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ABSTRACT. Let G be the universal eover 'oí SI(2 ,R) , r a diserete subgroup oí G of finite 
eovolume and X a unitary eharacter of r. Using an analogue oí the Eisenstein series , we define 
a family M (II, g, X) of automorphic functions of non-moderate growth on G, holomorphic in the 
halí-plane {1I E e I Re 11 > 1 } .  We prove that this family admits a meromorphic continuation 
to e and satisfies a íunctional equation whieh relates a linear eombination of M(II, g,  X) and 
M( - 11, g, X) with' a lihear eombination oí Eisenstein series . We also prove that ,  although the 
fami!y is generica!!y of exponentia! growth, the residues of M(II, g, X) in {1I I Re 11 2: O }  define 
square integrable automorphic forms , 

§O .  INTRODUCTION. 
Poincaré Series are an important object in the theory of automorphic forms . They were 
originally introduced as holomorphic functions on the upper half plane satisfying a certain 
transformation rule with respect to a discrete subgroup r of Sl(2 ,R) of finite covolume, 
and a multiplier system v . Their importance stems from the fact that they generate the 
space of holomorphic cusp forms of each given weight . More recently, non-holomorphic 
Poincaré series have been studied, originated in the ideas of Selberg ( see [S] , [N] , [He] , [Br] , 
[Br2] ) and have been used in the study of Fourier coefficient of real analytic automorphic 
forms . There are also generalizations in higher dimensions (see for instance [CLPS] for the 
group SO(n , 1 )  and [MW] for Lie groups of real rank one with finite center) . 

The purpose of this papel' is to show that the method in [MW] applies in the study of 
L2(r\G, X) , where G is the universal cover oí Sl(2 ,R) and X is a unitary character of r, a 
di serete subgroup of G of finite covolume . We shall define a family M(1/, X )  of  functions 
on G, via an analogue oí the Eisenstein series , but using a matrix entry of a principal 
series on G which transforms according to a character r¡ of the unipotent subgroup N. 
This series defines a one parameter family of automorphic forms of non-moderate ( i .e .  
exponential) growth in the half-plane {1/  E C I Re 1/ > 1 } .  We prove that this family 
admits a meromorphic continuation to C and satisfies a functional equation which asserts 
that a suitable combination of M(1/, X) and M( -1/, X) is a linear combination of Eisenstein 
series (see Theorem 7 .5 ) .  Although the family M(1/, X) is generically of exponential growth, 
certain special values yield automorphic forms in the standard sense, namely classical 
holomorphic cusp íorms associated to a certain multiplier system. 
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Several of the results in this paper are already present in [He) (see Chapter 9,  §7) and in 
[Br2) . However, our methods are very different , and follow the representation theoretic 
approach in [MW] , yielding, at times , more explicit information. 

§ 1 . PRELIMINARIES . 
Let G denote the universal cover of Go ::;=Sl(2 ,R) , and let 7r :'G-t Go denote the canonical 
projection. G is generated by elements {n(x ) ,  a (y ) ,  k (8)  I x ,  8 E R, Y > a} such that 

(.¡y O )  7r(a(y) ) = a ..,f?1 7r ( k(  8» = ( cos 8 sen 8 ) - sen 8 cos 8 

and furthermore 

n(x 1 )n(x2 ) = n(x1 + X2 ) 

a(Yl )a(Y2 ) = a(Yl Y2 ) 

k (81 )k (82 ) = k(81 + (2 ) 

X1 , X2 E R 

Y1 , Y2 E R+ 
81 , 82 E R 

a(y)n(x) = n(yx)a(y) x E R, Y E R+ , 

k (  8)p( z ) = p (7r(  k (  8) ) . z )k (8 - arg l (  -71" ,71"] eill ( -z . sen 8 + cos 8) ) 

( 1 . 1 ) 

( 1 . 2) 
( 1 . 3) 
( 1 .4) 

( 1 . 5 )  

( 1 . 6)  

where p(x + iy) = n(x)a(y) and 7r(g) . Z denotes the action of Go on Ji = { Im z > a }  by 
Moebius transformations . We will often write 7r(g)  = g. 

Set N = {n(x ) 1  x E R} ,  A = {a(y ) 1 y > a } ,  K = { k (O) 1 8 E R} and let M = 
{ k (m7r ) 1  m E Z } ,  the center of G , and P == N . A · M. Any element 9 E G decom
poses uniquely 9 = nak , with n E N, a E A and k E K. We choose invariant measures 

dn , da , dk on N, A and K corresponding respectively to dx , 
dy

, �d8 where dx , dy , d8 
. Y 27r 

denote Lebesgue measure . If a = a(y) , set aP = .¡y. On G we will normalize the Haar 
measure so that 

r f(g ) dg = � r j r f(nak )a-2Pdn da dk la 27r lN A .}K ( 1 . 7) 

We identify g , the Lie algebra of G , with the Lie algebra of Go . Let X = ( � � )  , 
y = ( �  � )  and H =  ( �  _�).  Set ge = � ®R C and let E+ = H + i(X + Y) ,  E- = 
H - i (X + Y) ,  W = X - Y. Thus X , H and W span n, 11 and e respectively, the Lie 
algebras of N,  A and K.  If a = exp(H' )  E A with H' E o, we will write a¡' = e ,, ( H ' )  for 
v E 0* . Also we set p = � �  For t E R, we set at = exp(tH) = a(e2 t ) ,  so that ar = et .  We 
will usually identify Oc with e via the map v f.--+ v(H) . . 

' .  

Denote by U(g) the universal enveloping algebra of 1Je and let U(g) act on COO( G) by 
left-invariant differential operators . If X E ge , f E COO( G), as usual let X f(g) = 

! l o f(g exp tX) .  The following formulas describe the action of E± , W with respect to 
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the coordinates (x , y , 8) :  E± = e±2ie (2iy :x + 2y :y ::¡:: i :e )  and W = :e '  The Casjmir 

element of G is giyen by e = t (XY + y x + t H2 ) = (1f )2 - ( 1f )+ XY which as a differ

ential operator on G acts by y2 (::2 + ;y22 ) - y a��e ' Hence e acts on f E COO( G / I<)  by 

ce J) (x + iy ) = y2 ( :x>' + :y22 ) j(x + 'iy ) ,  where J(g . i ) = f(g ) and g '  i = 7r(g ) . i = x + iy .  

