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ABSTRACT. The material in this paper comes from various conferences given by
the authors. We start with a brief survey of harmonic analysis methods in linear
and non-linear approximation related to signal compression. Special emphasis is
made on wavelet-based methods and some of the mathematical theory of wavelets
behind them. We also present recent results of the authors concerning non-
linear approximation in sequence spaces and the validity of Jackson and Bernstein
inequalities in general smoothness spaces.

1. Introduction

Real world images can be mathematically described in various ways [1]. A par-
ticularly simple model considers (analog) images as non-negative functions of two
variables f(z,y) supported in the unit square [0, 1], which physically may be inter-
preted as light intensity fields upon a given screen. Precise mathematical expressions
of images are sometimes known (e.g. in fractal type designs), although often this
is not the case (as in most pictures from the real world). Analog images must be
“digitized” in order to be stored and manipulated by computers. We briefly describe
how to produce a digital version of f(z,y) (we follow [4, p. 324]): a measuring device
(a photometer) averages the light intensity over small squares (of side length 27)
distributed dyadically along the picture frame [0,1]2. So if M is large (typically,

M > 8), we can codify the image as a sequence of 22M coefficients:
1
pe=p" = 7 / fa,y)dedy, 0 < ki, ko <2V, (1.1)
| M7k| Ik

where Ik denotes the dyadic square [2%, kéjé}l] X [2’%, k;,}';l].

usually called pizels (or picture elements) located at positions 2~ Mk, and correspond
in practice to the number of “dots” that form a computer screen. To each of them
we associate a single number py (typically a rounded integer between 0 and 2%),

These squares are
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26 G. GARRIGOS, E. HERNANDEZ

which represents the “color level” of the picture at that point. In this way we have
converted f(x,y) into a “digital image” {pk}, a sequence of “bits” which can be stored
and processed by computers.

For the mathematical model, this process may be reversed. Given a sequence of
bits {pxk}, we construct a so-called observed image ' (z,y) by:

f(O)(xvy) = Zpk ¢M,k(-T,y)7 (1'2)
k

where ¢pr(x) = ¢(2Mx — k) and the function ¢ may be simply chosen as X[0,1)2 OF
replaced by smoother versions such as splines or wavelet-type scaling functions. In
general, when M is sufficiently large, f (")(ac7 y) is an almost indistinguishable copy of
f(z,y), and thus can be identified for mathematical purposes with the original image.
The compression problem then consists in representing f (")(x, y) with much less than
22M coefficients without loosing the visual resemblance with the original image.

With this example in mind, we can describe a general mathematical setting for
compression problems, which is based in classical approximation theory. We are given
a general class of functions F (typically a Banach space), endowed with a metric dz,

and an increasing sequence of subsets Dy C F, N = 1,2,... We define the error of
approximation of f € F to Dy by
O'(f,DN)]:E inf d]:(f,g), N = 1,2,... (13)
geDN

Then, the following questions must be studied:

1. Decide, depending on applications, what metric dx and what classes Dy are
suitable in order to approximate functions in F.

2. Find simple and fast algorithms to produce approximations fy € Dy which are
close to realize the infimum described in (1.3).

3. Investigate the rate of decay of the approximation error o(f, Dy)x. More pre-
cisely, given a prescribed rate, say N ™€, determine the class of functions f € F
for which o(f,Dny)r < N €forall N =1,2,...

In the above example of images, one can take F = LQ([O, 1]2) and let Dy be a
certain subset of functions with at most N non-null coefficients in the expansion (1.2)
(or in a given orthogonal expansion). Then, when N < 22 the best approximation
fn can be seen as a “compressed version” of the original image f(z,y), from which
we have removed the less essential information in order to speed up transmissions
or reduce storage memory. Understanding the interplay between “quality” of the
compressed signal and number of coefficients employed is the main point in this theory.

Of course, this setting of approximation can also be applied to other situations,
such as the processing of other types of signals (music, digital TV,...) or the numerical
solutions of PDE’s. In this last case fy is an approximation by a certain numerical
method of the (unknown) solution f. In all these cases it is essential that the com-
pressed signal fy is a faithful representation of the original f, for which often we do
not know a precise expression or this cannot be measured in the whole continuous
range of space.
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WAVELET APPROXIMATION METHODS 27

The purpose of this article is to give a brief introduction to harmonic analysis
methods for compression problems. More precisely, we describe the so-called linear
and non-linear approrimation methods, both by means of wavelets and Fourier bases,
showing the different roles played in each case by Sobolev and Besov spaces. In the
wavelet case, the fact that these are unconditional bases for many function spaces
allows to reduce matters to the study of sequence spaces. The first part of the paper
is a survey of results from [15, 5, 7, 4], and the second part contains theorems from
the recent papers [13, 9] and some other sources. Finally, we wish to cite [17] for a
wider and deeper perspective on the mathematics underlying image processing.

