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A B S T R A C T . Ne cons i der  the ques t ion  whe ther it is po s s ib l e  oto 
s tudy s ingular integral s on  space s  of hómo geneous type without 
normal i z ing the me tr ic . An affirmative answer i s  g iven , provi 
ded the measur e  s a t i s fies  a smoo thnes s  condition  which i s  
s tr ic Uy l e s s  r e s tr i c t ive than de ones cons idered  by Aimar [A] 
and David , Journ6 and Semmes [ DJS] . To a t tain this  we develop  
use ful resul ts  o n  the struc ture o f  spac e s  o f  homo geneous type . 

I N T R O D U C T I O N  

The s tudy o f  prob l ems i n  the s ett ing o f  spaces  o f  homogeneous 
type has b een  proven to b e  very fruitful  in order to obtain  
general r e sul ts  which  have  a wide  range  o f  appl icat ions . Fr e 
quent ly  i t  s eems unavo idable  to know a quant itative r e l a t ion  
between the measure o f  the  ball  and i t s  radius e spec i a l ly in 
order to get  boundednes s  r esul ts invo lving int e gra l s . Thi s  is  
usual ly atta lined a s suming the spac e to be  normal as  for o ins 
tanc e , in [A] , [ ew] , [DJS ] and [W] .  Es s-entiall y  a space is nor 
mal i f  the measure o f  a bal l i s . comparab l e  to i t s  radius . I f  
the open bal l s  are  open s e ts  then the s pace  can be  norma l i z ed 
as it is proven in [MS 2 ] . However the r esul ting me tric  i s  

1 9 8 0 Mathemat�c� Su b ject Cla� � � 6�cat�on . P r im a r y  4 2 B 2 0 . 
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no t equival ent to  the o r i g inal one . Al so  in many ins tanc e s  s o 
me kind o f  smo o thne s s  ' co nd i t ion  o n  the measure o f  the bal l s  
needs to b e  cons  idered a s  i n  [A] and [DJS ] , s e e  [Ca ]  for an '. , 

examp l e  in  a d i fferent s i tuation . 

We po s e  ours elves  the ques tion  up to which  point the s e  r e s -
I 

tr i c t io ns ar e nec e s sary . Tha t i � , for ins tanc e , whe ther i t  i s  
po ssible t o  g ive cond i t io ns for the boundednes s o f  s ingular  in
tegr al s  o n  12 , fo l lowing Co t lar l s  l emma approach , pre s erving 
the o r i gina l  metr i c . Which  a l l ows to  keep truc k o f  the s hape 
of the truncat ions . I n  a no rmal spac e cond i t ions  wer e g iven in 
[A] , [DJS ] and [W] . We show in Theorem A that  an affirmat ive 
answer can b e  g iven cons ider ing trunc a t ions  adap ted to the 
measur e  of the bal l s  ra ther than to the ir radius , provided we 
impo s e  a smoo thne s s  cond i  t io n  on the measure ( s ee ( 1 . 7 ) ) , which 
i s  s tr i c tly  l e s s  r e s tr i c t ive than the ones  adopted  in [A] and 
[DJS ] . Through s everal examp l e s  we d i s cus s i ts meaning in § 4 .  

We should pb int out tha t in  [W] no smoo thnes s  c o nd i t ion  i s  as -
sumed , however th i s  work  cOntains s ome s er ious error s , s e e  our 
remark ( 2 . 2 3 ) . In order to achieve  our purpo s e  we are l ed to 
make . in § 2 a careful s tudy of int egra t ion · prob l ems , which 
we be l i eve to  be  of independent inter e s t  and usefulnes s when 
working on  spac e s  of homo geneous type . 

§ 1 . M A I N  R E S U L T S 

Before s ta t ing the r e sul t s  we recall  some bas ic fac t s  and de 
finit ions . 

A quas i - d i s tanc e on  a s e t  X i s  a non ne gat ive symme tr ic  func 
t i o n ,  d ( x , y) ' defined o n  X x X  such that d (x , y) • O i f and only 
i f  x·y , and there ex i s t s  a cons tant K sat i s fying 

( 1 . 1 )  d ( x ,  y)  .;;; K [d ( x , z )  +d ( z , y)  ] , 

for every x , y  and z in  X .  