Furthermore we have
·l. .  f(f¡ )d f¡ = r j f(na)a-2� dn da = r j(x + iy) dx dy 

G/K .JN A .J1í. y2 
From now on we let r be a discrete subgroup of G which contains M and such that r\ G is 
non compact and has finite invariant measure . Let Q be a parabolic subgroup of G . Then 
Q = kPk- l  for some k E I<, thus Q = NQAQM, where NQ = kNk-1  and AQ = kAk- l . 
Q is said to be r - cuspidal if r n N Q =1 1 .  r ¡1cts by conjugation on the set of such subgroups 
and the action has finitely many Ol'bits . An Ol'bit of this action is called a cusp oí r. 
Let Q = kPk-l  be as aboye, aQ = Ad(k  la .  If // E e, H E  aQ , we write k · // = // (Ad(k- l  )H) 

Fix W e NQ a compact subset , such that w f--lo r n NQ \NQ is surjective .  If y > O ,  let 
A�,y = {a E AQ l akp > � } .  A Q-Siegel set for r is a set of the form SQ ,w , y  = W x A�,y x K. 
We next recall a basic result of  reduction theory of  r\G .  
Theorem 1 . 1 .  Let r be as aboye. If Pj = N¡Aj M, j = 1 . . . s i s  a complete system oi 
representatives oi r -cuspidal parabolic subgroups, and if ior each j, Wj e Nj is a compact 

subset such that 7r(Wj ) = r n Nj \Nj , then r\ G - (Uj= 1 S Pj ,Wj ,tj r is compact .  

§2 .  CHARACTERS AND MULTIPLIER SYSTEMS .  
Let X be a unitary character o f  r and fi x  T E ( - 1 , 1 ]  such that x ( k(n7r) )  = e in7l'T fol' any 
k (rm) E M. We then write X = X T '  Let r E R; if z E e - { O }  we write z,. = exp (r log z ) , 
where log stands for the principal branch of the logarithm ( corresponding to -7r < arg z S 
7r )  . 
If 1 = ( : � )  E GO l set j (--y ,  z )  = cz + d. Let r = ll(r) .  For g , g l  E Go , we set 

w(--y , 11 )  = 2� { arg l ( -rr , rr] j (--y , 11 . z )  + arg l ( -rr , rr] j ( ,1 , Z ) - arg l c_ rr ,rr] j (  111 , Z ) } ( 2 . 1 ) 

Let r E R. A fundion v : r f--lo SI is called a multip li cr  system of weight r if v( /,1 ) = 
v(--Y )v(--Yd exp(27rinv (--y ,  11 ) , fOl' any " ,' 1 E r, where W(--y , '1 )  is as in ( 2 . 1 )  ( see [Rn] , 
chapter 3 ) .  In the notation of § 1 ,  let CJ : Co f--+ G be the section given by: 

CJ ( ( : ! ) )  = p( :: :  ! ) k ( arg l ( _ rr , �.] ( -ci + d) ) ( 2 . 2 ) 

Then for g , g l E C:o , CJ(ggd = CJ(g)CJ(g ¡ ) k (27rw(g., gI ) ) , where W(g , g l ) is as in ( 2 . 1 ) .  
We now recall the correspondence between characters of r and multiplier systems of r .  
( c .f. [Br], chapter 4) .  Let X = XT , T E ( - 1 , 1 ]  be a character of r, and let r == T mod 
2 .  Then the function v = vx : r f--+ e given by v (-::¡) = X (CJ(-::¡) )  is a multiplier system on 
r of weight r. Conversely, if v is a multiplier system on r of weight r, then the function 
X = Xv : r f--lo e given by X (CJ(-::¡) k (n7r)) = v(-::¡ ) e inrrT is a character of r .  The maps X f--+ vx '  
V f--lo X v are inverse to each other . 
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§3 .  AUTOMORPHIC FORMS . 
Fix X a unitary character of f, X = Xn as aboye. A function f : G 1---4 e is (X ,f)
equivariant if f(-yg) = x(¡)f(g ) ,  'Y E f, 9 E G. For the next results we refer to [Br] 01' 
[Ro] . 

Theorem 3 . 1 .  Let r = ?T(r) ,  and let X =  X T  be a character of f ,  wíth T E ( - 1 , 1] . If 
r E R wíth r == T mod 2 and f : G 1---4 e ís a (x ,f)-equívaríant functíon of weíght r, then 
the functíon F = rf>(f) : H 1---4 e defined by F( z ) = f (p( z )) y - � satísfies 

F(;:;¡z) = v(;:;¡)j (;:Y , zfF(z) ( 3 . 1 )  

for any ;:;¡ E f ,  z E H, where v = V x  ís as ín· §2 . 

Conversely, if v is a multiplier system in r of weight r and F : H 1---4 e satisfies (3. 1 ), then 
the function JI 011 G defi11ed by 

JI (cr(g)k (n?T ) ) = F(g · i )j (g ,  i ) -r e iTn7r 

is (x ,f)-equivariant ,  with X = X v  as in §2 .  The maps f -+ F and F -+ JI are in  verse to 
each other. 

Definition 3 . 2 .  Let X = X T be a character of f ,  T E ( - 1 , 1 ]  as aboye. Let r E R. A 
function f E eOO(G)  is said to be (x ,f)-au tomorphic of weight r if 

( 1 ) f(-yg ) = x("( )f(g )  ') E f, 9 E G 
(2 ) for aJ1y k (8 ) E K ,  9 E e f ( gl.: ( 8 ) ) = f(g )e i ,·g 
( 3 ) f is a fini te sum of eigenfunc tiolls of e ,  
(4 )  f is of modera.te growtil . That is, if Q = kPk - 1  is a parabolic su bgroup. then for 

any X E g e ,  there exist Cx > O anc I el E N such that IXf ( kg ) 1 :S ex a( g )d(J  
We denote by A(f\ e,  X )  the space of  f-automorphic forms and we observe that if 
x (k (n?T) )  = ein7rT for any �� (n?T ) E 111 , then A( f\e,  \ )  is generated by functions of weight 
r, r == T mod 2 .  
As is well known, the correspondence in  Theorem 3 . 1  gives an  isomorphism of the space 
A(f\e, X) with the space of real analytic automorphic forms on H, of weight r ancl mul
tiplier sy ;stem v . 

Definition 3 . 3 .  Let Q be a cuspidal parabolic subgroup. Q is said to be reg1¿[ar (resp. 
irregular) with respect to X if X l 1nNQ == 1 (resp . \ 1 1 nNQ 1= 1 ) .  

I f  f E A(f\e, x l  and Q i s  regular , then the Q- cons ia.nt t erm of  f i s  defined by: 

fQ (g ) = /" f(ng ) dn }lnNQ \NQ ( 3 . 2 )  

I f  fQ == O for any regular cuspidal parabolic subgroup Q ,  f is said to be  a cusp formo 

Denote by Aa (f\  G, X ) the space of cusps forms in A( f\ e, X ) . 
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Let f, 9 E L2 (f\G ,  X ) ,  the space of square integrable ( x ,r) -equivariant functions on G 
with respect to the canonical inner product (f, g )  = If\G f( x )g ( x )  dx, where dX is the 
canonical measure on f \ G. L2 (f\ G, X)  defines a unitary representation of  G , the action 
of G given by right translations . 
We will make use of the spectral decomposition of L2 (f\G ,  X ) ( see [Ro] , 01' [Br] , Chapter 
10 ) .  We first recall the definition of the Eisenstein series . 