2. Linear approximation in Hilbert spaces

Let {e; : j = 1,2,...} be a fixed orthonormal basis of a Hilbert space H. We
select as approximating sets the linear subspaces Ly = span{es,...,en}. Then, the
infimum defined by o(f, Ly ) as in (1.3) is attained by the orthogonal projection of
f onto Ly, that is

N
fN:Z<faej>€j~ (2.1)
j=1
This gives a precise estimate of the error of f € H:
o 1/2
o(f vy = I = Il = (30 107 e)) (2:2)
j=N+1

Since 372, [(f, ¢; )2 < oo, we always have limy_. o(f, Lx)x = 0. The question
now is to find subspaces of H for which the decay rate of o(f, L) is prescribed.

At this point it is convenient to work with sequences since H is isomorphic to the
sequence space fo. We denote by ¢ = (c;)72; a sequence of complex numbers and

e;j,j = 1,2,..., the canonical basis of {5, so that ¢ = Z;’;l
define

o 1/2
by = (E :st\Cj\z) < 00}
=1

cje;. Given s € R, we

b3 = b3(N) = {e = ()21 + e

Notice that bg =/l and h5 C 4y if s > 0.

THEOREM 2.3. Let s > 0.
(a) If c € b3 then o(c,Ln)e, < N~ °[cllps, VN =1,2,...
(b) Ifac Ly, then ||la]lps < N*||a|le,, VN =1,2,...

(c) If c € s and o(c,Ly)e, < ¢cN~° for some ¢ > 0 and all N = 1,2,..., then
ce by € foralle>0.

PROOF: (a)If j > N + 1, we have % < +. Thus,

o(c, Ly) :( i |cj|2)1/2 ( i j—2sj28‘cj‘2)1/2 < N—*|jc

j=N+1 j=N+1

b3 -
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28 G. GARRIGOS, E. HERNANDEZ

(b) Let a = Zjvzl aje; € Ly. Since j < N we obtain
N 1/2 N 1/2
lallys = (3°7%1as?) " < N (Plas?) " = N*Jalle,
i=1 i=1
(c) For ¢ = (c;)32; € {2 write a” Zf 1¢j€; € Lon. Then,

oo
_ A — o0 n
cfg c]ejfaJrE(af
j=1 n=1

Using the triangle inequality and (b) we deduce

e
b + Z ||an _ an—l
n=1

lle

o0
o < |01| + Z 2n(s—e)Han o an_1||£2 ]

n=1

pi—e < |a°

Since
la™ —a" g, < [la" = clle, + [lc —a" |e, = (¢, Lan)e, + o(c, Lon-1)y,

we use our hypothesis to obtain

llelly e < leg | + 22”“ Ne2™™ 4+ 277D = |y |+ ¢ 22_"6

n=1

O

Inequalities of the type (a) and (b) in Theorem 2.3 are usually called of Jackson
and Bernstein type. They were first proved by these authors in the context of ap-
proximation of continuous periodic functions by trigonometric polynomials, but using
L norms rather than L? norms (see [3] for details).

Consider now the particular case of the Hilbert space H = L?[0,1], and its Fourier
basis

em(t) = ™™ m c 7.

This is an orthonormal basis for L2[0, 1], so that any function f can be represented
in terms of its Fourier series:

f(t):Z<f em ) em(t Zf

meZ meZ

with convergence in the L?-sense. In the last identity we denote by f the Fourier

transform of f:
_ / f(t) e—QTriwt dt,

where f has been extended to be zero outside [0, 1]. Using the Fourier basis, the space
b5, s > 0, defined above corresponds to the fractional (periodic) Sobolev space

H3[0,1] = {r € 120,1] : |fluy = (3 I fm)2) " <00} (24)
mEeEZ

When s = k € N, it is easy to see that HX[0,1] is the classical Sobolev space of
functions whose derivatives f', ..., f*) belong to L?[0,1]. The following restatement
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WAVELET APPROXIMATION METHODS 29

of Theorem 2.3 establishes a link between the smoothness of a function f and the
rate of decay of its Fourier approximation:

THEOREM 2.5. Let s >0 and f € L?[0,1].
((l) Iff € HQS[Ov 1]7 then O—(f»LN)L2 < NﬁS|f‘H‘5[O,1]: VN = 1,2,...
(b) Ifo(f,Ln)r2 < cN~° forall N =1,2,..., then f € H5 [0, 1] for alle € (0, s).