As i t  is proved i n  [MS 2 ]  g iven a quas i - d i s tanc e d there  exi s t  
a qua s i - d i s tanc e d I , uni formly equival ent t o  d , a finite  c o ns 
tant C and a number a , O < �, ';;; 1 ,  such tha t 
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I d ' ( x , y) - d ' ( x , z )  1 .;;;; e r l - a d ' (y , z ) a , 

provided d ' (x , y) .;;;; r and d ' ( x , z )  .;;;; r .  Therefore  we a s sume , 
wi thout 1 0 5 5  o f  general i ty ,  the exi s tence o f  o < a .;;;; 1 such 
that 

( 1  . 2 ) I d ( x , y) - d ( x , z ) 1 .;;;; K d(x , y) l - a d (y , z ) S , 

ho lds  whenever d ( x , y) > d ( x , z ) . 

The s e ts { ( x , y) E X x X :  d (x , y) < 1 /n } , n > O ,  de fine a bas i s  
o f  a me tr izab l e  uni form s truc tur e on X .  The bal l s  

B (x , r ) = {y  E X : d (x , y) .;;;; r }  

form a bas is o f  ne i ghborhoods  for the topo l o gy induc ed by the 
uniform s truc ture . We c a l l  ·the attent ion  on the fac t that 
B ( x , r ) i s  no t be ing us ed to deno t e  the s e t  

BO (x , r ) . = { y E X :  d (x , y) < r }  , 

as  ' i t  i s  usual . It can b e  s een that B ( x , r ) i s  no t in general 
the c l o sure of BO (x , �) .  As wil l become apparently  the s e t s  
B (x , r ) are mor e  adj us ted  to our purpo s es . 

A space  o f  homo geneous type i s  a s e t  X endowed with  a quas i 
d i s tance d (x ,y) and a Borel  measure 1l s a t i s fying a "doub l ing 
cond i t ion" L e .  ther e exi s t s  a cons tant A such  tha t 

( 1  . 3 ) 1l ( B ( x', 2 Kr ) ) .;;;; All ( B (x , r ) ) , 

for every r > O .  We say tha t the spac e o f  homogeneous type is  
no rmal if  tber e ex i s t  finite  and pos i t ive constants  A 1 , A2 , K l 
and K2 such that 

A 1 r .;;;; ll ( B ( x , r ) ) .;;;; A2r 

B (x , r ) X 

B (x , r ) { x }  

when K 2 1l ( { x } )  .;;;; r .;;;; K l ll ( X) 

if r > K ¡ ll (X) and 

if r < K2 1l ( { x } ) .  

To as sume that X i s  normal provides  a knowledge o f  the measu 
r e  of  a ball given i t s  rad ius . This  fac t was bas ic , when  do ing 
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inte gr a t ion  in paper s deal ing with L 2 boundedne s s  o f  s ingular 
integral s l ike [A) , [DJS) and [W) . We want to  avo id any hypo t� 
e s i s  of thi s  type . I Hence we us e a "srnoo thne s s "  cond i t ion on 

the �easllr e  a l  t erna t ive t o  the ones adop t ed in [A) and [DJS ) . 

The s;;.c-e o f  horno geneous type 'X is  s a id to  s a t i s fy proper ty 
I 

H if  ther e ex ists a, O < a � 1 ,  �.uch that 

, ho lds  for every x e x and O < s � r , where  S i s  the constant 
app ear ing in ( 1 . 2 ) .  

S inc e , fo r ins tance , as surning H does  no t el irninate  spac e s  cog 
taining po ints w i th po s it ive rneasur e  ( 1 . 4 ) is  s tr ic tly  l e s  s 
�e s tr ic t ive than tho s e  cond i t iCins cons ider ed in [A] and [DJS) . 
We pr esent in §4 sorne exarnples  which wil l help  to c l ar ify the 
rneaning of hypo the s i s  H .  

The s tandard hypo thes is  on  the s ingul ar integral kernel K ( x , y) 
rnus t  a l s o  be rnod if íed in order to avo id hypo the s i s  o f  the nor 
rnal i za t ion  type . We sha l l  s tudy s ingular inte gral  kernel s  
K (x , y) s a t i s fying the following 

( K . 1 ) I K (x , y) I � Cp ( B (x , d (x , y) ) - l , for every x�y .  

(K . 2 ) There exists a, O < a� 1. such that for every integer k ;¡;¡' l  
. k 1 

I K (x,y) -K(x, z) I + I K(y ,x) -K(z ,x) I � CA-a p(B (y ,d (x ,y) ) - , 

prov ided Akp (B ( y , d (y , z ) ) � p (B ( y , d (y , x) ) .  

( K . 3 ) Let  O < r < R < óo  

J K ( x , y) dp (y)  O ,  for every x e r 
r<p (B (x , d (x, y» ) �R 

J K ( x , y) dp ( x) O ,  for every 
r<p (B (x, d (x , y» ) SR 

Given O < r < R < � , d efine 

K
r

, Rf ( X) = J K ( x ,y) f (y) dp (y) . 
r<p (B (x, d (x, y» ) <R 

y e X .  
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The L
2 r esul t can be s ta ted as fo l l ows . 