Definition 3 . 4 .  Let Q be a regular cuspiclal parabolic sll bgrollp of G . Let � = X I M an cl 
let 1/ E C .  If 4> E COO(E) ,  9 E G, denne the Eisenst ein series by 

E(Q ,  1/, g ,  4> ,  \ )  = L aby t+Pcp ( k (¡g ) ) x (¡ ) - l  ( 3 . 3 ) 
,Ef Q \f 

It is well known ( [Ro] , [Br] ) that the series defining E( Q ,  1/, y ,  cp ,  X )  converges unifonnly 
on compacta if Re 1/ > p and lies in A( f\G , x l  . Furthermore E(Q , 1/, y , 4> , X ) admits a 
meromorphic continuation to C .  
I f  V is a Banach representabon of G w e  Jet V (Xl ,  'VI( and Vw respectively denote the space 
of C= ,  (C= ,K )-finite and anaJytic ved or, in TI . Wc will use the following theorem of 
Selberg and Roelcke . 

Theorem 3 . 5 .  (Spectral c1ecomposition) If X = X r ,  T as above, then L2 (f\G , : d  = 

L�(f\G, X )  EB L� (f\G , X ) ,  where L� (f \G .  \, )  (resp . L� (f\G , X ) )  clecomposes diserefely 
(resp. con tin 11 ollsly ) lln cler the action of G . 
Fllrthermore, let h" .i }� ]  in L� (f\G ,  d I, (c.f [W), eh. 1 )  be a complete orthonormal 
system of eigenflln ctions ,  C'I/-'. i = �l j 1/'i ' Fix a complete syst eni of represen tatives of reglllar 
ellspiclal parabolie sll bgroups { p] . . . . . Pd Th ell . if f E  L2 ( f\G ,  \, )  is of weight r , /" == T 
mod 2 , we h aye 

( 3 . 4 )  

in 1 1 1 1 2 with fi : iC  f-> C m easura ble fUl lc tions. 1 :<; i :<;  s ,  s u eh that J�e l/=O I fi ( 1/W  I d1/ 1 < 
oo .  

§4 . REPRESENTATION THEORY .  
If � E NI, then � ( k (  71" ) )  = e , ,, r , for s o  m e  T = T� E ( - 1 , 1 ] .  Set 

V� = { f E C( K )  1 f( m k )  = �(m )f( k )  m E M, k E E} 
with norm 11 · 1 1  given by I I f l 1 2 = J�1 \ 1\· l f( ": W  dk for f E V( Let. H� , 1/  be the complet.ion 

of V€ with respect to the above norm, with act.ion of G given by 

7r€ " , (x )f (u )  = a(ux ) " + P f ( k ( ux ) )  u E K, x E G ( 4 . 1 ) 

where 9 = n(g )a( g ) k (g ) ,  n(g )  E N,  a( g )  E A, k (g )  E K When restricted to K ,  Hlt 
decomposes as follows :  Hlt = EB C4>" where 4>r ( k ( B ) )  = ei7·e for k (B) E K. 

r:= T( m o d  2 
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As. before, let H�II (resp. H;/ ) be the space of CCXl-vectors (resp. (Coo ,K)-finite vectors) 
in Hf.,v j H;t is a (g,K)-module, with the action of gc and K given by: E± · 4>r = 
( 1 + v ± r)4>r±2 , W ·  4>r = ir4>r and k(8) . 4>r = e ir84>r . 
We next recall some standard facts on the Kunze-Stein intertwining operator . 

( 1 ) If v E V!, the integral A(�,  v)v(k)  = IN 71"e ,v Csnk)v( l )  dn converges absolutely and 
uniformly on compacta for k E K and Re v > O .  

(2) the map v f-t rtv) 
A(� , v) analytically continues to a holomorphic function : e f-t 

{ continuous endomorphisms of V! } 
(3) If r == Te mod 2 one has that A(� , v)4>r = cr (v)4>r where 

21-1171" i r r (v)  
cr(v) = r (�) r ( l±�-r ) 

(4.2) 

(4) If v E is generic ,  one has A(� , v) O íTf" II (x ) = íTf, ,-II (X ) o A(�, v ) , for x E G. 
It follows from (3 )  that A(�, -v) o A(� ,  v) = 1'( 11) ' Id,  where 

We note that this express ion do es not depend on r but only on � .  In particular , if r = O 
(resp . r = 1 )  we get that tLf, (it) = 2� tanh (T )  (resp . tLf,(it) = 2t7r coth ( �t ) ) . 
For generic v E e ,  the (gc ,K)-space H;t is irreducible. Reducibility occurs exactly when 
(1 + v) == T mod 2 or (1 + v) == -T mod 2. By using the intertwining operator A( � , 1/) one 
can determine the composition series of Hit at each 1/ . For such a description, together 
with the classification of irreducible (g ,K)-modules of G, we refer to [PuJ or [Br], Chapter 
3 .  

§5 . WHITTAKER VECTORS . 
Let (V, íT) be a representation of g .  Let r¡ (n( x )) = e i a x be a non trivial character of N. A 
vector w E V is a Whittaker vector- associated to the character r¡ if 

x . w = dr¡(X)w (5 . 1 )  

Let v E e .  A vector u E V is said t o  be  conical of weight v i f  X ' u  = O and H·u  = (v - 1 )u .  
Let b = ex EB eH a Borel subalgebra of  g .  Let U( b )  be  the universal enveloping algebra 
of b. Given tL E e, we denote by M(tL) the Yerma module M(tL) = U(g) ®U(b) e where 
the action of U(b) is given by 

X · (l ® l) = O H · ( l ® l ) = (tL - 1) ( 1 ® 1 ) (5 .2) 

Clearly 1 ® 1 is a conical vector in M(tL) of weight tL .  
Given r¡ ,  a non trivial character of N, we now sketch the construction of a Whittaker vector 
associated to r¡. For this purpose, we will work formally with power series in M(tL) . 
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Assume w = :L�o ak (¡.t) (yk @ l ) is such that X · w = dr¡(X)w. Then :L�o ak (¡.t)X · (yk @ 
1 )  = :L�o dr¡(X)ad¡.t)(yk @ 1 ) .  To compute the coefficients ak (¡.t ) we use the relations 
[X, yk) = k yk- 1 (H - k + 1 ) and [X, Yk )  @ 1 = X(yk @ 1) - yk X( 1 @ 1) = X(yk @ 1 ) ,  
for k � O .  One obtains that 

(Xl (Xl 

L ak (¡.t )X . (yk @ 1 ) = L ak+1 (¡.t) ( k  + 1 ) (¡.t - ( k  + l )) (yk @ 1 ) (5 .3 )  
k=O k=O 

It follows from (5 . 1 )  and (5 . 3) that ak+ 1 (¡.t)  = ak (¡.t ) dr¡ X)  � for k 2 O or, putting 
( k+ 1 )  /,-(k+I )  J 

ao (¡.t )  = 
(

1 ) ' we o btain the recursion r -/,+1 

(5 .4) 

