ( . ) ) ] + <JI Z ( .) a. e. on Il 

w(·)= ~o(·)[JIJZf.(gZ(·)'·)+ Jl~·(gZ(·))+ Jzw.(·)+ y] + 

+ ~ 1 ( . ) [ J z f . (g z ( . ) , . ) + ~ (g Z ( . ) ) ] + [3 Z ( .) a. e. on I Z 

From Lemmas 2.1 and 2.2 it follows that the equations of system 

(2.1) are meaningful. This completes the proof of the theorem. 

3. THE OPERATORS H ANO J. 

DEFINITION 3.1. Under hypothesis (Az) and (As) Zet us define the 

operators H and J from the spaae Lp(I1,X) x Lp(Iz'X) into itseZf 
by the formuZas 
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LEMMA 3.1. The operators H and J are weH defined. 

For every • E Lp(I1,X), • E Lp (I 2 ,X), let ~= (:) and 

~o= (<l0(XlllJ1J2f.(Xl,gl(Xl))+Y]+Cll(X1HJlf,(Xl,gl(Xl)]+<l2(Xl) ) 

13 0 (X 2 II JI J 2 f. (g 2 (X 2) ,X 2) +y] + a 1 (x 2)[ J 2f . (g 2(X2) ,X 2) ] + a 2 (xZ) 

(3.1) 

assuming that Hypothesis (A2) and (As) hold. 

By means of the operators H. and J equation (Z.1) can be written 

(3. Z) 

Thus to solve the Cauchy-Goursat problem is equivalent to find a 
solution ~ of equation (3.Z). 

DEFINITION 3.Z. Under Hypothesis (Al) define the funations 

At;-: 1.+ 1.;, (i= 1,2), na non-negative integer. by the formulas 
~ ~ ~ 

A~ (x i )= x. for aH x. El. 
~ ~ ~ 

1 Ai(X i )= Ai (x i )= gjogi(Xi ) for aH xi E 1 i' (j = 1 , 2 , jh) 

and A ~ (Xi) = 
n-l 

Ai ("i (Xi)) for aH xi E I i , n> 1 

LEMMA 3.2. If g. (i= 1,2) satisfy the Hypothesis (A 3 ). then (A t;-)-l 
~ ~ 

(i= 1,2) are striatly inareasing absolutely aontinuous funations on 

<O,At;-(a.». and the derivatives (("t;-)-l), are essentially bounded. 
~ ~ ~ 

where n= 0,1,2, .... 

LEMMA 3.3. If gi (i=1,2) satisfy Hypothesis (Al)' then the sequenaes 

"t;- (i= 1,2) are non-inareasing sequenaes aonverging uniformly toward 
~ 

zero in l.. 
~ 

This Lemma is proven by J. Kisynski and M. Bielecki in [ 3] . 

DEFINITION 3.3. Under Hypothesis (A2) and (As) let us define the 

funations: 
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II ln (Xl) = II l (X l ) n-l 
for aH xl E 11 , n > 1 ... 11 1 (Al (Xl)) 

11 2 (x 2) = al (x 2)a l (g2(x 2)) for aH x 2 E 12 

112n (X 2) = 11 2 (X 2) n-l 
for aH x 2 E 12 , n > 1 ... 11 2(A2 (X 2)) 

LEMMA 3.4. Let a = 1 
/( ,)l/p 

al gl ' e = 1 fl l /(g2,)1/p, where al:1 l .... Y, 

fl l : 1 2 .... Y. If al and al are essentiaHy bounded funotions, and gi 

satisfy Hypothesis (A 3 ), then 11. /((A~),)l/p (i= 1,2) are essen-
l.n l. 

tiaZZy bounded functions on 1i for every naturaZ number n. 

DEF1N1T10N 3.4. Let f EL (/:::',X), p> 1. Define UfU= 
x x p k 

= sup {e- k (X l +X2) ( fol f02 II-fIIP)l/p . (X x)E A} "h k> O and . l' 2 u. w ere 

t= f on /:::', t= O on 1l x1 2\/:::' . Prom now on we wiZZ write f instead of 

I. 

One can prove that (Lp(/:::',X),U Uk) is a Banach space for k> O. This 
type of norm was introduced by M.A. Bielecki in [21 . 

DEF1NIT10N 3.5. If (~,w) E Lp(1l,X) x Lp (1 2 ,X), p > 1, we define 

O (~,W)Ok= max (O~Ok,OWOk)' k> O. It is known that Lp(Il,X) x 

x Lp (12 ,X) is compZete under the above defined norm. 