THEOREM A .  L e t  X b e  a sp�ae  of  homo g e ne o u s  typ e w i th proper ty 
H. A s s ume  t h e  kerne Z K ( x , y) sat i s f i e s  ( K . 1 ) , ( K . 2 )  and ( K . 3 ) 
then  t here  exi s t s  C s u a k  tha t 

O K r , Rf D 2  <,;; Cll.f 11 2 

f o r  e 7/e ry O < r < R, and f e  L 2 ( X) . 

Having into account l emma ( 2 . 2 ) be low i t  c an be  s e en tha t con - ' 
d i t ion  ( K . 2 ) i s  weaker than 

(K . 2 ) ' I K ( x , y) - K (x , z )  1 + I K (y , x) - K ( z , x) I <,;; . Cd ( z ,y )  
d (x , y) p ( B ( y , d (x �y) ) )  

prov ided 2d ( z , y) < d (y , x) . 

I n  order to ' s impl ify the ' no ta tion and s ince no confus ion ari 
s e s  in the fol lowing we shall wri te I E I ins tead o f  p (E ) and 
dx ins tead o f  dp ( x) . 

§ 2 .  T E C H N I C A L  R E S U L T S  

LEMMA ( 2 . 1) . ' A s sume O < d e i , y) < [K ( 2K) 1 - 13] - 13r • The n  

o � B ( z , r - 5r 1 - 13d (y , z ) 13 ) e B (y , r ) e B ( z , r + 5 r 1 - 13d ( z , y) 13 ) , 

for  e v e ry 5 s u a h  tha t K ( 2i) 1 - 13 <,;; 5 < r13d (y , z ) - a .  

Proo f .  By the as sump t ions r -5 r l :"'13d (y , z )13 > O .  Take x in 
B ( z , r - 5 r 1 - 13d (y , z ) l3 ) ,  then d (x ,y) < 2Kr . Applying ( 1 . 2 ) 

d (x , y) <';; d ( x , z ) +K ( 2Kr) 1 - l3d (y , z ) 13 <';; r .  

The'n x E B (y , r ) . By a,no ther appl ication o f  ( 1  ; 2 ) we ob tain 
the  rema ining inc luss ion . 

LEMMA ( 2 . 2 ) . " If Aj I B (y , s ) J < I B (y , r) 1 , the n ( 2K) j s < r .  

Pro o f . I t  fo l l ows immediately from the doub l ing property ( 1 . 3) . 
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LEMMA\ ( 2 . 3 ) . A s s ume  X s a t i s fi e s  prop e r ty H, ( 1 . 4 ) , t h e n  e i ther  

l { x } 1 > O for ev ery x E X o r  l { x } 1 = O for e v e ry X E X .  

Pro o f .  t f  there exi s t s  z E X o f  measure z ero , then given any 
X E X and 15 > O 

l { x } 1 <; I B ( z , d ( z ,.x) + c
Sd ( z , x) I - S) 1 -

- I B ( z , d ( z , x) ) - c Sd ( z , x ) I - S 1 <; 
<; A I B ( z , d ( z , x) )  1 1 -a. B ( z , c ) l a. . 

Lett ing 15 t end to z ero , we obta in l { x } 1 = o .  

DEF INITION ( 2 . 4 ) . Let r > O ;we denote E(x,r) = {y : I B (x ,d (x ,y) ) I <; r} .  

LEMMA ( � . 5 ) : L e t R = sup {d ( x , y) : y E E (x , r ) } , t h e n  

( 2 . 6 ) · Bo ( x , R) e E (x , r) e B (x ,  R) . 

( 2 . 7 ) I E ( x , r) I <; r .  
( 2 . 8 ) I B ( x , R) I <; Ar .  
( 2 . 9 ) If I B ( x , R) I <; r  t h e n  E (x , r ) B (x , R) . 
( 2 . 1 0 ) If I B ( x ,  R) I > r  then  E (x , r ) B O (x , R) . 

Proo f .  As it i s we l l known if I x l  < 00 then X i s bounded , on 
the o ther hand if I x l  = 00 then I B (x , s )  I goe s  to infinity if s 
tend s to infinity ,  therefore R < oo .  I f y bel ongs to E ( x , r ) by 
definit ion of R , d (x , y) <; R ,  in part icular 

E (x , r ) e B (x , R) . 

Let us as sume I B ( x , R) I <; r .  I f  y E B (x � R) then 
I B ( x , 4 ( x , y) ) I <; I B (x , R) I <; r .  