Let n = RY . Then T(¡.t) = :L�o ak(¡.t)yk  can be viewed as an operator mapping the 
vector 1 @ 1 of M(¡.t) to a Whittaker vector in the n-completion of M(¡.t) , (see [GW) , §4) .  
Similarly, if V is a U(g)-module and v E V is such that X . v = O and H . v = (¡.t - 1 )v , 
then there exists a Whittaker vector iu = T(¡.t)v in the n-completion of V .  We will now 
apply this theory to the principal series representations. 
If v E e, � E M consider the representation (He , V ,  Tie , v ) of G . We denote H�' v the space 
of analytic vectors . Thus we have the following inclusions : Hit e H�'v e H;;,v e He,v , 
with each space dense in the next .  
Let s = k(  Ti /2) and set as in [GW) 

5(� ,  v)j = f( l )  ( 5 . 5 )  

5. (� ,  v )f = L 7l'e , v ( sn )f( 1 )  dn  = (A( � , l/ )f) ( l )  = 5(� ,  - 1/ ) o A(� ,  1/ )(f ) ( 5 . 6 ) 

for f E H;;,v , Re 1/ > O .  It is easy to check that li( � ,  v) and 5. (� ,  1/ ) are conical vectors in 
(H;;,v ) ' ,  of weight - 1/ and v respectiveij. We fix a character r¡ of N and we set 

w ( ( ,  1/ ) = T( - I/ ) 5(� ,  1/ ) 
w. ( � ,  v ) = T(I/ )  5. (� ,  v) 

( 5 . 7) 
(5 .8 ) 

the corresponding Whittaker vectors . We will write also W 1 ( V ) y w . ( v ) when � is clear 
from the context o It turns out that the vectors W l ( V ) and ws ( v ) are continuous functionals 
on the space H�'v ( see [GW) ) .  

§ 6 .  RELATIONSHIP BETWEEN WHITTAKER VECTORS AND WHITTAKER 
FUNCTIONS. 
For k E R, s E e ,  the Whittaker differential equation is given by 

{ 1 k ! - s2 } rey) + - - + - + _4 - f(y )  = O 
4 Y y2 y > O ( 6 . 1 )  



192 

Equation (6 . 1 )  has a solution, Mk,8 ( Y) , defined for s E C - ( - t )N , given by 

M ( )  8+ 1 _ JL � ( t  + s - k) n  n k , 8 y = y 2 e 2 f;:o n ! ( l + 2s)n y (6 .2)  

with (a)o = 1 and (a)n = I1j:; (a + j)  for n ::::: l .  It has exponential growth as y ---+ 00 and 
! Mk , 8 (Y) ! � y � +Re 8 as y ---+ O .  
Another solution of equation (6 . 1 )  is given by 

r(2s) r( -2s) 
Wk,8 (Y) = r (t  + s - k) Mk,-8 (Y) + r (t - s _ k) Mk,8 (Y) (6 .3 )  

This function has exponential decay when y ---+ 00 , in fact ! Wk , 8 (Y ) !  � yk e- t  as y ---+ 00 , 
and exponential growth as y ---+ O. The following integral formula will also be needed:  

Wk, 8 (y)  = 7r- 1 22 8- 1 r( 1/2 + s + k ) y � -8 1: e- � iX Y ( l + x2 )- � -8 e2 ik arctan x dx (6 .4) 

We will now look at certain matrix entries of the principal series representations . Let 
� E M, v E C, 71 a non trivial character of N and let W E (H¿'v ) ' be a Whittaker vector 
associated to 71 .  Denote by 1jJ(g) the matrix entry 1jJ(g) = w (7rE , v (g )cf>r ) , for g E G ,  cf>r E 
HE , v . We observe that , if g = nak , with n E N, a E A and k E J{, 1jJ(g) = r¡(n )- l 1jJ(a)cf>r ( k ) .  

2 
If C denotes the Casimir operator , then 1jJ satisfies the differential equation C1jJ = v 4- 1 1jJ 

Proposition 6 . 1 .  Let t E R, at = exp(tH ) . Let r¡ (n(x ) ) = éu ,  with O' > O .  Let w E 
(H¿' v ) ' be  a Whit taker vector associated to 71 - 1 . If z = 20'e2t , let F(z ) = w (7rE, v (adcf>r) ' 
Then 

( 1 )  F(z) satisfies the Whittaker differential equation (6. 1 )  with k = � and s = � ,  
(2 ) íf F1 (z )  = w1 ( 1/) (7rE , v (at }cf>r) and Fs (z ) = W8 ( 1/ ) (7rE , v (at )cf>r) then 

(20')- 9'l F1 (z ) = ( )
M,- ,,- ( z )  r 1/ + 1  2 ' 2  

where Mk,8  is  as in (6.2) and Cr( I/ ) is  as  in (4. 2) .  

Proof. We have 

( 6 . 5 )  

� 1
8=0 

w (7rE , v (at ' exp(sH) )cf>r) = :'s 1
8=0 

W (7rE, V (at+8 )cf>r ) = 1jJ' (a¡ ) = 2F' (z )z 

Similarly, (� )t=o W (7rE,v (at ' exp(sH))cf>r )  = ¡1jJI I (at ) = z(F"(z)z + F'(z) ) . Now, since 

y = X - W, we compute 
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dS�:S2 1 ." = S 2=O 
W (7l"E , v (at )7l"E , v (S l X)7l"E , v (S2 W)<Pr ) = ( iae2 t ) ( ir )¡p(at ) 

Since C = ( lf ) 2 - (lf )  + XY and C¡p(at ) = w (7l"E , v ( at )7l"E , v (C ) (<P r ) )  we get that ¡p(a¡ ) 
satisfies ¡¡pII (at ) - �¡PI (at ) + (_ (ae2t )2 + 1' (ae2t ) ) �) (a¡ ) = 

1/2; 1 ¡p(at ) ,  which in terms of 

F(z) becomes F"(z ) + { -±  + !lf + ':( } F(z) = O ,  the Whittaker ' s  differential equation 

with k = � ,  s = � .  
We briefiy verify (2 ) .  By (5 . 7) , Wl ( I/ ) = L�o ak ( -L-,)yk (8(� , nu ) )  with ak ( - 1/ ) 
( l ) k ( d  - 1 ) k (X)  - ( 1/  

)
' Using that (-Y) . 8(� , I/ ) (f ) = 8(� , I/)(Y . 1) , we have that : k !r v+k+l . 

k=O 

A computation shows that if  we set B( s) = arg l ( -71' ,71'] ( 1  - is ) ,  then 

v+ "  00 ' k ( 2C k 
a ,. % -ae ) 

Thus wl (V ) (7l"E , v (a¡ )<Pr) = ( t  ) 
'" 

( ) ( ) ak (r , 1/ ) for sorne coefficients r 1; + 1 L k!  1; + 1 . . . 1/ + k k=O � ak ( l' , I/ ) .  Since a�+P = U;,) 2 and ao ( l' , 1; ) = 1 ,  we arrive at 

( 6 . 6 )  

where ¡pez ,  v ) = O(z) as  z ---+ O .  By using the asyrnptotic behavior a t  z = O we see that 

To compute Fs (z )- we use (5 .7 )  and (5 . 9 ) :  

Fs(z )  = T(I/)5s ( � ,  1; ) (7l" e , v (a¡ )<Pr )  = T( I; ) (5(� ,  - 1/ ) ) (7l"e , - v ( adCr (I/ )<Pr)  

(2a) "; '  
= Cr(I/)Wl ( - V )(7l"E , - v (a¡ )<Pr)  = r (- I; + 1 ) cr ( I/ )M� , - t ( z ) 

The vectors Wl ( I; ) and ws ( l/ )  generate the space of Whittaker vectors in (H�' V ) / . 