HYPOTHES1S (A 6). The functions gi(i= 1,2) satisfy Hypothesis (A 3 ) 

and (A4). The functions alE Loo(1l'Y) and alE Loo (1 2 ,Y) are such 
that alELoo(1l ,Y), alE Loo(1 ,Y), and lim +a1 (X l )= al (0), 

2 Al 1J xl .... o 
lim + el (X 2)= al (O) exist in the sense of the norm of Y where 

A 2 1JX 2 .... 0 

(g ~) 1 /p 
a = 1 

measure zero. 

al 
, fl l = -----

(gz)l/p 
and A. e 1 

l. i 

Finally, Oal (Orel (O) O < 1. 

(i= 1,2) are of Lebesgue 

-1 LEMMA 3.5. Under Hypothesis (A6) the operator A= (1-H) , from 

Lp(IlxX) x Lp (1 2xX) into itseZf, is bounded and Zinear. Moreover, 

there exists M independent of k > O such that OAO k < M. 

Proof. 1t is clear that H is a well defined linear operator. We ha

ve (3.3) IIHllk<Ml where Ml=max (1Ialll.,o(g~l),O:/p, 

nalll.,O(g;l)'II~/P) is independent of k> O. 

From the definition of the operator H it follows that 
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H
2'(:r (",,(X,) .t(>~(X,))) 

~2n(X2),~(~;(X2)) 

for al! .. E Lp(Il'X), ~ E Lp (1 2 ,X), n= 1,2, ... 

We have the following inequality for every natural number n: 

Let us note that lim+ ~l(Xl)/(~~(xl))l/p= a1(O)Sl(O) where 
C ~ x 1 ... 0 

C= AIUg~1(A2) is of Lebesgue measure zero. Thus, given q > O 

such that H~I(O)SI(O)H < q2 < 1 there exists 6 > O such that 

H~l(Xl)/(~~(Xl))l/PH < q2 if xl ~ C, xl E 11 , O < xl < 6. Since by 

Lemma 3.3 there exists n 
o 

n ;;;. n 
o 

(3.5) 

we have 

d (,nl-l)-I(C), Whl'ch l'S a t f L b xl ~ A se o e esgue measure zero. 

From (3.4), (3.5) we obtain 

Similarly there exists ni such that 

Hence IIH2n"k"¡;;;M2q2n for all n ;;;'max(no,n l ), where M2 independent of 

k is defined in an obvious way. 

Noting that A= (1 + H)B, where B= I + H2 + H4 + ••• + H2n + •• , and 
using (3.3), (3.6), and (3.7) we can obtain the desired resulto 

DEFINITION 3.6. Let C(I.) (i= 1,2) denote the l. 
funations f:I .... X. For every f E C(I.) define l. l. 

-kx. = sup {e l.Hf(xi)H:x i E li}' 

set of att aontinuous 

HfH (1)= 
kc 

It is known that (C(li),H H~!») is a Banach space. 
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LEMMA 3.6. The operators T. (i= 1,2) from the epaae (L (l. ,X),II U k) 
1 P 1 

into the epaae (C(I.),II IIk(i)) defined by the formuZa 
1 e 

(T.~)(x.)= JXOi ~(t) dt for aZZ 
1 1 

are weZZ defined bounded Zinear operators and IITillk= 

= (kep)l/ p aip- 1)/p if 1/pk";; min(a 1 ,a2), p;;;.l, k> O. 

LEMMA 3.7. Let Cl:I¡" .. Y, a:I 2+ Y be p-Bochner summabZe functions on 

11 and 1 2 respeativeZy. Then. the operators 

Hi:(C(Ii),11 11 (i)) + (L (I.,X),II 11 k) (i= 1 ,2) kc p 1 

defined by the formuZas 

(H1f) (x 1)= Cl (x 1) . f (x 1 ) for aZZ xl E 11 , f E C (1 1) 

(H2g) (x 2)= a(x 2) .g(x 2) for aZZ x 2 E 12 , g E C(I2) 

are weZZ defined bounded Zinear operators. Moreover. for any e > O 
there exists ko suah that IIHillk";; (e/pke)l/ p for aZZ k ;;;. ko (i=l,2). 

