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MOLECULAR CHARACTERIZATION OF HARDY-ORLICZ SPACES 

Claudia Fabiana Serra * 

Presentado por Carlos Segovia Fernandez 

Abstract: We give a molecular characterization of the Hardy-Orlicz spaces Hw(iRn) 
(Theorem 2.18), which generalizes similar results for the Hardy spaces HP(JRn) for 
p:S; 1. This result is applied to provide a proof of the boundedness of singular integral 
operators on Hw(JRn ). (Theorem 3.10). 

INTRODUCTION. The purpose of this work is to study the Hardy-Orlicz spaces 
Hw. The usual Hardy spaces HP can be obtained as particular cases taking w( t) = 
t P • In [V] Viviani gives an atomic decomposition of H w' The molecular theory 
can be found in [GC-RF]. Several authors have used this technique to deal with 
operators defined on Hardy spaces, see for instance [C], [C-WJ, [MJ, [M-S], [T-W), 

In this paper we obtain a molecular characterization for H w with a general w, 
see section 2, Theorem (2.18). Then, in section 3, we apply this result to study 
the boundedness of singular integral operators on Hw(Uln). One of the main 
difficulties is to define it suitable gauge, .that is a notion of molecular "norm", in 
the context of Orlicz spaces. The one we introduce in (1.41) it is not the same as 
that considered in the papers above when wet} = t P • However, in view of Theorem 
(2.18), they turn out to be equivalent. In the first section we give the notation, 
definitions and some properties that we shall use in the sequel. We introduce the 
maximal spaces H w, the atomic spaces H Nj, 1 < q :::; (X) and the molecular spaces 
M(p,q,E)' 1 < q:::; (X) , c > O. 

1. NOTATION AND DEFINITIONS 
Let w be a positive function defined on 1R+ = {x E IR; x > O}. We shall say that 
w is of lower type l (respectively, upper type 1), if there exists a positive constant 
C such that 

for every 0 < t :s; 1 (respectively, t ~ 1). It is easy to see that if w is of positive 
lower type I, then limt->o+ w(t) = 0, therefore we define w(O) = o. 
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We shall say that a positive function w defined on IR+ is quasi-increasing (respec
tively, quasi-decreasing) if there exists a constant C such that 

w(s) :s; Cw(t) 

for every s :s; t (respectively s 2: t). 

We shall understand that two positive functions are equivalent if their quotient is 
bounded above and below by two positive constants. 

Let 'W be a function of positive lower type l such that w( s) / s is non-increasing. 
Then the following functions are well defined 

(1.1 ) 

(1 ')) \ .~ 

(1.3) 

(1.4) 

(1.5) 

w-1(s)=sup{t:w(t):S;s} , 

wet) = t w(s) ds , 
Jo s 

w-1(s) = sup{t: wet) :s; s} and 

vVe stat.e the basi.c properties of these functions, the proofs can be found in [V]. 
(1.6) The lovver type l is less than or equal to one. 
(1. 7) w is of upper type 1 with constant C = 1. 
(1.8) w-1 is of lower type 1 and of upper type l/l. 
(1.9) w is a continuous function equivalent to w. 
(1.10) w is strictly increasing. 
(1.11) w is subadditive. 
(1.12) w(s)/s is non-increasing. 
(1.13.) w is of lower type 1 and of upper type 1 with constant C = 1. 
(1.14) w-1 coincides with the ordinary inverse function of wand is equivalent to 
w-1 . 

(1.15) p is a function of upper type 1/1 - 1 equivalent to the non decreasing 
function 

p. 
(1.16) p(t)/tP is quasi-decreasing for p 2: 1/1- 1. 
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In order to introduce the atomic spaces HP,q and the molecular spaces M(p,q,e), 1 < 
q ~~, c > 0, we need the following definition. 

(1.17) DEFINITION. Let w be a function of pO.'Jitive lower type 1. A.'J.'Jume that 
b= {bj } i.'J a .'Jequence of function.'J in U(JRn ), 1 ~ q ~ 00, and c= {Cj} i.'J a 
.'Jequence of pO.'Jitive con.'Jtant.'J .'Juch that 

(1.18) 

We define 

L cjw(llbj ll qcjl/q) = A < 00. 

j 

(1.19) . { (1Ibjllqc-:l/Q)} 
Aq(b,c) =mf oX> 0: ~CjW Al/~· / ~ 1 . 