REMARK 2.6. We remark that H5[0, 1] can actually be characterized as the subspace
of all f € L?[0,1] for which

Niz(]\fsa(f,LN)Lz)zif < 0.

Details can be found in [15, Ch.9.1].

We can conclude from the previous theorem that Linear Fourier Approximation is a
good method to analyze signals with “uniform smoothness”. These can be coded using
Fourier coefficients, and may be easily handled with the precise expression for the error
of approximation. When dealing with digital signals, one can estimate numerically
the best s for which f € H5 by looking at the decay rate of successive errors of
approximation. Examples of signals to which this technique can be applied are, for
instance, audio recordings, which are only perceived in a limited range of low frequency
harmonics (typically, smaller than 20 kHz), and therefore have a reasonably high
uniform smoothness over R [15, p. 49]. Linear Fourier Approximation is however a
bad model for images, since a single discontinuity at a point will turn in a low exponent
of global smoothness. For instance, if f = x[4,5 is the characteristic function of an

interval in R, then the error decay is like N~ (see [15, p. 380]). The representation of
such signals can be largely improved by using non-linear approximation and wavelet
bases.

3. Wavelet bases and local regularity

Before continuing with more modern approaches to signal compression, we spend
some time describing the main features of wavelet bases. We say that a function
¥ € L?(R) is an orthonormal wavelet whenever the system formed by translating and
dilating this function

Yix(t) =229(2t — k), j. k€, (3.1)

is an orthonormal basis for L?(R).
The most classical example is the Haar wavelet, given by
1, if0<z<i
() = Xj0,3) = X[2,1) = { 1, ifl<z<l.

The two main properties of the Haar system {#; 1}, which are shared by most wavelet
systems, are time localization and vanishing moments:

Supp ;. C {2@ ’gl} and /_ b ()t =0 :/_ (H)dt.  (3.2)
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30 G. GARRIGOS, E. HERNANDEZ

It is easy to verify from these two facts that {11} is actually an orthonormal basis
of L?(R). We point out, however, that constructing orthonormal wavelets which are
smooth and have a good decay is typically a difficult question (see [16, 11]).

If one is interested in signal analysis, this elementary example already illustrates
a main feature of wavelet bases: they are excellent detectors of local singularities.
Roughly speaking, the quantity 22 (f, ¥,k ) subtracts the means of f over the left-
half and right-half parts of the dyadic interval I; . If f is very smooth, so that

f(t) ~ f(to) in a small interval around to, then 23 ( f, v ) ~ 0 for ¥j,k’s supported

very close to to. On the other hand, if f has a jump at to, then |27 (f, Yk )| has
essentially the size of the jump for 1; ;’s with a small support centered at the singular
point £g.

This zoom property is common to all wavelet systems, constituting a major dif-
ference with Fourier systems for the detection of local singularities. We recall that
singularities carry essential information of signals in many applied problems, such as
the presence of edges in images. This makes wavelet bases very good tools for image
processing, in detriment of Fourier bases. A general theorem which presents with
more rigor the above arguments is given below. The statement is a simplified version
of Theorem 9.7 in the first edition of [15].

THEOREM 3.3. Let a € (0,1].
1. Let f € L*(R) be a signal with local smoothness Lip,(to), that is
() = (o) < Cuy |t~ 1], tER. (3.4)
Then, the wavelet coefficients decay as:

(F s i) S 2790FD) (14 208 — k[*). (3.5)

2. Conwversely, if for some € > 0 it holds
[(F s i)l S 2790FD) (L |20t — B9,
then f belongs to Lipa(to).

PROOF: We sketch the proof of the first part, since it shows in a very transparent
way the role of vanishing moments for the detection of local singularities:

(Fovl = | [u@ - ) vad
[ 1=l 1a ol

92-% / 12779t + 277k — to|* [ (1)| dt

A

< 279GE) [ )| de + 278 1277k — t|.