Proof. It is c1ear that H. (i= 1,2) are we11 defined and linear. We 
1 

have a1so 

(3.8) J:1 J:2 IICl(t).f(t)IIPdr dt)l/p .,;; 

.,;; 1If1l~!) ( J:1 J:2I1Cl(t)llPekPtdr dt)l/p 

Let k 1 be such that 

k > k we have: 
1 

(3.9) 

1- .,;; min(a ,a ) for a11 k ;;;. k1 . For any 
pk 1 2 

dt .,;; 

Let s ;;;. O be a simple function defined on 11 such that 

J:111ICl(t)IIP _ s(t)ldt < e/2 where e > O is given. So, 

(3.10) 

From inequa1ities (3.8), (3.9),(3.10) it fo110ws that 
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E I'sll l/p 
Similarly we obtain I H2 11 k< (pke)-l/p[_ + -_ .. ] 

2 kp 

-function S defined on 12 , Let k2 be such that 

IISI.. E 

for some simp1é 

ISII.. E 
<-

2 

-- < - . Thus for a11 k> ko = max(k1 ,k2 ) we have IIHillk < 
k2P 2 

< (E/pke)l/p for i= 1,2. 

LEMMA 3.8. Assume gl ,g2 satisfy Hypothesis (Al) and (A4). The ope

rators T.;(L (l.,X),11 Rk)+ (C(I ),11 U~m») (where p;;;a. 1,i,m E {1,2}. 
J p 1 m e (x ) 

Jgm m 
i#m, j=i+2) defined by the formuZas (T.~)(x)= O ~(t) dt, 

J m 
for aZZ x E 1 are weZZ defined bounded Zinear operators. Moreover. 

1 m m 
if < min(a l ,a2) then IIT.ll k < (kep)l/Pa~p-l)/p. 

kp J 1 

LEMMA 3.9. Under Hypothesis (Al), (A4) and (AS) the operator J (De

finition 3.1) is a weZZ defined bounded Zinear operator. Moreover. 

for any given E > O there exists ko suah that UJU k < E for aZZ 
k;;;a.k. 

o 

The proof follows easi1y from Lemmas 3.6, 3.7 and 3.8. 

4. EXISTENCE THEOREMS FOR THE CAUCHV-GOURSAT PROBLEM IN THE CLASS U 
P 

Under Hypothesis (As) and (A6) equation (3.2) can be written: 

(4.1) T= (I-H)-IJT + (I-H)-lT o ' Let us define the operator FI by 

the formula: (4.2) FIT= AJT + ATo' C1ear1y FI is a we1l defined 0-

perator from the space Lp(II,X) x Lp (I 2 ,X) into itse1f because of 
Lemmas 3.5 and 3.9. 

Moreover, from equation (4.1) it fol10ws that to find a s01ution of 
the Cauchy-Goursat prob1em in the class U- is equiva1ent to find a 

p 
fixed point of the operator FI. 

THEOREM 4.1. Under Hypothesis (As) and (A6) the Cauahy-Goursat pro

bZem has a unique 8oZution in the ctass U-o 
p 
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Proof· Note that UF¡T 1 - F¡T 2Uk < MUJUkUT¡ - T2 Uk where M is as in 
Lemma 3.5. From Lemma 3.9 it follows that there exists k such that . o 

1 UF¡T¡ - F¡T 2Uk < - UT¡ - T2Uk for all k > ko. 
2 

Thus for any fixed k > ko the operator F¡ has a unique fixed point 
because of Banach Fixed Point Theorem. 

THEOREM 4.2. Under Hypothesis CAl), CA4) and CAs) the boundary va

Zue probZem u¡2= f a.e.in t.; uIC·,g¡C·))= ClOC·).UC·,g¡C·)) + Cl 2 C.) 
a.e. in I¡; u2 Cg 2 C·),·)= l3 o C·).uCg 2C·),·) + a2c·) a.e. in 1 2 ; 

uCO,O)= y. has a unique soZution in the cZass U- . 
P 

Proof. This theorem is proven as the preceding one considering the 
operator F2T= JT + TO from the space LpCI¡,X) x Lp CI 2 ,X) into it
self, where 

T o =(Cl o Cx ¡) (J ¡ J 2 f . Cx ¡ , g ¡ (x ¡) ) 

130 (x 2) (J ¡ J 2f . (g2 (x 2) ,x 2) 

+ y) 

+ y) 

REMARK. If in the Cauchy-Goursat problem we let Cl o= O, 13 0 = O, then 

we cannot weaken the conditions on gi(i= 1,2) as we did in Theorem 
4.2. 

,." 
THEOREM 4.3. If gi (i=1 ,2) are non-decreasing functions. and .. ,f. Cl 2• 
13 2, y are as in Hypothesis CAs) then the boundary vaZue problem 

u¡2= f a.e. in t.. ul(·,g¡(·))= Cl 2(·) a.e. in 11' u 2(g2(·),·)=a 2 C·) 
a.e. in 12, u(O,O)= y. has a unique soZution in the aZass Up . 