( 6 . 7 )  
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Let r¡(n(x ) ) = eiÁx be a nontrivial character of N, let � E M and 1/ E C. If f E H�v , 
s = k(  7r /2) , consider the integral 

In particular, 

J{, v (7rE ,,; (a)cPr ) = a- Re V+Pei( rr/2 ) r 1: e- ixÁa 2 P ( 1  + x2 )- .!!..:}! e ir arctan x dx 

7rei ( rr/2 ) r A !'..::.l 
2 = ( - ) 2 Wr " (2Aa P ) r (�) 2 2 ' 2  (6 . 8 )  

This integral is convergent for Re 1/ > O and analytically continues to a continuous func
tional on H�v ,  for Re v > 1 .  J{ , v is a Whittaker vector associated to r¡ -1 ,  the Jacqv,et

Whittaker  vector. We will often write J(v) in place of J{, v . As a functional on H�' v , 
.7 (v ) can be expressed as a linear cornbination of W 1 ( V ) and ws (v ) and this cornbination 
corresponds to the expression of the Whittaker function Wk , s in terrns of Mk ,s and Mk ,-s . 
To conclude this section we recall sorne facts on the Jacquet-Whittaker vector (see [GW] ) .  

Proposition 6 . 2 .  Let r¡ (n(x )) = e iax be a character af N with a > O .  Let � E M, 1/ E C 
and J(v)  as in (1 0. 2). Then ane has that 

with 
rr( v+ r) , ' ( /2 ) cos -2-

a( I/ )  = -2av7re ' rr r __ -",--_ 
sen( 7r1/ )  

and 

Furthermare J ( 1/ ) satisfies t11e functianal equatian 

§7 .  THE SERIES M(v) .  

( 6 . 9 )  

b( I/ )  = r( - 1/ + 1 )  ( 6 . 1 0 ) 

(6 . 1 1 )  

Let r e G b e  a di serete subgroup as in § 1 and let X b e  a character of r .  Let P = N . A ·  M 
be a r-cuspidal parabolic subgroup. We write rp = r n p, rN = r n N. Fix r¡ a character 
of N and � a character of M. We shall assurne that we have the compatibility conditions 
r¡ lrN = X l rN and X I M  = � . If v E C, v E Hit and 9 E G we write 

M(� , 1/, g, v ) = w (� , v) (7r{,v (g )v)  (7 , 1 )  

where w (� , v ) denotes the Whittaker vector associated t o  r¡ -1 ,  as i n  (5 . 7) . 
In what follows ,  when sorne variable is understood it will be  ornitted. For instance, if � ,  v 
are fixed, we will write M( 1/, g ) ,  w ( 1/ )  and 7r v for M( � ,  v, g ,  v ) , w ( � ,  1/) and 7r{ ,v , respectively. 
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As seen in (6 . 6 ) ,  if w is a compact subset of {1/ 1 Re 1/ > 1 } ,  there exists a constant cw�> O 
such that 

( 7 . 2 )  

for 1/ E w ,  a(g)P  < T. Now, i f  X E U(g) ,  XM(�, 1/, g , v )  = M(�, I/, g , XV) ,  hence XM 
satisfJ.es a s imilar estimate. Thus ,  i t  follows from (7 .2 ) and the  convergence of the Eisenstein 
series , that the series 

M(�, 1/, g , v , X )  = L X(¡ -l )M(� , 1/' lg , V )  ( 7 . 3 )  
')'Erp \r 

defines a coo function in {Re 1/ > 1 }  x G, hGlomorphic in 1/ (note that the summed function 
is invariant un del' f p = f n M N) . We shall call this series ,  the M-series . 

One of our goals will be to study the meromorphic continuation of the M-series and to 
show that i t  satisfies a simple functional equation , connecting the values at 1/ and - 1/ .  We 
shall also study the poles of this meromorphic continuation for Re 1/ � O .  
We now define a truncation M(� ,  1/ ,  g ,  v ,  X) , which will be very useful for our purposes . 

Let T E R, and let <f> E Crzo( G) be left N-invariant and right-K-invariant and such that 
<f>(a) = 1 if a E Ay , <f>(a) = O if a E Aj+l and O :;  <f> :; 1 .  Here Ay = {exp (tH ) I t < T} 
and Aj+l = {exp (tH) I t > T + 1 } .  We define 

M(� , I/, g , V , X ) = L <f>(¡g )M(� , 1/' lg , V )X (¡- l ) ( 7 .4 )  
')'Erp \r 

We observe that M - M is locally a finite sum of translates of M. Rence M is defined 
and COO in the same region as M (the parameter T will be usually understood) .  

Now let AII = ( 1/2 - 1)/4  be the  eigenvalue of  e in  H$,;II . We now define the auxiliary 
function 

( 7 . 5 )  

Lemma 7 .1 .  (i) If Re l/ > 1 and X E U(g) then XM:( I/, g , X )  i s  bounded in absolute value 
and llOlomorphic in 1/ . 

(ii) 1\1: ( 1/, g )  can be analytically continued to a coo functÍon on C x G, llOlomorphic in 
1/ . Furthermore, the support of 11\1: (1/ ) 1  is a compact subset of f\G,  independent of 1/ .  

Proof. Similar t o  that of lemmas 2 . 2  and 2 . 3  in [MW] . 
Let k E K be such that Q = kPk - 1 is a (X ,  r)-cuspidal parabolic subgroup. For ¡; E C ,  let 
( k · ¡; )H = 1/(Ad( k - 1 H))  if H E  aQ . Let L(k) : H� , II 1-+ H� ' kv  be the G -isomorphism given 
by L(k )j (x )  = j(k - I X ) .  Then j 1-+ E(Q, kv, g , L(k )j, X )  defines an intertwining operator 
from Hit into A(f\G ,  X) . 
We fix { PI ,  . . . , p. } ,  a complete system of representatives of regular cuspidal parabolic 
subgroups ,  with Pi = kiPki - l , ki E K, ( i = 1 , 2 ,  . . .  , 8 ) and PI = P.  
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Now, if A E e ,  I Re A I ::; 1 , then E(Q , k A , L( k )f, x ) E L1 (f\G, x ) where defined (by 
the analog of [MW] A, 2 . 1 in our contát ) . Thus, if Re v > 1 , the integral s defin

ing (M( v, v , x ) , E(Q , - kX, L( k )f, x) ) and (M( v, v , X ) , E( Q , -k>:', L( k )f, x ) )  converge ab
solutely for Re v > 1 ,  off the poles of E(Q ,  - kA ,  g , L( k )f, X ) ,  by Lemma 7 . l o  