~

We observe that this proof is valid for 0 < a < 1, while for n — 1 < a < n one needs a
slightly different definition in (3.4) (with a Taylor polynomial of degree n — 1, rather
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WAVELET APPROXIMATION METHODS 31

than just f(to)) and also more moment conditions in the wavelet

/ thop(t)dt =0, €=0,1,...,n—1.
Finally, about the second part, we just mention that it is a deeper theorem of S. Jaf-
fard, where finer techniques in Harmonic Analysis involving Littlewood-Paley theory
must be used (see [15, p. 173]). O

Before concluding this section we would like to mention how to construct wavelet
bases in d-dimensions. Let D be the set of all dyadic cubes in R of the form Ik =
279([0,1]¢ + k), j € Z, k € Z¢; observe that |I; x| = 2794 A collection of functions
U= {y, ..., 9F} C L3(R?) is a wavelet family if the set

{v1, . (x) = 228 (Vg —k): [ €D, £ =1,2,..., L}

is an orthonormal basis for L?(R?). The reason to consider families ¥ with finitely
many generators is because in R? one typically needs L = 2% — 1 functions ¥* in
order to obtain an orthonormal basis for L?(R%) (this is always the case when the
Y¥’s have sufficiently good decay). For instance, the Haar wavelet family in R2,
Uy = {t, 2 3}, takes the form

wl(aj?y) = ¢H(m)wH<y)7 ’(/}2(1”7y) = '(/]H(x)(bH(y)v wg(%y) = ¢H($)1/JH(Z/)7

where ¢y = Xjo,1) and Y = Xjo,1/2) — X[1/2,1) are the Haar scaling function and
wavelet respectively. We refer to [15, Ch. 7.7] for other examples of wavelet families
in d-dimensions constructed as tensor products of 1-dimensional wavelets.

4. Wavelet bases, Lebesgue and Sobolev spaces
Under certain decay and smoothness conditions, wavelet bases provide characteri-
zations of classical Lebesgue and Sobolev spaces. For p € (1,00) (and wavelets with
enough decay) it is known that

1/2‘ (4.1)

1l = | [i > (IR v b ()]

(=11€D

Ly(RY)

Equivalence (4.1) reduces to Plancherel theorem for p = 2 and it is essentially a
Littlewood-Paley characterization of Lebesgue spaces for p # 2. Conditions on ¥ =
{1, ... T} for which (4.1) holds can be found, for instance, in [16, 11] or [20]. A
collection ¥ = {¢1,... ¥} of functions in Lo(R?) for which (4.1) holds will be called
admissible wavelet family for Ly(R).

When p € (1,00) and s > 0, Sobolev spaces on R? can be defined in analogy to
(2.4) as:

HiRY = {f e LR « FUA+EP 2@ e PR ). @2
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32 G. GARRIGOS, E. HERNANDEZ

They also have a characterization using wavelets. When /¢ have enough smoothness
and decay it is known that

oo ~ | {i > (I7E O v ha ()]

{=11€D

1/2‘

. 4.3
Lp(R) (43)
We refer to [16, 11, 14] for conditions under which the collection ¥ is an admissible
wavelet family for H3(R?).

The characterizations (4.1) and (4.3) allow us to work with sequence spaces when
we study the problem of approximation. When p > 0 and s € R we define the sequence
space b, = hE(D) as the set of all sequences of complex numbers ¢ = {¢r}1ep for

which o
lellog = [[[ 2 Q5= erha ()] (14)
IeD » (B9
With this notation, for admissible wavelets, we have
L
|l ~ Y [H(F i )hrenlly,, Ype(Lo0), ¥s20. (4.5)
=1

5. Linear multiresolution approximation

Using the characterization of Lebesgue and Sobolev spaces in section 4 we can
describe very simply the linear approximation with wavelet bases when the errors
are measured in the norm of L,(R?) and p € (1,00) is fixed. If ¥ = {y,... 9%}
is an admissible wavelet family, then a natural choice for the linear approximating
subspaces is:

Vi, = SPan (g {z/)fyk . j<m, keZd,Ezl,...,L}, n=01,2...,

Observe that in V,, are only involved wavelets 1% with “resolutions” |I| > 27"¢. In
wavelet theory, the collection of spaces {V, } ez is called a “multiresolution analysis”,
so we shall refer to this kind of approximation as linear multiresolution approzimation.