Proof. From the isomorphism of the spaces U_ and W- it follows that 
p p 

the unique solution of our boundary value problem in the class U
p 

is u= J¡J 2f + J¡Cl 2 + J2a2 + y. 

5. CONTINUOUS DEPENDENCE OF THE SOLUTION ON THE INITIAL DATA FOR 

THE CAUCHY-GOURSAT PROBLEM IN THE CLASS U- • 
P 

Throughout this section we assume that the functions gi(i=l ,2) sat
isfy Hypothesis CA 3) and (A4). Let V¡ be the subset of V such that 
the coordinates Cl¡ and al satisfy the conditions specified in Hypo
thesis (A6). 

DEFINITION 5.1. We define the operator S:V¡ + U~ as foZZoYs: 
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S(v)= u, v E VI' if and only if. u is the unique solution of the 

Cauahy-Goursat problem aorresponding to the initial data v. 

Note that S is a well defined operator because of Theorem 4.1. It 
is easy to show that VI is a normed space. In up consider the norm 
introduced in Corollary 1.1. 

To prove continuous dependence of the solution on the initial data 
for the Cauchy-Goursat problem in the class U- is equivalent to 

p 
show that the operator S is continuous. 

Take vn= (f,aon,aln,aZn,Bon,Bln,BZn'Yn) in VI and 

v= (f,ao,al,az,Bo,Bl,Bz,y) in VI such that Ivn-vl ~ O as n ~ =. Let 

S(vn)= un' S(v)= u. We know that there exists (s ,~ ,~ ,y ) E W- , n n n n p 
(s,~,~,y) E W- such that F(u)= (s ,~ ,~ ,y)= (f ,~ ,~ ,y ) , p n n n n n n n n n 

F(u)= (s,~,~,y)= (f,~,~,y). Taking lu -ul= max(lf -fl·, I~ -" , n n = n p 

I~n-~Ip' IIYn-YII) it is evident that the operator S is continuous if 

1 ~ - ~ 1 ~ O, 1 ~ - ~ 1 ~ O as n ~ = n p n p 

For each (fn'~n'~n'Yn)' n= 1,2, .... , we can write an equation of 

the form (4.1). 

Letting 'n' Ton be as in equation (3.1) we have (5.1): 
. -1 ·-1 

'n= (I-H) J'n + (I-H) Ton' Similarly for (f,~,$,y) we have , and 
. -1 ·-1 'o such that (5.2): ,= (I-H) J, + (I-H) 'o' 

LEMMA 5.1. If 1, -, 1 ~ O as n ~ = then 1, -'1 ~ O as n ~ = . on o p n p 

. -1 
Proof. From equations (5.1) and (5.2) we obtain 'n-,=(I-H) J('n-')+ 

. -1 
+ (I-H) ('on-'o)' 

Using the properties of the operators (t-H)-1 and J already establi
shed the lemma is proven. 

LEMMA 5.2. 1, -, 1 ~ O as n ~ = . on o p 

Proof. Let 

as n ~ = 

. If v ~ v as n ~ = , 
n 

THEOREM 5.1. The operator S is aontinuous. Moreover for all E> O 
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there e~ists a > o suah that if u, Ü are soZutions of the Cauahy

Goursat boundary probZem aorresponding to initiaZ datas v, v E V1 

respeativeZy, 'f;hen I u (Xl ,x 2)-ü'(x 1 ,x ) I < e for aH (x x) E I xl 2 l' 2 1 2 

if Iv-vi < a. 

Proof. The continuity of the operator S follows from the consider
ations made in this section and Lemmas 5.1 and 5.2. 

Let (s,+,W,Y)E Wp ' (s,i,~,Y)EWp be such that F(u)= (s,+,~,y)= 

= (f,+,~,y); F(u)= (s,i,$,Y)= (T,¡,$,Y). One can prove that 

(5.3) lu(xl'x2)-ü(xl'x2H OS;;; Klu-ül for all (x 1 ,X 2)E I 1xI 2 

where K= a1a 2 + a (p-1)/p + a (p-1)/p +' 1 ' 1 2 • 

From (5.3) it follows that IIu-üII .. OS;;; Klu-ül. The continuity of the 
operator S implies that given e > O there exists 6 > O such that 
IS(V)-S(v'Jl= Iu-ÜI < e/K if Iv-vI < 6. Hence "u-UII .. OS;;; Klu-ul < e 

if lv-vl < a. This completes the proof of the theorem. 
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