We observe that 

(1.20) Aq(b, c) = 0 if and only if bj == 0 for every j. 

If L is the lower type constant of w, then 

(1.21) o ~ Aq(b, c) ~ max(LA, 1) . 

If we also assume that w( s ) / s is non-increasing, we have 

(1.22) o ~ Aq(b,c) ~ max(LA, A') 

and 

(1.23) 

Moreover, arguing in the same way as in the proof of Lemma (4.7) in [V], we can 

show that if Otj = Ilbj llqcjl/q /w-1 (c,;-t), then 

(1.24) 
j 

with C independent of b and c. If Aq(b, c) ~ {3 > 0, we get 

(1.25) 
j 

. where C fJ depends on {3 but not on b and c. 

REMARK. In the following we .'Jhall a.'J.'Jume that 
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(1.26) w is ao function of positive lower type 1 such that w( s) / s is non increasing 
and 

pet) is defined by {1.2}. 

Given G E IN, we define the G-maximal function of a distribution f on S by 

fa(x) = sup If(~)I, 

where the supremum is taken over all functions ¢ belonging to C;:O(IRn) satisfying 
di.st(x,supp(~)) < Isupp(~)1 and 

J 1~(x)1 dx + Isupp(~)IG+l L J IDa~(x)1 dx = 1. 
lal=G+l 

(1.27) DEFINITION. Let G E IN such that Gl > 1. 

We define 

and we denote 

ilfllHw = inf { A > 0 : J w (ffl~~)) dx ~ I} . 

It is easy to verify that if f E H w, then 

(1.28) 0 ~ IlfllHw ~ max(LA,Ai), 

(1.29) IlfllHw = 0 if and only if f == 0 and 

(1.30) J w (1Ij~(X) ) dx = 1. 
. I H:J' 

It is easy to see that H w is a complete topological vector space with respect 
to the quasi-distance induced by II IIHw' Moreover Hw is continuosly included 
in S'. Clearly, when wet) = t P , 0 < P ~ 1, w satisfies (1.26) with I = p and 
Hw(JRn ) = HP(IIC). 

In this work we shall denote N = [n(1/1 - 1)], where [x] stands for the biggest 
integer less than or equal to x. 

(1.31) DEFINITION. A (p, q) atom, 1 < q ~ 00 is a real valued function a on IRn 
satisfying: 

(1.32) J a(x)x,B dx = 0, 

jor every multi-index 13 = (131,' .. ,f3n) such that 1131 = 131 + ... + f3n ~ N J where 
xf1 = X~l • X~2 •••. x~n J 
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(1.99) the support of a is contained in a ball Band 

(1.34) 
( IlallqIBI-l/q :::; [iBlp(IBI)]-l 

{ lIalloo 00 IIBlp(IBI)I-' 

if q < 00, or 

if q = 00. 

Clearly, when wet) = tP, P E (0,1], we have that pet) = t;-l and a (p, q) atom 
is a (p, q) atom in the usual sense. 

Let us observe that, in view of (1.24), if {b j } is a sequence of multiples of (p, q) 
atoms such that there exists a sequence of balls {B j} satisfying supp( bj ) C B j and 
(LIS) with Cj = IBjl, then the series 2:bj converges in S'. 

j 

(1.35) DEFiNiTiON. We aep,ne 111',· = HP,q(.ll(n), 1 < q ::; 00, as the linear 
space of all distributions f on S which can be represented by 

(1.36) in Sf, 

where {bj } is a sequence of multiples of (p, q) atoms such that there exists a 
sequence of balls {Bj } satisfying supp(bj ) C Bj = B(xj,rj) and (1.18) with 
Cj = IBjl. We denote b = {bj}, B = {IBjl} and let 

IlflIHp,q = inf Aq(b, B), 

where A g(·,·) is as in {1.19} and the infimum is taken over all possible represen
tations of f of the form (1.36). 

(1.37) REMARK. It can be proved that Hw(IRn) == Hp,q(IRn), 1 < q :::; 00. More
over, if we define HP,q,k, k ~ N, as in (1.35) but taking atoms satisfying (1.32) 
for alllf31 :::; k, we also have Hw == HP,q,k, 1 < q :::; 00. In particular, this implies 
that definition (1.27) does not depend on G. The atomic descomposition of Hw 
and the density of L2 in H w will be important tools in this work. 