Lemma 7 . 2 .  (i) Let Q b e  a regular-cuspidal parabolic subgroup, Q = kPk - 1 . Then 

can be meromorphically continued to e x e .  The singularities líe in tl]e  set e x D U { ( v, A) I (v ± A ) E {O , 2 ,  4, . . .  } } ,  where D is a discrete subset aE e that cantains the poles oE 
E(  Q ,  - kA ,  4>T >  x ) , 7€ ( - A) and cr (  - A) . (ii) The inner product 

( 7 .6 )  

l]as a meromorpmc cantinuation to e x e, witl] singularities containing in the set  e x D 
where D is a discrete set oE e containing the poles oE E( Q ,  - kA ,  g ,  4>r , x ) . Furthermore, if 
1/ is not  a paje aE 7e ( - A) , E( Q, -kA ,  4>r , X ) nor aE cr ( - A )  then 

d ( v  ) - -r (Q  - v) a -v ei ( 7r/2 ) r  cos 1r(v - r ) Q , v  - r¡. , 2 
2-v ei ( 7r/2 ) r  

dQ ( v, - v) = -rr¡ ( Q , I/ ) r 
e

±
�-r ) f (�) 

( 7 . 7) 

( 7 . 8 ) 
where rr¡ (Q , A )  is the P�Fourier coefficient af E(Q , kA , g , 4>T > X ) ,  In particular, iE r is aJ] 
add integer, dQ (O , O )  = O . 
Proof. (compare [MW] , Lemma 2 . 4 )  
The integral in  question equals 

Ir L 4>bg)M( I/, 7g , 4>r h(!' - 1 )E( Q , - k A , g , L( k )4>T > X ) dg = 
r\G -¡Efp \r r 

4>( X )M( I/, x , 4>r )E( Q , - kA , x , L( k )4>r , X ) dx = 
Jrp \G r J r 4>(a) r¡ (n- 1 )M( I/, au ,  4>r )E(Q , - kA , nau , L( k )4>r , x )a-2 p dn da du 
JrN \N A JM\K 

now ( [MW] , Proposition A, 2 .5 )  implies 

r ?7 ( n )E( Q, - k>:', n x ,  L( k ) 4>T >  X) dn = rr¡ ( Q,  ->:).J( ->:.) (  1r -:x( x )4>r ) 
JrN \N 

Thus , the inner product we are computing equals 
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Propositiou 6 . 1 implies that W ( V ) (1r., (a)<Pr ) = (
1 

) 
aV+P f Cv, k ( <Pr )aka , with c." ó = 1 r 1/ + 1 k=O 

the series converging absolutely and uniformly on compacta of e x sop <p . Using (6 . 9 )  we 
have that the above equals 

'f' (Q -.\) [J d. (a)a-zP 
a( -.\) � C k C-A I aV-A+2 p+ ( k+l)ada + 

1/ '  '1' r (v + l ) r (-.\ + 1 ) � v , , 
A k , I=O 

J d. (a)a-2p b( - .\ ) cr (  - .\) '\.� C C aV+A+2p+ ( k+ l) a d 1 '1' r ( " + l )r (>. + l) � v , k A , I  a 
A 1 k , I=O  

Interchanging summation and integration, we obtain for ( v, .\ ) such that Re(v + .\ )  > 0 , 
Re( l/ - .\)  < 0 , 

( 7 . 9 ) 

where Fk , I ( V, .\ ) is a holomorphic fuuction in e x C.  
We briefiy sketch t.he proof of the last assert.ion . By  approximating suitably the Eisenstein 
series by Coo compactly supported functions , one concludes that 

.\2 _ 1/2 _ . _ 

dQ ( I/, .\ ) = 4 (M( v, <Pr , X J , E (Q , - kA , <Pr , X:)) 
In particular , if 1/ 5s not a pole oí I� (.\ ) ,  'f'1/ (Q ,  -.\)  nor oí cr ( - .\) we get , by the prooí oí 
(i ) ,  
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1/ C r ( I/ )  Similarly, one computes dQ ( I/, - 1/) = -T1J (Q , 1/) "2 r( I/ + 1 ) We observe that if T E Z  is 
odd, then dQ (O , O) = O .  The lemma now follows from (6 . 1 0 ) .  
Theorem 7 . 3 .  (i) M( 1/, g , X ) and M(1/, g , X )  can be meromorphically continued to C.  
They define eoo functions on ( C  -D) x G, (D a discrete subset). Moreover, M (v, g ,  X )  has a 

pole if and only if M ( I/, g , X) does, and the principal parts coincide. Finally, M ( v, g , X ) has 
moderate growth where defined and hes in L�a(r\G,  X ) , VO' > O if Re v 2:: O (respectively 
in L� (r\G , X ) if Re 1/ > O ,  1m 1/ -1 O) and 1/ is not a pole. 

(ii) If va -1 O is a pole oi M (1/, g , ePr , X ) ,  Re 110 2:: O, then 1/0 is a simple pole and 
Resv=vo M ( v, g ,  eP r ,  X) is a square integrable automorphic formo 

Furthermore, if 1/0 = O is a pole of M ( I/, g , ePr , X) then it is of order at most 2, and 
limv�o 1/2 M (v, g ,  eP r ,  X )  is a square integrable automorphic formo If it is a simple pole, 
then 

is a square integrable automorphic form o 
If 1/0 is a pole of M( 1/, g ,  ePr ,  X )  and Re 1/0 < O, then 

Resv=vo { M ( I/ ,  g ,  X )  

(20') T e i ( rr/2 ) r cos � 
1/ r ( l±�±r ) 

is a square integrable automorphic form o Here mi (resp. T1J (Pi , 1.1 ))  is as in (3. 7) (resp . 
(7. 7)) .  

PTOOf. If  Re 1/ > 1 then M { 1/, g , X ) = Md( 1/, g , X ) + Me( I/, g , X ) ,  where M d ( 1.I, g , X ) E 
L�(f\G,  X ) , M c ( I/, 9 ,  X ) E L� (r\G ,  X ) ( see Theorem 3 . 6 ) .  
The meromorphic continuation of Md and the fact that M d  lies in L�(r\G,  X)  are proved 
by the same argument as in [!VIW] 2 . 5 .  We will thus concentrate on M e { 1/, g, X ) . 
As usual, we fix a complete syst.em of cuspidal parabolic subgroups , { PI , . . .  , Pr } ·  where Pi 
is regular (resp . irregular) if 1 :::; i :::; s ( resp . s + 1 :::; i :::; T ) .  If Q = kPk- 1 is a regular 
cuspidal parabolic, we will write E(Q ,  A ,  g ,  eP ,  X ) in place of E( Q,  kA ,  g ,  L( k ) eP ,  X ) .  
As  seen i n  § 3 ,  there exist a meromorphic function on C2 ,  d; ( I/, A ) ,  and C; ( I/, A )  holomorphic 
for ( v, A) E { 1/ I Re 1/ > 1 } x iR such that 