This says that y E E (x , r) , in part icul ar E ( x , r) = B (x , R) . Thus 
( 2 . 9 ) is pro ved and ( 2 . 6 ) ,  ( 2 . 7 ) and ( 2 . 8 ) in thi s case . 
As sume now I B ( x , R) I > r .  Therefore d (x , y) < R for every y in 
E ( x , r ) and there exi s t s a s equence {Yj } j such that Yj E E (x , r ) 
and r j d (x ' Yj ) increase s  to R .  Then 

QO E (x , r ) = U B (x , r . )  = B O (x , R) 
j = 1 J 
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l E  (x , r ) I = l im l B  (x , r . )  I .;;;; r . 
j ...¡..oo J 

This proves ( 2 . 1 0 ) and compl etes the proof o f ( 2 . 6 ) , ( 2 . 7 ) 
and ( 2 . 8 ) . 

LEMMA ( 2 . 1 1 ) . I B (y , d ( z , y) )  I < A I B ( z , d ( z , y) ) I < A2 I B (y , d ( z , y) )  l .  

Pro o f .  I t  is irnmediate from the doub l ing proper ty ( 1 . 3 ) and 
( 1 . 1 ) . 

Wi th the no tation o f  Lernma ( 2 . 5 ) ,  we have 

LEMMA ( 2 . 1 2 ) . If X s a t i s fi e s  H then  

E (x , r) = B (x , R) , 
fo r e v e ry x i n X and r > O . 

. Pro o f .  Let us as sume I {x } I = O .  Then given O < n < R ,  . 
O .;;;; I B (x ,R) I - I Bo (x,R) I .;;;; I B (x ,R+RH3nS) I - I B (x ,R-R1-SnS) I .;;;; 
.;;;; A I B (x ,R) 1 1-a IB (x ,n) l a . 

Therefore I B (x , R) 1 .;;;; I B o (x , R) 1 .;;;; r .  Thus E (x , r ) = B (x , R) . Let 
us suppo s e  l { x } 1 > 0 .  Then by l ernma ( 2 . 3 ) , l { y } 1 > 0 for eve 
ry y E X .  Thus {y } = B (y , E )  for sorne E = E (Y) > O ( s ee [MS 2 ] ) .  

By ( 2 . 9 ) we can as sume I B (x , R) I > r . I n  thi s case there exists 
a s equenc e {Yj } j such that Yj E E (x , r ) and rj = d ( x , yj ) in
creas e s to R . Let 0 < E j < rj satis fying B (Yj , E j ) = {Yj } .  
Thus 

I · 1 I l - a  a I O < { x } :< B (y  . , r . +r . E . )  -J J J J 

.;;;; A I B (y . , r . ) 1 1 "'CX I B (y . , E . ) l a . J J J J 

By ( 2 . 1 1 ) this is l e s  s than 

This implies the exis tence of an infinite number o f  �o ints 
conta ined in B (x , R) wi th measur e gr eater than a cons tant which 
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is impo s.s ible . 

COROLLARY ( 2 . 1 3 ) . If X s a ti s fi e s  H and ¡ { x l i 
then  

I B (y , r )  I = I B o (y , r )  I 
I 

fo r any y E X and r >  O .  

k+ 1 k Let us deno te C (x , k) = E (x ,A ) \ E (x , A ) . 

o fo r s ome x E X,  

LEMMA ( 2 . 1 4 ) . A s s ume I x l  � Ak+ 1 � ¡ { x } l . The n C (x , k) f 0 fo r 

e v e ry x E X .  
" " + 1 Proo f .  Let Nj = { r : AJ < I B ( x , r )  I � AJ } .  As sume Nj f 0 and 

l é t r E Nj . S ince 
B = B (x , r )  = U B (x , d (x , y) )  

y e: B 

ther e exi s t s  y such that 

Aj < I B (x , d (x , y) )  I � Aj + 1 , 

then C (x , j ) f 0 .  Ther efore i t  i s enough to prove Nk f 0 .  In 
order to do thi s  we sha l l show that Nk = 0 impl ie s  Nj = 0 for 
every j > k .  Let k l = min { j  > k : Nj f 0} and r 1 be the inf i 
mum of Nk . Thus ,  r l > O and I 

I f I B (x , r I) I 
Ther efore r 1 

Ak 1 
k 1 + 1 � I B (x , r 1 ) ¡ � A 

k 1 A then r I E Nk 1 - 1 
which i s a contrad ic� ion . 

mus t  be long to Nk . On the o ther hand , 1 
( 2K) - l r 1 rt=. Nk ilIiplying <1 

I B (x , r 1 ) I � A I B (x , ( 2K) - lr 1 ) I 
k k 

� AA � A  1 , 

which i s again a contradic t ion . 