The Remark can be proved following the lines of [V]. However, in our case, since 
the space of homogeneous type involved is IRn , it is possible to consider Hardy
Orlicz spaces for a larger range of p, q, by using atoms with vanishing moments as 
in (1.32). The necessary modifications can be carry out. 

We are now in c.onditions to introduce the main object of study of this work, the 
(p, q, €) molecules and the molecular Hardy-Orlicz spaces. 

(1.38) DEFINiTION. Assume tha.t € > O,xo E IRn and 1 < q :::; 00. A (p, q, €) 
molecule centered at Xo is a real valued function M on IRn satisfying 

(1.39) 
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where q' = q(q - 1)-1, and 

(1.40) 

for every multi-index f3 such that 1f31 ~ N. 

Given M, a (p,q,€) molecule centered at Xo, and B, a ball with the same center, 
we denote 

MB = MXB and 

CB MXCBP(I· -xoln)(I· _xoln(e+-:r) 
M = 1 

p(IBI)IBle+q;-

(1.41) DEFINITION. Assume 1 < q ~ 00 and 0 <c. We define M(p,q,e) = 
M(p,q,e)(IRn ), as the class of distributions f on S which can be represented by 

(1.42) in S', 

where {Mj} is a .~equence of (p,q,€) molecules centered in {Xj}, such that there 
exists a sequence of balls {B,il = {B(xj,rj)} satisfying 

j j 

where A q (·, .) is as (1.19) and the infimum is taken over all possible representations 
of.f of the form (1·42). 
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2. MOLECULAR CHARACTERIZATION OF Hw 

In order to prove the molecular characterization of Hw (Theorem 2.18), we need 
some previous lemmas. Let us observe that, in view of the equivalences stated in 
(1.9) and (1.14), we can assume, without lost of generality, that w satisfies (1.9) 
through (1.13). . 

(2.1) LEMMA. Assume that J.L is a Borel meas'ure on JRn and E is a bounded set 
such thai J.L(E) = 1. Suppose that {x"'}j",l::;m is linearly independent on E and V 
is the linear space generated by {xaXE(x)}lal::;m' If u E U(E), 1 ::::; q ::::; 00, then 
there exists a unique v E V such that 

(2.2) j(u(X)XE(X) - v(x))xP dJ.L(x) = 0, for every 13, 1131::::; m. 

In addition 

veX) = L J U(y)XE(Y)Y'" dJ.L(Y)· va(X), 
lal::;m 

where Va is the unique element of V which satisfies 

(2.3) for every 13, 1131::::; Tn. 

PROOF. Let vex) = I:lal::;m CaXaXE(X), Ca E JR. Clearly, v satisfies (2.2) if and 
only if 

for every 13, i13i:S Tn. 

Then, since {xa}lal::;m is linearly independent on the bounded set E, there exists 
a unique v E V which satisfies (2.2). On the other hand, arguing as before, we 
have that for each a, lal ::::; Tn, there exists a unique Va E V which satisfies (2.3). 
Thus, if I:lal::;m dav", = 0, d", E JR, we have 

dp = L d", J v",(x)xP dJ.L(x) = 0, 
lal::;m 

for every 13, IPI::::; Tn. 

Therefore, {va}lal::;m is a basis of V and we can write v = I:jaj::;m a",va , a", E JR. 
Finally, in view of (2.3) and (2.2), it follows that 

ap = L aa J va(x)xP dJ.L(x) = J v(x)xP dJ.L(x) = J V.(X)XE(X)XP dJ.L(x) 
lal::;m 

for every p, IPI ::::; Tn. 

(2.4) LEMMA. Suppose thatM is a (p,q,e) molecule centered at Xo, with 1 < q::; 
00 and EO > t - 1. Let a be a positive constant and Bk = B(xo,2ka), with k a 
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non-negative integer. Then there exists a sequence of multiples of (p, q) atoms 
{bd, supp(bk) C BkJ such that 

(2.5) in S', 

(2.6) if k = 0, or 

(2.7) if k ~ 1, 

where C i.~ a constant independent of M and a. When w(t) = tP,p E (0,1], we 
have J without restriction for E > OJ (2.5) J (2.6) and 

(2.8) Ilbkllq ~ CIIMCBollqTn(g+~-t)k, for k ~ 1.' 