As in Hilbert spaces, the orthogonal projection into V,, gives a good candidate for
best approximation of f € L,(R?). More precisely, let

L
IAGED D DD DRI IR (5.1)

=1 j<nkeZd

When p € (1,00), the characterization of Lebesgue spaces given in (4.1) guarantees
the existence of a constant A, > 0 such that

HPn(f)HLP(]Rd) < AP Hf”Lp(Rd)? Vn= 0) 17 27 RN v f € LP(Rd)7

and moreover that the series in (5.1) converges in LP(R?). We denote the errors of
approximation of f by P,(f) and V,, by

EPn(Me, =If = Polllz, and  o(f,Va)r, = inf [If —gllz, .
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WAVELET APPROXIMATION METHODS 33

Then we claim that there exists ¢, > 0 such that
o(f,Va)r, ey < E(Pu(f))r, @ < cpo(f,Va)r, ma) (5.2)

for all n = 0,1,2,... and all f € L,(R%). The left-hand inequality of (5.2) follows
from P,f € V,. To see the right-hand side, take any € > 0 and choose a function
Gn,e € Vi such that ||f — gncllz, < o(f,Va)r, +¢c. Then

1f = Pu(H)llz, ®ay

A

< |f- gn,EHLP(Rd) + ||gn,a - Pn(f)”Lp(Rd’)
< ||f - gn,e”Lp(Rd) + A;D Hgn,s - fHLp(Rd)
< (1 +AP) (U(fa Vn)Lp(]Rd) +5)7

which proves the right-hand side. In view of (5.2) the compression problems stated
in the introduction can be treated, for multiresolution approximation, using either

o(f,Va) or E(P,(f))-

Using the terminology of sequence spaces in section 4, we can prove the following
theorem in analogy to Theorem 2.3 for Hilbert spaces.

THEOREM 5.3. Let 1 <p < oo and s > 0.

(a) If ¢ € by then o(c, Va)yo < E(FPa(c))po < 27"|lcllps, V0 =0,1,2...

(b) If a € Vy, then [allps < 2"%[|allgo, ¥ n =0,1,2,...

(¢) If c € b)) and o(c,Vy,)y, < C27" for alln =0,1,2,..., then c € b5~ for all
0<e<s.

PROOF: (a) This follows easily from

o 2 1/2
e = Pa(c)llyg = > (1 2|C’|X’('))} HLARd)
|[T|<2-nd
s_ 1 2 1/2
¢l 5 O],
< Z (‘ 7472 er|xa( )) L, (RY)
|I]<2-nd

(b) If a= 3" /j5>0-na arer € V;,, we have

a

i =0 2 e HabaO)] ", <2l

L,(Rd) —
[1]>2-nd p(R%)

(c) For ¢ = (cr) € by write a” = Py(c) = 3 ;jsg-nacrer € Vo, n = 0,1,2,...
Then, it is easily seen that

oo
c=2al + Z(an _ an—l)’
n=1

at least with pointwise convergence. The proof now follows the same lines as in part
(c) of Theorem 2.3 with obvious modifications (that includes the use of (5.2)). O

The theorem we just proved together with the equivalences in (4.5) allow us to
conclude the following result:
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34 G. GARRIGOS, E. HERNANDEZ

THEOREM 5.4. Ifp € (1,00) and s > 0, then there exists ¢ > 0 such that for all
f € Hy(RY)

o(f,V, ) (R4) <c2” ns|f|H>(Rd) n=20,1,2,...
Conversely, if o(f, n)Lp(]Rd) <27 for some c >0 and alln =0,1,2,..., then we
deduce f € Hy~¢(RY) for all 0 < e < s.

Finally observe that, when the wavelets 1)’ are compactly supported and f has
support in [0, 1]% we can write

L
F=Rof+Y > > (f )¢

=1 j>1 |k|<c2i

Therefore, the approximation from V,, only takes about N = 2"? coefficients from
the wavelet expansion (together with Pyf), with a decay error of the order of N—%/¢,
Thus, the use of wavelet bases for linear approximation does not seem to improve the
results we obtained with the Fourier basis in §2 (see [15, p.381] for explicit examples).
In particular, if f = xr with R = [a,b] X [¢,d] C R2, it is not difficult to see that
f € H5(R?) if and only if s < 1/2. Hence the linear error of approximation in L (R?)
for this function decays like N-(1-9) for any € > 0. 1

6. Besov spaces and wavelets

In the same way as Sobolev spaces arise naturally from linear approximation meth-
ods, non-linear approximation leads to a different type of smoothness classes: the
Besov spaces. In the classical setting these can be defined as follows. We use the
notation Ay, f(x) = f(x 4+ h) — f(z) and AFf = A (AF7Lf).