I n  the fo l lowing we as sume X satis fi e s property H .  Let 

RX sup { d (x , y) : y E E (x , Ak) } .  k 
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By l emma ( 2 . 1 2 ) , E (x , Ak) = B (x , R�) .  In part icular , 
( 2 . 1 5 ) C ( x , k) = B (x , R�+ I ) - B ( X , �) . 

Moreover by (2 . 7 ) and Lemma ( 2 . 1 4 ) , i f I x l  ;> Ak+ l ;>  l { x } l , 

( 2 . 1 6 ) 

LEMMA ( 2 . 1 7 ) . L e" t  U B  Buppo B e  (2K) h ;> [ 2K( 2K) l-a] l /a . Then  

Ah I B (x , d" ( x � z ) ) 1 < Ai- 1 , 
imp Z i e B  

where  

C (x, i) t.C ( z , i) ¿ [B (x, R�+l+S�+l) -B ( z ,R�+l -S�+l) ] U 

[ ( x x) ( x x) ] U B z , R . +S . -B z , R . -S . , 1. 1.  1. 1.  

Proo f .  By ( 2 . 1 6 ) and the as sumption 

Thus us ing Lemma ( 2 . 2 ) 

( 2 . 1 8 )  [2K( 2K) l-al l /ad(x, z) <; ( 2K) hd(x, z) < R� <; R�+l . 

Then we can apply Lemma ( 2 . 1 ) wi th eS = ! K ( 2 K) I - a te obtain 

B ( z , R�-S:C) e B (x, R�) e B ( z ,R�+S:C) , j = i , i+1 , J J J J J 

where 

Having into account ( 2 . 1 5 ) if Y E C ( x , i ) 4 C ( z , i ) we have four 
po s s ib i l i t ie s 

P I : y E C ( x , i ) -B ( z , R�+ I ) ' 
P z : y E C (x , i ) () B ( z , R� ) . 

1. 

P 3 : y E C{ z , i ) - B ( z , R�+ I ) :  
P 4 : y E C ( z ,  i )  () B (x , R�) • 

Then 
Then 
Then 
Then 

y E B( z ,F,�+1 �S�+l) -B( z , R�+l) • 

y E B ( zI,R�) -B ( z , R�-S�) • 
1. 1. 1. 

y E B (z , R�+I) -B (z ,R�+1 -�+1) ' 
y E B ( z ,R:C+S:C) -B( z , R�) • 

1. 1. 1. 
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The proo f is compl e t e . 

COROLLARY ( 2 . 1 9 ) .  On the  a ondi tions  of the Lemma a b o v e  

I B ( - RX  S�) . I >. A i- 3 
• . 1. ,  i - � 

Mo re o v e r  if Y E C ( x , i ) llC ( z , i ) t.bén  

Pro of. By ( 2 . 1 8 )  ) x ( x  x x d ( x ; z < R� and 4 R . - S . )  > R . .  Thus us ing 
� � -- � � 

( 2 . 1 6 ) and the doubl ing cond i t ion of the measur e . 
i-

1 I X I I X I - 3 1 x · I A < B ( x , R . ) < A B ( z , R . ) < A B ( z , R . - S . )  . � � � � 

On the o ther hand i f y E C ( z , i ) then I B ( z , d ( z , y) )  I > Ai . I f 
Y e C ( x , i ) -� ( z , i ) then e i ther P 1 o� P 2 ho ld .  I n  the fir s t  
case y � .  E ( z , Ai+ 1 ) therefore I B ( z , d ( z , y) ) 1 > Ai+ 1 . I n  the sec ., 
ond case d ( z , y) > R� - S� therefore 

� � 

I B ( z , d ( z ;y) ) 1 > I B ( z , R� - S �) I > Ai- 4 .  � � 

COROLLARY ( 2 . 2 0 ) . In the aondi tions o f  L e mma ( 2 . 1 7 ) 

I C (x , i ) llC ( z , i) I O;;;;; CAi ( l -a. ) I B ( z , d (x , z ) ) l a. . 

Pro o f .  Proper ty H imp l i e s  

From ( 2 . 1 8 ) i t  fo l lows tha t we c a n  apply Lemma ( 2 . 1 ) .  

B ( z , R�) e B (x , R�+ �R� ( 1
- e )  d (x , z ) e ) e � � � 

e B ( x , 2R�) .  
� 

Therefore t ak ing n e = t K ( 2K)
1
- ed ( x , z ) e and app l ing doub ling 
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proper ty 
D . < C I B (x , R�) 1 1 -a I B ( z , d (x , z ) ) l a < 1 1 

< CAi ( l -a) I B ( z , d (x , z ) ) l a . 