PROOF. Clearly, we can suppose that M is a (p, q, E) molecule centered at 0. Let 
Eo = Bo,Ek = Bk - Bk-l,k ~ 1, and Mk = MXEk • Let Vk be the linear space 
generated by {XaXEk}\a\S;N' From Lemma (2.1), with E = Ek,dp, = \ik \ dx,m = 
Nand u = }dk, there exists a unique Pk E Vk which verifies 

(2.9) 

for every (3, IPI ~ N. Moreover, 

(2.10) Pk = L I~ 1 jMk(x) xa dx. Qak , 
\a\S;N k 

where Qak is the unique element of Vk such that 

(2.11) 

If we denote Tnak = \ik \ J Mk(X)X a dx, then we can write 

Since I:r>O IE,~lmar = J M(x)x a dx = 0, applying summation by parts, we obtain 

L L makQak(X) = L L(makIEkl)(IEkl-1Qak(X)) 
k~O \a\S;N \a\S;N k~O 

= L 2)IEk+1I-1Qak+l(X) -IEkl-1Qak(X)) L marlErl 
\a\S;N k~O . r~k+l 

= I:: I::1fakR<>k(X) , 
\a\S;N k~O 
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where T/o:k ~ I: mo:rlErl and RO:k(X) = IE k+ll-1 Qo:k+l(X) -IEk\-lQO:k(X). 
r~k+l 

Then, since SUpp(Jdk - Pk) C Ek and sUpp('Tjo:kRo:k) C Ek U Ek+l, it follows that 

(2.12) locally in L q • 

Clearly, by (2.9) and (2.11), Mk - Pk and "Io:kRo:k are multiples of (p, q) atoms. 
Furthermore, by (2.11), we get . 

(2.13) 

Thus, by using (2.10) and Holder's inequality, we have 

which inmediately yields 

(2.14) for every k 2: o. 

Then, for k 2: 1, since p is increasing and of upper typet - 1, we obtain 

(2.15) 
IIMk - Pkll q ::; CIIMkll q ::; cIIMXCBop(I·ln)I·ln(e+7~llq 

p((2 k - 1 at' )(2 k - 1a t(e+qT) 

::; CllMcBo Ilq2-n(e+~)k . 

On the other hand, applying Holder's inequality, (2.15) and the restriction on c:, 
we have 

IT/o:kl::; L J IMr(x)lxI1o:l dx 
r~k+l 

(2.16) 
::; L IIMrllq(2T a)lo:IIErI7 

From (2.13), we get 

and, applying (2.16), we obtain 
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Hence, since S71PP ('flo:k Ro:k) C BHI, it follows that 

(2.17) 

Finally, if we define bo = Mo - Po, bi = Elo:l~N 'flo:oRo:o, bk = M k- I - Pk- I + 
E1al::;N 'flo:k-l Ro:k- I , k 2:: 2, by (2.12), (2.14), (2.15) and (2.17), we get (2.5), (2.6) 
and (2.7). When wet) = tP,p E (0,1], we can improve (2.15) and get 

Thus, arguing as before, but without restriction on c, we have 

which proves (2.8). 

(2.18) THEOREM. Assume that w is a function of positive lower type 1 such that 
w(s)/s is non increasing. Let pet) be the function defined by pet) = CI/w-I(t-I). 
Then Hw == M(p,q,e) with 1 < q :S 00 and c > t - 1. When wet) = tP ,p E (0,1]' 
'we have Hw == M(p,q,e) for 1 < q :S 00 and every c > O. 

PROOF. By (1.37) is sufficient to prove that Hp,q == M(p,q,e)' 
Pir'st incl7Lsion: HP,q C M(p,q,e)' Let f be a distribution in HP,q. Assume that 
b = {b j } is a sequence of multiples of (p, q) atoms such that f = E j bj is a 
representation of f as in (1.35). Clearly, bj is a (p,q,c) molecule centered at Xj. 