DEFINITION 6.1. If a > 0 and 0 < 7,q < oo, the Besov space BZ (R?) is the set
of all f € L,(R?) for which
A[a]Jrl

SWIENEAE
Bsq::Z[/o (1aE eyeanyt

i=1

|f

There exist other definitions of Besov spaces using Littlewood-Paley theory, which
coincide with the previous one at least when a > d(1/7 — 1)1 (see [18]), as well
as extensions of these definitions to all @ € R and even to anisotropic smoothness
parameters. We observe that in non-linear approximation it will be common to use
Besov spaces with indices 7 < 1.

It is well known in wavelet theory that, at least when a > d(1/7 — 1), under
sufficient smoothness and decay in the wavelet family ¥ one has

q_1

flBg, ~ [ZZ(Z L R, D)) ] <0 (62)

=1 jEZ kezZd

We refer to [16, 2, 10] for conditions under which such characterizations hold.

L Actually, in this example, one can remove the “c” (see exercise 9.5 in [15, p.431].
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WAVELET APPROXIMATION METHODS 35

As in the case of Lebesgue and Sobolev spaces, (6.2) will allow us to work with
sequence spaces to study the problems of approximation. When a € R and 0 <
7,q < 00, define the sequence space b , = bZ q(D) as the set of all complex sequences
¢ = {cr}rep such that

fellee, = [S( 2 (175 He)) ] <, (6.3

JEL |I|=2-7d

so that, for admissible wavelets,
g, rey ~ H{ hhen | | - (6.4)
77‘1

It is interesting to observe that, when 7 = ¢ these spaces are isomorphic to £, (D).
In fact the quasi-norm of b can be written as

lell, = [ (15 Herl)]” = [ llererlie |- (6.5)

IeD IeD
Finally we point out a main difference between Sobolev and Besov spaces. When
o €[4, STd— 1)) the space B;?"T(Rd) with 2 = 2+1 contains characteristic functions of
sets while these cannot belong to HS (R9) (see §7 below for details). This makes Besov
spaces more suitable than Sobolev spaces for the analysis of discontinuous functions
and as a consequence for applications to image processing.

7. Non-linear wavelet approximation

We return to the problem of wavelet approximation, this time using a non-linear
approach. We fix p € (1,00) and a wavelet family ¥ = {«, ... %’} which we assume
admissible for L,(R?). For simplicity we just let L = 1. We define the following
approximating sets

- {fzchwf . A C D with Card A < N, ¢ ec}, N=01,...
IeA
Observe that Xy + Xy C Yoy, and that X is not a linear space. This kind of
non-linear approximation is called N-term approximation.
An algorithm to produce good approximations by X is to consider the N basis co-
efficients of f with largest absolute values. More precisely, if f =3, (f, ¥1)1r €
L,(R%) and we consider the non-increasing rearrangement

ICfs Yr)vn o, ey > I ¥)¥nllL,@ey > - (7.1)
then the so-called greedy algorithm is defined by
N
FeGN() = (fvr ), €5n. (7:2)
i=1

A theorem due to V. Temlyakov [19] shows that, when p € (1, 0), there exists ¢, > 0
such that

If = Gn(Flle, @) < cpo(f,EN)L,, YVN=12,...,Vf€Ly(RY. (7.3)
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Thus, for the purposes of N-term approximation in L?(R?) we may use indistinctly
o(f,¥N8)L, or E(GN(f))z, = |If — GN(f)llL,®e)- An elementary proof of (7.3)
using the associated sequence spaces b)) can be found in [12, 9] (see Theorem 2.1 and
Proposition 3.2 in [9]).

Taking into account these facts, we wish to prove Jackson and Bernstein type
inequalities for non-linear approximation with X. The proofs are somewhat more
difficult than in the linear case. All the results will be stated and proved in the
setting of sequence spaces. A key step will be the following proposition, whose proof
can be found in [12, 9].

PROPOSITION 7.4. Let p € (1,00). Then there exists a constant ¢, > 0 so that for
all finite sets ' C D

;! (CardT)s < CardT)7 . 75
(Car HZ”eI”hO < ¢p (Cardl) (7.5)

0
P

PROPOSITION 7.6. Jackson’s inequality
Letl <p<ooand 0 <1 <p. Choosea>05uchthat%:%—

s € by, we have,

. Then, for all

1
p
(s, 5N )py < E(GN(s)ye < e N7 ls[loe, N=1,2,3,...