Cl early the same boun� is true for D i+ 1 . 

Let 

(2 . 2 1 ) 

X i ( x , y) = X C ( x , i ) (y) . Obs erve thÚ 

X . ( x , y )  < X . 1 ( y , x) +X . (y , x) +X . + 1 (y , x) . '1  1 - 1 ,  1 

LEMMA ( 2 . 2 2 ) . If Ai < I x l , i t  f� Z Z OW8 

I ( i , q , x) J I B (X , d (X , y) ) I q x i ( x , y) dy < CAi ( l +q ) 

I' (i , q,y) = f I B ( x , d (X , y) )  I qX i (x , y) dx, < cA l q ! Ai (l +q ) . 

If e i th e �  Al � I x l o �  l { x } 1 � Ai b o th i n t e g�a Z 8  a�e 2 e �o . 

P�o of·  J I B (X , d ( X , y) )  I �X i ( x , y) dy < CAiq I E (x , Ai+ 1 ) I < CAi ( l +q ) 

Let us cons ider I ' ( i , q , y) , by Lemma ( 2 . 1 1 ) and ( 2 . 2 1 )  

I ' ( i , q , y) < A l q l [ I B ( y ,d ( x , y) i l q X i ( x �y) dx < 

< A l q I [ I ( i - l , q , y) + I ( i , q , yH · I ( i + l , q , y) ] < 

< cA l q l A i (l +q ) . 

REMARK ( 2 . 2 3 ) . Lemma ( 2 . 2 2 ) s e ems to be a sub s t i tute for i n 
e�ity ( 1 )  in Theorem ( 2 . 1 ) o f  [W] . That inequal i ty is no t 
true in general as can be seen taking X = ' { O , 1 , 2 , 3 ,  • • •  , n , . . .  } ; 
� (n) = l ; d (n , m) = I n -m i and cons ider ing f to be 
X [O ; l ] < f < X [O , 2 ] or X [ l � � ) < f < X [O , � ) ' 
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§ 3 .  P RO O FS O F  T H E O R E MS 

We shall us e the fo l l owing 

· COTLAR ' S LEMMA . Le t H, b e  a Hi l b e r t  space  and T 1 , T2 , • • •  , TN a 

fini te  o f  l i n e a r  and c o n tinuous . op e ra tors  o n  H .  L e t c :Z + [0 ,00) 

such  t h a t  y c (l) 1 / 2 = A < 00 and l e t T�  b e  the a djo i n t o f  T . . 
l= _oo � N � 

If II T � T . II .;;; c ( i - j )  and II T . T� II .;;; c ( i - j ) then  11 I T . II .;;; A .  � J � J i= 1 � 

See [C] . 

Ppo o f  o f  The o r e m  A .  We deno te K . (x , y) = K (x , y) X . ( x , y) and de -
J J . 

fine. Tj f (x) = JKj (X , y) f (Y) dY , for any func t ion f in L 2 ( X) .  
Us ing Lemma ( 2 . 2 2 ) and proc eeding as in [A] i t  fo l l ows tha t 
T .  i s uni formly bounded on L 2 and the kernel o f  the adj o int J 
operator T� i s  K� (x , y) = K . (y , x) .  Moreover J J J 

and 
TITj f ( x) � J { JK i (y , X) Kj (y , Z ) dy } f ( Z } d Z . 

I T�T . f (x) 1 2 .;;; J I JK . (y , X) K . (y , Z ) dy l l f ( Z ) 1 2 d z x � J . � J 

x J I JKi (y , X) Kj (y , � ) dy l  d z  . 

Applying again Lemma ( 2 . 2 2 ) and the boundednes s  o f  the kernel 
the s econd fac tor is bounded by a cons tant independent o f . i 
and j .  As suJl!.e that , whenever j > i 

( 3 . 1 )  J l fK ( ) K ( ) d  1 d z - CAa ( i -j ) . i y , x j y , Z y ..... 

Then , in this case 

n T F / n ; .;;; C A  a ( í -j ) J 1 f ( z )  1 2 [ f 1 f K i (y , x') K j ( y  , z )  d Y 1 dx] d z 

.;;; CA a ( i - j ) lIf 11 ; • 

I f  i > j , us ing again ( 3 . 1 )  
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iI TF/ " � :E;; C f l f ( z ) 1 2 [ f I JK i (y , X) K j (y , Z ) dy l d�1 d Z  :E;; 

:E;; CA ex ( j - i ) 1I f "  � . 