Moreover, if we denote M j = bj , in view of (1.35), (1.38) and (1.41), we have 

Thus, we have that f E M(p,q,e) and 

Second incl-usion: M(p,q,e) C Hp,q. Let f be a distribution in M(p,q,e)' According 
to definition (1.41) suppose that {Mj } is a sequence of (p, q, Eo) molecules centered 
at {Xj} and {B j } is a sequence of balls, B j = B(xj,rj), such that 

(2.19) f = LMj in S' and 0 < Aq(MB, B) + Aq(McB , B) < 00. 

j 

In view of (1.20), we can assume that Aq(MB, B) > 0 and Aq(MCB, B) > O. 
Applying lemma (2.4) to each Mj with cr = rj, from (2.19), we have 

(2.20) f=LLb~ in S', 
j k;:::O 

where b{ is a multiple of a (p, q) atom, supp (b{) C Bi = B(xj, 2krj), and Ilb~llq :S 
CIIMtj liq if k = 0 or Ilb{llq :S CllMjCBj Il q2- n (e+-;r)k if k 2:: 1. Let'fl 2:: 1 be a 
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constant to be determinated later. Since w is an increasing function of lower type 
I and of upper type 1 we have 

( 1I M CBj II IB'I-I/q)] +~~2kn(I-(e+I)1)IB'1 j q J 
L L J W \ A (MCB B)I/I ' 

j k2:I q , 

¥!hich, by the restriction on £, is less than or equal to 

Choosing 'T/ = 2C, we get 

(2.21) 

From (2.20), (2.21) and the observation above (1.35), we obtain 

(2.22) 

Then, since we have (2.22) for every possible representation of f in the form (2.19), 
we get 

Note that the restriction c > t - 1 was only used in the proof of the inclusion 
M(p,q,e) C HP,q. When wet) = tP ,p E (0, ll, we 'can apply (2.8) and, following the 
same lines as above, we get Hw == M(p,q,e) with c > ° and 1 < q ::; 00. 

3. APPLICATION OF THE MOLECULAR CHARACTERIZATION OF Hw 
In this section we shall assume that T is a singular integral operator in IRn with a 
kernel K of class CHI outside the origin with k a non-negative integer, satisfying 

(3.1 ) 11 K(x) dxl ::; c, 0< r < R, 
r<lxl<R 

(3.2) lim 1 K(x) dx exists, and 
r--O r<lxl<l 
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(3.3) 

for every multi-index f3 such that 1f31 ::; k+1, and every x i= O. It is well known that, 
under these conditions, T is a bounded operator on Lq, 1 < q < 00. Moreover, if 
we define the maximal operator -'I 

where 

T* f(x) = sup IT6f(x)1 , 
6>0 

T{jf(x) = 1 I«y)f(x - y)dy , 
6<IYI 

we have that T* is bounded on Lq, 1 < q < 00 and 

(3.4) Tf(x) =limT6f(x) a.e. x 
6--+0 

The purpose of this section is to show the boundedness of T on H w' The main tool 
will be the molecular characterization obtained in section 2. In [H-VJ, Harboure 
and Viviani, using another technique, proved a similar result in the context of the 
spaces of homogeneous type. In that work, the cancellation property of the kernel 
I< is stronger than (3.1). Moreover, since in our case the space involved is IRn , 

we can impose more regularity to the Kernel and by using atoms with vanishing 
moments as in (1.37), it is possible to consider Hardy Orlicz spaces for a larger 
range of w. 

(3.5) LEMMA. Let wand p be as in theorem (2.18). Let T be a singular integral 
operator with a kemel I< satisfying (3.1), (3.2) and (3.3) with k + 1> net -1). 
Assnme tha·t b i.q a function belonging to Lq, 1 < q < 00, with vanishing moments 
'up to the order k and supp(b) C B = B( Xo) r). Let 0 < E < 1 - t -+- k';:I, then Tb 
is a (p, q, E) molecule centered at Xo and 

where C is a constant independent of b. 

PROOF. Since T conmutes with translations we may assume that b is supported 
in a ball B = B(O~ r). Clearly Tb satisfies (3.6). Let iJ = B(O,2r), then 

IITb p(l· In)(I' Int+;"II~ 

= (k + laB) ITb(x) p(lxnlxln(C:+;")lq dx = h -+- 12 . 