PROOF: Consider the non-increasing order
[snenllyy = lIsnernllos > [lsrerllyp = - (7.7)

By the triangle inequality we can write

o0
EGNEy=ls—On@ly <X | X sen|,. 89
J=0  N2J<k<N2+1 P
The non-increasing ordering (7.7) implies that [|sy, ez, [lno < ||sz,;er,,, [lpo for all &
such that N2/ < k < N2/+! Hence,
er
H Z Snern|| = HSINZJ €l || o Z Tor Il ’|“| oo
N2i <k<N2i+1 P N2I<k<N2i+1 kITbp 70p
Using the right hand side inequality in Proposition 7.4 we obtain
1
Z S1,€r, b0 < Cp (|55 €T s, hO(NQJ)P
N2Ji<k<N2Ji+1 P P
Substituting this result in (7.8) we deduce
o0
j 1
E(GN () < ¢p I [I51,,5€1,,, lng (N27)? (7.9)

j=0
Now, observe that by the non-increasing ordering in (7.7) we have

N2J 1

1 +
HSIN2J UNDY] Hb2 < (W Z ”sIkeIngg) ’
k=1
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and also that for all I € D

ayl_ 1
Isrerllyg = 1117~ 2|ss| = [I]7 T+ 3]ss] = |srer]ue - (7.10)

Thus, using the observation in (6.5) we can write

i i—1
nai ©Ingi ”bo < N2j Z ”Slkebc”bC¥ T= (NQJ) T ”S

l|sr

bg,ﬂ' °
Substituting in (7.9) we obtain,
o0
1_1 —ja —_a
E(GN($))ys < cplIslloe, N777 Y 2778 = ¢/ N7 |s]|oe_,
j=0
which establishes the proposition. m|

Our next result is a Bernstein type inequality in the context of non-linear approx-
imation with X .

PROPOSITION 7.11. Bernstein’s inequality

Let 1< p<ooand 0 <1 <p. C’hoosea>05uchthat%:%— Then,

Sl

Islles, < CN@|lsln
foralls € ¥y and all N =1,2,3, ...

PROOF: Let s = Z,ivzl sr.er, € XN, where we can assume that
lsnenllyy = lsnenllos = -+ = lIsiyery g - (7.12)

By (6.5) and (7.10) we can write

1 N 1
Isllos . = (Znsfkefknbgj = (D lsnenliys)
k=1

The ordering (7.12) together with the left hand side inequality that appears in Propo-
sition 7.4 gives

1
-

[0 (I snerlhy )]

k=1 {=1

N 1
e lsllg (DKTF) " = N lsllyg

k=1

IN

Islles .

IN

PROPOSITION 7.13. Let1 <p < oo anda> 0. If fors € hg we have o(s, EN)hg <
CN~4 for all N =1,2,..., thens € bf,t: for all B € (0, ) provided % = g + 11;
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PROOF: Fors e f)g write b = Gan(8) € Xon, n=0,1,2,... Then,

sbeJrZ b"1

The proof now follows the same lines as the proof of part (c¢) in Theorem 2.3 with
some obvious modifications, which includes the use of (7.3). |

COROLLARY 7.14. Let 1 <p < oo, 0 <7 <p. Choose a > 0 such that § = % — %.
Then, there exists C > 0 such that for all f € B (R?),

U(f7ZN)Lp(Rd) SCN—%|f|B$,T(Rd)7 N=123,...

Moreover, if for f € L,(RY) N L;(RY) and we have o(f,XN)1, S(Ré) < < CN~4 for all
N=1,2,..., then f € Btﬁt(Rd) for all B € (0,a) provided + = g + 1%

In particular, when f = g, for R a “rectangle” in R?, it is not difficult to see
that f € BS)T(Rd) when d(+ —1)4 < a < . Therefore, for non-linear approximation
in Ly(R?) we have o(f,Xn)r,re) S N=o/d for all a € (0,2(%1)). When d =
1, this improves dramatically the power N~1/2 obtained in §2 and §5 with linear
approximation. When d = 2, the non-linear approximation in Lo (R?) gives the bound
N-(G—e), compared to NV ~% obtained in §5 for linear approximation. Also, in this
particular example, and more generally for all functions with bounded variation' f €
BV (R?), it can be proved that o(f, EN)Lm) S N_%|f\BV(R2) (see [15, p.402] and
[6]).