1\1:c( 1/, g ) = t �li. r di ( I/, A )E(Pi , A , g , ePr , X ) dA 
;= 1 �7r2 JRe >.=0 



199 

- - ,\2 /1 2  
Using that M( 1/, g ,  X )  = (C - >"/1 )M(  1/, g ,  X )  one arrives at  di ( I/, >.. ) = � c¡( 1/, >.. ) ,  h.ence 

C¡ ( 1/, >.. ) also admits a meromorphic continuation to e x e. Thus , to continue Me( I/, g ,  X ) 
it is sufficient to continue each term 

( 7 . 1 1 ) 

The holomorphy of d¡ ( I/, >.. ) on e x iR implies that J¡ ( 1I ) is holomorphic off the imaginary 
axis .  We daim that J¡ ( 7/ )  is holomorphic for 1/ E iR, 7/ =1= O. Denote by J¡ , r ( 1/)  (resp . Ji , ¡ (1/ ) )  
the holomorphic function J¡ ( 1/)  restricted to the halfplane {1/  1 Re 7/ > O }  (resp . { 1/  1 Re  1/ < 
O } .  Let E >  O be such that E(P¡ , >.. , cPT ? X )  has no poles in {>.. 1 1  Re >" 1  � E } .  Given a > O ,  
we modify the con tour of  integration along the imaginary axis ,  substituting the segment 
[-ia , ia] by the three sides of the rectangle with vertices in { -ia ;  E - ia ;  E + ia ;  ia } . Let f. 
be  this contour . Let 

( 7 . 12) 

thus J¡ , . (I/) is holomorphic away from the set C. = f. U -r • .  

Let R. be the rectangle with con tour C, . Then, if 7/ E R. , Re 1/ > O 

(7 . 1 3 ) 

Thus ( 7 . 1 3 ) gives a meromorphic continuation of J¡ , r ( I/ )  to { I/ 1 Re l/ > - t } ,  which is  
holomorphic on iR - { O } .  If  1/ E R" Re 7/ < O 

Hence 

7r l, 
J¡ , , ( 1/ )  - J; , ¡ { I/ )  = - - di ( I/, - 1/)E( P¡ ,  - 1/, <P,' ,  X) 

7/ 
( 7 . 14 ) 

( 7 . 1 5 ) 

is a meromorphic function in the halfplane { 1/ 1 Re 7/ < O}  which coincides in the strip 
{ - E  < Re 7/ < O} with the meromorphic continuation of J¡ , r{ 7/ )  given by ( 7 . 1 3 ) .  This implies 
that Me{  1/, g) has a Il.1eromorphic continuation to e, holomorphic in the dosed halfplane 
{Re 1/ :::: O} with the exception of a possible simple pole al 1/ = O. AIso, M e ( I/, g . .\ ) i s  
of dass Coo in ( 1/, g ) ,  where defined ( see [OW, pp 1 13- 1 18] ) .  \Ve note that the explicit 
formula for di ( 7/, 1/ ) and d¡ ( I/, - 1/ ) are given in ( 7 . 7 )  and ( 7 . 8 ) . 

We now prove that M ( I/" X )  is of moderate growth. vVe have seen that Me/( u )  E 
L�,(f\G, X ) ,  \:11/ E e - Q(cPr ) ' To estimate M e( I/, g )  we analyze the functions Ji ( 7/, g ) 
defined in ( 7 . 1 1 )  . .  Let D be a compact subset in { 1/ 1 Re 1/ > O } .  Then there exists a 

I d¡ ( 1/, /\) I constant CD > O such that 
,.\2 _ 1/2 � CD ldi ( 1/, >" ) 1  for all l/ E D, >.. E iR. Thus 

i di ( 1/, >.. ) 
J; ( I/, g ) = )..2 2 E(P; , >.. , g , X ) d>" 

Re '\=0 - 7/ 

lies uniformly in L�(f\G, X ) ,  fOl' 1/ E D. Since CkMd ( 1/, 9 )  and Ck Me ( u, g )  lie 111 
L2 (f\G, X ) , for any k :::: O ,  it follows t.hat. Ji ( 7/, g )  E L�(f\G , X ) .  
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Now suppose Vo E iR - { O } .  We must then estimate 

'In 
[i E ( V, g )  - - di ( v, 7/ )E(P¡ , 11, g ,  <Pr , X)  , v 

We choose a > 1 110 1 and we write rE = {it I l t l  � a} U ,< . Then 

(7 . 16) 

Let D be a closed disc centered in 1/0 with radius 5 = ming , � , a-Jvo l } .  B y  an argu
ment similar to that in the case when Re 11 > O one shows that the first integral lies in 
L;,(r\G, X ) .  On the other hand, the second integral (over 'E ) is estimated in absolute 
value by sUP{ I �¡2(�':¡ 1 a(g)HE  I .x E 'E , 7/ E D} for any 9 in a Siegel set Si ; associated 
to the parabolic Pi . Since the second summand is bounded, in absolute value, on any 
Siegel set associated to Pj , j =f. i ,  1 S j S r ,  one easily concludes that this term is 
uniformly in L�a(f\G,  X) , a = a( E) . Letting E tend O we get that , for Vo E iR - { O } ,  " ,  
[¡ (VO , g ) E L�a(r\G, X) ,  for any a >  O .  

. 

Now the term 1f} di (v, v )E(P¡ , v, g ,  X)  is estimated in  absolute value by CD a(g )HE , Vv E D, 
and also its derivatives . I t  then follows that M( v, g ) E L2-a(f\G, X ) ,  'Va > O if Re v � O ,  
v =f. O . 

. " . 'tit. 

Finally, if Re v < O,  we must estimate 

7ri 
[¡ , / ( v, g) - - { d¡ ( 7/, 7/ )E(Pi , v, g , X) + di ( lI, - v)E(P¡ , - v, g ,  X ) }  11 

The first term is holomorphic and lies in L;,(r\G, X) by the above argument , while the 
second term has moderate growth where defined. The assertion is now prov:ed since any 
function in L�(r\G, X) has moderate growth if 1 S P S CXl .  

We now study the principal parts o f  M( v , g ) at the poles : Assume first that 1/0 1= O i s  a 
pole and Re vo � O . We have seen that M(v, g )  is holomorphic in 7/0 and 1/0 is a simple 
pole of M d (v , g ) . 

_ . 

., 2 _ 1 .  - '" dj ( v )  ' .  - ' ' ' . , 
Let 1-' = .xvo = T '  Then Md(V, g ) = � . - .x 'l/Jj ( g ) , where dj ( v)  = (M(vj ) , 'l/Jj ) , 

1-'; = 1-' I-'J v ,  . 
and {'l/Ji }j'°  is as in (3 .7 ) .  As (v - vo )M c (v, g )  1--+ O pointwise, when 1 / -+  O, one has ( [MW] , 
Theorem 2.5) that 

- -
L d ' ( vo ) Resv="o M(v, g )  = lim (v  - vo )Md(v, g )  = -

--L-2 Wj (g ) v-o . Vo 
I-'j = 1-' . 