I t i s c l ear that the s ame e s t imate holds for " T . T� " 2
2 .  Therefo 

l. J 
re aplying Co t lar I s Lemma the Theorem fol1ows • 

. Let us prov� ( 3 . 1 ) . �y ( K . 3 )  

1 f I JK i (y , X) Kj (y , Z ) dy l dZ 

J l f [K . (y , Z ) - K . ( X , Z ) I K . (y , X) dy l d Z  :E;; J J l. 

:E;; f I K . C Y , X) I f f I K . Cy , Z ) :- K . ( X , Z ) I d z }dy . . l. J J 

Take C 1 = Ah , where ( 2 K) h ;> [ 2K ( 2K) 1 - 13 1 1 / 13 . Let 

1 1 = r I K . (y,x) l { f I K . (y , Z) -K . (X , Z) I dz }dy . 
C 1 I B (Y , A (y , x) )  1 :?Aj - 1 l. J J . 

By ( K . l )  an� Lemma ( 2 . 2 2 ) 

Al so 

f I Kj (Y , Z )  I dz :E;; C f I B (y , J (y , Z) I d z :E;; C .  
C ( y , j ) 

f I K . (X , z ) I d z :E;; C .  . J . 

Therefore us ing onc e  more ( K . 1 ) and Lemma ( 2 . 2 2 ) 

J 
X . (y , x ) 

1 :E;; C l. d :E;; 1 . 1 I B ( y , d (y , x) 1 y 
C 1 1 B ( Y , d ( Y , x) ) 1 � A J -

f Aj - a.  X i (y , X) :E;; G [ I B ( y , d (y , x) )  1 1 I B ( y , d (y , x)) 1 dy :E;; 

I t remains to cons ider 



1 = 2 

1 10 

f ! K . ( y , x) ! { f ! K . ( y , Z ) - K . ( X , Z ) ! d z } dy . 
' 1 J. J J C 1 ! B (y , d (y , x» ! <AJ -

> 

I n  order to p rove the boundedne s s  o f  12 l e t  

1 2 1  = 
> 

• J ! K . (y,x) l { f I K (Y, Z
. 
) -K (x, z) I X . (y, z) dÚdy .  

. 1 J. o> J C 1 ! B (y , d (y , x» ! <AJ - > 

Ob s erve: tha t i f  x E C (y , i ) , z E C (y , j )  and Ah I B (y , d (x , y) ) I < Aj - 1, 

Al ! B (y , d (x ,y) ) I .,¡;; 1 < A-j I B (y , d (y , z ) ) ! , 

where  l = max ( h - j + 1 , - i - 1 ) . Then 

Aj +l ! B (y , d (x , y) ) ! < I B ( y , d (y , z ) ) l . 

Therefore us ing ( K . 2 ) and ( K . 1 )  

1 .,¡;; C . J. { A-ex J -i J J X . (y,x) f ( ' ) X . (y , z) 
2 1 I B(y,d(y,x) )  I -;-;I B ..... (y ...... ,.....,d(,.....y-, z�))�1 dz } dy .  

Applying Lemma ( 2 . 2 2 )  

1 2 1 .,¡;; CA - ex (j - i )  • 

We need to show a s imil ar bound for 1 2 2  

122 = J ' _ 1
! Ki (y,X) ! { J I Xj (y, z) -xj

(X, Z) ! I K (x, z) I dz }dy 
C 1 ! B (y , d (y , x» ! <AJ . 

J X . (y, x) J 1 .,¡;; C > J. { . 1 ¡ B (y ,d (x ,y) ) I I B(x,d(x, z) ) I 
dz } dy . 

C1 ! B (y , d (y , x» I <AJ - C (y , j ) �C (x, j j  

B y  Corol lary ( 2 . 1 9 ) we ge t 

f x . (y ,x) J. ! C (y , j ) �C(x, j ) l dy . 
' _ l I B (y,d(x,y) )  I c 1 I B (y , d (y , x» I <AJ 

By Co ro l l ary ( 2 . 2 0 )  and Lemma ( 2 . 2 2 ) 
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Therefore 

§ 4 . E X A M P L E S  

We pres ent some exampl es i n  order t o  unders tand better proper 
ty H and the re lat ion be tween the me tric and the mea sure . In 
previous works , be s ide s the re quirement for X to be normal i zed , 
the fo l lowing hypo the s is has be ing impo s ed 

( 4 . 1 ) , I B ( x , r ) I - IB (x , s )  I <: C ( r - s ) Yr l -Y , 

for every O <: s < r and some y > O . The case y = l has be ing 
cons idered in [A] and y po s i t ive in [DJS ] . Ob s erve tha t the 
cond i tion is real ly meaningful when s is c l o s e to r , s ince 
o therwise the normal i za t io n of the spac e suffic e s . Thus , it 
is c l ear tha t ( 4 . 1 ) is more re s tr i c t ive as y incr ea s e s , 'ther� 
fore it is enough to cons ider y <: 1 . Clear ly ( 4 . 1 ) impl i e s  H .  
The contrary is no t true even in the case o f  normal i z ed X; see ' 
example ( 4 . 5 ) . Thus , a l l the example s cons idered in [A] are 
inc luded , a s  for ins tance Rn wi th parabo l ic metr ic s  and Leb e s  
gue mea sur e , compac t  groups wi th a quas i -me tri c induc ed by a 
Vital i fami+y , e tc . 