Since p is increasing and of upper type, applying (3.6), we have that II is bounded 
by 
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On the other hand, if x E C iJ we have 

r 
Tb(x) = iB (K(x - y) - P(x - y))b(y) dy, 

where P is the Taylor polynomial of K at x of degree k. The typical estimate for 
the remainder in Taylor's formula for this function, (3.3) and Holder's inequality 
yield 

(3.8) ,x E CB. 

From this estimate and (1.16) we have that 12 is bounded by 

Then, since c < 1 - t + ktl, 12 is less than or equal to 

which completes the proof of (3.7). In order to prove that Tb has vanishing 
moments up to the order k we shall use the following partition of unity. Take 
functions <pj(t), j = 0,1,2, ... ,C= in (0,00) satisfying <Pj ~ 0, "£i=o<Pj(t) = 1 
for every t in (0,00). Moreover, we can assume that supp( <Po) C [0, 2rJ, SllPp( <Pj) C 
[2j~lr, 2i+lrj for j ~ 1 and l<pjk)(t)1 :S CkCk for every t > 0, every k = 0, 1,2, ... 
and every j, with Ck depending only on k. Now, we define for each j,Kj(x) = 
K(x)<pj(lxl), and observe that all the Kj's satisfy the same estimates as K with a 
uniform constant. Moreover, we have 

Then we can write 

LXsupp(Kj*b)(X):S 4, at each x E JRn . 

j'?O 

(3.9) jTb(x)x f3 dx = j LKj * b(x)x f3 dx, for every (3,1(31 :S k. 
">0 1_ 

Clearly, 

n n n 

1 LKj *b(x)xf3 1 :S L IKj *b(x)lIxjlf3I Xh(x)+ L IKj*b(x)lIxllf3IXCh(X) = Al +A2 
j=O j=O j=O 

For j ~ 1, by Holder's inequality, thete exists a constant C, independent~f j, such 
that 
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On the other hand, arguing as in (3.8), for x E eE, we get 

II II I 1!±!+l/ql 
IK.*b(x)l<e b qB n 

J - Ixln +k+1 
for j ~ 0, 

where e is again independent fo j. Thus, since the overlap of the supports of 
Kj * b is uniformly bounded we have that . 

and 
IlbllqIBI~+l/ql 

A2 ~ e Ixl n +k+l-I,81 XCB(x). 

Then, by (3.9) and the dominated convergence theorem, we obtain 

J Tb(x)x,8 dx = 0, 1131 ~ k, 

since K j * b has vanishing moments up to order k. 

(3.10) THEOREM. Let wand p be as in theorem (2.18). Let T be a singular integral 
operator with a kernel K satisfying (9.1), (9.2) and (9.9) with k + 1 > 2n( t - 1). 
Then there exists a constant e .~uch that 

PROOF. By (1.37) and (2.18) it is enough to show that 

(3.11) 

for everv f E [} n HP,q,k where 1 - 1 < c: < 1 - 1 + !±1. and 1 < q' < 00 Let 
.' 'I In' 

f E L2 n H p,q,k and b = {b j } be a sequence of multiples of (p, q) atoms with 
vanishing moments up to the order k, sup(bj ) C Bj = B(x;.rj), such that 

(3.12) 

From the pr,evious lemma we have that Tbj is a (p, q, c:) molecule centered at x j 
satisfying (3.6) and (3.7). Let M j = Tb j . Arguing in a similar way as it was done 
in the proof of Theorem (2.20) in [H-V], it can be shown that 

(3.13) in S'. 

Let." a positive constant to be determinated. In view of (1.35), (1.38) and (1.41), 
applying (3.6), we have 
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Then taking TJ = C' we obtain 

In a similar way, from (3.7), we get 

Then, by (3.13), we have 

IITfll(p,q,e) :::; CAq(b, B), 

which completes the proof of the Theorem. 

fQ 1A) REuARK Tifn.~ ( .. \ tP - ~ (0 l' -: f:------ (21 nl TT - ,.1 \ \ ....... ,. 'v,,,, . • ".",nw bJ = , pI::: \ , J,lnnce rurn . 0), flw = .IVI~p,q,c), 

with c > 0, we have that T is a bounded operator in Hw with the only restriction 
k + 1 > net -1). 
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