Hence the residue at Vo is a square integrable automorphic formo 
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If Vo = ° is a pole , it is at most a double poleo It is a double pole only if dj (O ) i= O for 
sorne j such that Vi = >'0 . In this case, by an argument similar to the aboye we get that 

lim 1/2 M( I/, g )  = - "" dj (O)1/;j (g )  
v ---+ O � 

J.Lj = A o  

is a square integrable automorphic formo If l/ o  = ° is a simple pole , then 

s 
Resl/=o M ( I/, g , X)  = lim 1/ M( 1J, g )  = - "" dj (O)1/;j (g ) - "" 2 mi di (O ,  O ) E(P¡ ,  0 ,  g , X)  v ---+O � L-t 

J.Lj = A O  i= 1 

Since M( I/, g , X) - M( I/, g ,  X) is given locally by a finite sum of entire functions , M(1/, g , X)  
has a meromorphic continuation to  e ,  with the same poles a s  M ( I/, g , X) and the same 
principal part at each pole o 

Proposition 7 . 4 .  Let Q be a regular-cuspidal parabolic subgroup, Q = kPk - 1 ,  k E K .  
Then there exist meromorplúc functions, D.,, ( Q ,  P, 1/ ) and D( Q ,  P, 1/ ) sucil tilat 

f M( I/, n' , <Pr ) dn' = D1) (Q , P, I/ ) Cr ( I/ ) · <Pr( k ) <Pr 
JrNQ \ NQ 

f E(Q ,  k . 1/, n , L( k )<Pr ) dn = vol (r N \N) <Pr + � (k( -7T) )  D(Q ,  P, v )Cr ( 1/ ) <P r 
JrN \N 

If Re 1/ > 1 

1 D1) ( Q , P, I/ ) = ( ) 
"" X( b- I )r¡ (n l ( b k ) ) � (m( bk ) ) a�tP r 1/ + 1 L.. b E S( P, NQ ) 

D( Q ,  P, 1/ ) = ¿ X( b )C 1  (m( bk ) ) a�tP 
D E S( P. :VQ ) 

wllere S(P, NQ )  is a set of representatives of fp \ (f - f p ) /fNQ . 
Proof. Similar to that of Proposition 2 . 7  in [MW] . 

Theorem 7 . 5 .  (Functional equation) M ( I/) satisfies tile functional equation 

where PI , P2 , . . .  , Ps is a complete system af representatives of regular cuspidal parabolic 
subgroups, Pi = ki Pk; l ,  ki E J( (i = l .  . . s) and PI = P. Furtilermore D( P¡ , P, 1/ ) = 
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f( - v + l )Dr¡(Q ,  P, v) with Dr¡ (Q,  P, 1/) as in Proposition 7. 4 and a(v) and b(v)  are as in 
(6. 1 0). 

Proof. The left hand side of ( 7 . 1 7) equals 

a( l/ )MT( V, g , rPr , X ) + b( l/ )cr ( I/)MT(  - v, g , rPr , X )  

+ ¿ ( 1 - rPT(-y9 ) )J(v)( (7rv (-yg )rPr) x(-y-l ) (7 . 1 8) 
-yErp \r 

Let us consider its growth on a Siegel set associated to P. If 9 E A� and ta  is sufficiently 
large, then 

(7 . 1 9) 
-yEr p \r 

Now,  M(v, X )  has moderate growth and J(v) (7rv (a)rPr ) decays exponentially as aP � oo .  
Using reduction theory, we con dude that ( 7 . 1 8 )  is an  automorphic formo We compute the 
constant term along each regular parabolic subgroup Pi = kiPk; l .  Let Q be such a Pi , 
and write k in place of ki . 
By Proposition 7 .4 ,  the constant term along Q is given by 

rPr( k )  { a( I/ )D7) (Q , P, v)A(� , v) rPr + b(v)cr ( I/ )D7) (Q , P, - ¡, )A(� , - // )rPr }  
where le ( I/ )  i s  as in ( 6 . 11 ) .  Let a' E AQ , then , applying (7 . 18) to 7re , ,, (a' )rPr we get 

rPr( k ) { a( 7/)D7) (Q, P, 1/ ) (a' ) -k v+ kPCr ( - I/)c,br+ 

b( V )Cr ( I/ )D7) (Q,  P, - 1/) ( a' ) k V+ kp) cr (  - 1/ )rPr } 
Now, the coefficient of (a, ) k , V+kp of the constant term along Q of E (Q, k . //, a' , L( k )rP," X) 
is 1'01 (CvQ \,VQ ) .  Therefore , if we subtract 

b( v )D7) ( Q ,  P, - v ) cr( V )cr ( -v )  
( ) 

E (Q, k ' ,/, g , rPr , X )  vol fNQ \NQ 
from the left hand si de of ( 7 . 1 7 ) , the constant term of the ¡:esulting function will only 
involve (a, ) - k . v+ kP •  
I t  i s  now dear that if the second term of equation ( 7 . 1 7) i s  subtracted from the left hand 
side, we obt.ain an eigenfunction of moderat.e growth with eigenvalue "'4- 1 for each v E U,  
U an open set in  { IJ I Re l/ > 1 } .  Now, since e has real eigenvalues in  L2(f\G, X ) ,  t.his 
difference must be identically zero in U, ancl by analytic continuation , in all of C .  
Writing explicitly a (  1/ ) ,  b (  1/ )  and cr ( v ) the functional equation reacls 

1/(2a) f f  e + � - r )  M( v, rPr , X )  - 1/(2a ) -;' f e - � - r ) M( -v, rPr , X )  = 

( 2 
) 

f 27rir � V( Pi , P, -v) . 
-;;- f e -�+r ) � vol (fN¡ \Ni )  E(Pi ,  k; v, L(k; )rPr , X )  

where r¡(n(x) )  = e i " x  i s  the character on N .  

(7 .20 ) 
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Remarks . 
The family M(I/, g ,  !f; r ,  X)  yields generically eigenfunctions of e on C=(f\G,  x )  which are 
of exponential growth. However these are useful in the study of automorphic forms since , 
on the one hand, as we have seen , the residues in the closed right half plane do define 
automorphic forms (see also [Ne] , [MWJ ) .  On the other hand one also get automorphic 
forms by taking certain special values of M( 7/, g ,  X) .  Actually one can verify that if r � 2 ,  
M ( r  - 1 ,  g ,  rpr , X) corresponds precisely t o  the classical Poincaré series of real weight r and 
multiplier system vx ' in the notation of §2 ( c .f. [RnJ ) .  
The aboye family has also been studied by a different approach i n  [He] , [Br] , [Br2] and ,  
previously, in the particular case when r = O , i n  [Ne] . 
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[GW] 

[He] 
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[Ne] 

[OW] 
[Ro] 

[Ro2] 

[Rn] 

[Se] 

[Sla] 

[Wa] 
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