EXAMPLES OP SPACES THAT DO NOT SATI SPY H .  

( 4 . 2 ) Let X = [R - ( 2 , 4 ) ]  U { 3 } ,  d (x , y) the usual di s tanc e 
and measur e  J.I defined by Jl ( { 3 } ) = 2 and II (E -. { 3 } )  = , l E I , 
wher e IE I s tand s for Leb e s gue measure . I t i s  easy to s e e that 
( X , d , ll ) i s  a spac e of hbmo geneous _ type that do es no t s a t i s 
fy the conc lus ion o f  Lemma ( 2 . 3 ) . 

( 4 . 3 ) Por n > O , l e t  I be the open interval in R centered a t  n 



2n
"
+ t o f  radius ( 2n) - 1 . Le t 

. 00 

1 12 

X = U { [ 2n - l , 2 n] U I n } n = 1 

Take d ( x , y) the eucl idean dis tance and define the mea sure l.l 
I 

l.l ( E )  = J1 J XE(x) (X [ 2n-1 , 2n] (x) +nx1n (x) )  dx .  

I t  i s  c l ear tha t  ( X , d , l.l ) l is a n  space o f homo geneous type . Mo 
reover 

ho lds  for every n > O .  On the o ther hand 

1 1 - 0. ' 1 a. 1.l (B ( 2n , Z) )  1.l (B ( 2n ' 2n) )  + O 

as  n tends , to infinity for any O < a. � 1 .  

EXAMPLES OF S PACES SATI SFYING H .  

( 4 . 4 ) The spac e ' cons idered in ( 2 . 2 3 )  s a t i s fi e s  H .  

( 4 . 5 ) L e t  ( X , dY , l.l ) b e  a space oí homo geneous ' type , where  d 
i s d i s tance , y > O and such that 

l.l (B (x , r ) ) 

I t  i s  wel l  known , s e e  for ins tance [MS ll , that · i f 

� = min ( l ,�) 

then dY s a t i s f i e s  ( 1 . 2 ) .  We shal l prove tha t property H ii 
true for a. � min ( l , S / A) .  We ob s erve that it i s  suff ic i ent to 

tak� r > 2n > O on  property H .  Let E = r 1 - Sn S 

D l.l (B (x , r + E ) ) 

A ¡:; A - 1 2 E , 

. A ' . A l.l (B ( x , r - E ) ) = ( r + E ) - (r - E )  

wher e  r - E � ¡:; < r+ E . From r > 2n  > O it  fo l l ows  
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y . 
( 4 . 6 ) L e t  ( X . , d . � , � . ) , i = 1 , 2 , as in ( 4 . 5 ) . I t  i s  c l ear tha t � " � � 

taking X = X 1 x X2 , � = � 1 8 � 2 and 
I 

( X , d , � ) b ecome s  a space  o f  homo geneous type . Moreover i t  can 
be  shown that 

� ( B ( i , r ) )  

for d (i, y) < r ;  d (i , z ) < r and � = min ( � 1 ' � 2 ) '  Pro ceeding a s  

in ( 4 . 5 ) i t  fo l lows that ( X , d , � ) s a t i s fi e s  H , with 

S min ( S l ' S 2 ) 
CI. = min e1 , X) = min ( 1 , A + A ) . 

1 2 

( 4 . 7 ) As an immed i a  te" appl ica  t ion of  ( 4 . 6 ) we cons ider 

Rn = R
n 1 R

nk ...... 1 x . • •  x , n . ... , � 

n · 
� .  = Leb e s gue measur e  in R � , thus � . (B (x . , r ) ) � � � 

Therefore  taking A i n i/Y i and S i = min ( 1 , Yi 1 ) , by ( 4 . 5 ) , we 
ge t 

min ( 1 , y i) 
n . � 

Then we are  in the cond i t ions o f  ( 4 . 6 ) and ( X �d , p) s a t i s fies  
H " w i th 

min e 1 ; _1_ , . . .  , _1_) 
" "  Y 1 " Yk 
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