8. Further results

In the previous sections we have measured the error of approximation in the norm
of L,(R?) for p € (1,00). Nevertheless, sometimes it is interesting to use other norms
which keep more features of a given image. One case which has been proposed by
other authors is the use of Sobolev or Besov norms (see [5, Ch. 4] or [12]).

In our paper [9] we do something more general by studying the approximation
problems associated with the family of Triebel-Lizorkin spaces F;’q(Rd). These can
be defined in terms of Littlewood-Paley theory as follows. Let ¢ € S(R) be such
that ¢(z) = 1 when |z| < 1 and ¢(z) = 0 when |z| > 3/2. For k € Z, define
or(z) = p(27F2) — (2= Vz), so that Y po __ ¢r(x) =1 for all z € R?\ {0}.

DEFINITION 8.1. For s >0, 0 < p < 0o and 0 < r < oo the Triebel-Lizorkin
space F;T(Rd) is defined as the set of all f € L,(RY) such that

= Z 2*les P,

< 00 . (8.2)

!This space satisfies B} ; (R?) C H{(R?) C BV(R?) C BIIEE(R2), Ve>0.
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There is a characterization of the Triebel-Lizorkin spaces using wavelets. Under
suitable decay and smoothness conditions on a wavelet family ¥ = {¢y,...,91} (see
[14]), a function f € L,(R?) belongs to F3 . if and only if

I35 (5410 v ]

{=11€D P

1/r

< 00, (8.3)

and |f|F:  is equivalent to the expression in (8.3). We remark that when 1 < p < oo,

F£’2 = L, and F;, = Hp, while for any p we have F =B, .

As in the case of Besov spaces, (8.3) will allow us to work with sequence spaces
when studying problems of approximation. For s € R,0 < p < oo and 0 < r < oo, we
define the sequence space f, . = f, (D) as the set of complex sequences ¢ = {c;}ep

such that y
_s__ 1 r r
Isllss, = H{Z (1732 lerlxx () } L <00, (8.4)
IeD P
so that
L
[Flrg, = DS 9f D, - (8.5)
=1

We present now some of the results about N-term approximation for the spaces
fp,» which appear in [9].

THEOREM 8.6. Jackson’s inequality
Let s,a € R, 0 < p,7,g <00 and 0 < r < oo be so that

1 1
max{7,q} <p and % o= 2 s (8.7)
Then, for alls € b2, we have,
o(s,5N)5;, <ON~a 0 |Is|lea, N =1,2,3,... (8.8)

For the proof of this result see Theorem 4.3 in [9]. We remark that if an inequality
of the type
U(S’EN)f;s;,r SCN_E”SHbg’q, N = 1,2,3,... (89)

holds, then the restrictions on the indices in (8.7) must necessarily hold and moreover
< %W — %. In this sense, we say that Theorem 8.6 is sharp (see Propositions 4.1

and 4.2 in [9]).

THEOREM 8.10. Bernstein’s inequality
Let s,a € R, 0 < p,7,qg <00 and 0 <r < oo be so that

1 1
min{7, ¢} <p and % o= 2 o (8.11)
Then, there exists C, 0 < C < oo so that
Isflea, < CNGrR=%)||s fs (8.12)

foralls e Xy and all N =1,2,3,...
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We refer to section 5 in [9] for a proof of this theorem and similar examples illus-
trating the sharpness of the exponents.

Using these Jackson and Bernstein type inequalities for the spaces f, ,. it is possible
to obtain an analogous result to the one stated in Proposition 7.13, replacing f)g by
fp.r- We omit the statement since actually a sharper version appears in [9, §6].

Let us finally mention that the decay of o(s, X N)fi;,r can be precisely quantified
when one uses £? norms. Namely, given a metric space F we can define the approzi-
mation spaces of order v > 0 and 0 < ¢ < oo, AY(F), by

o0
1.2
Ag(j:) = {S e F : ‘S|AZ(}') = (Z [N’YO'(S,EN)}‘](IN) <0 }
N=1
Then, there is a well known procedure to derive identities for Ay (F) from inequalities
of Jackson and Bernstein type as in Theorems 8.6 and 8.10 (for 7 = ¢) [8]. We refer to
the recent paper [13] for a simple restatement of this general procedure which does not
make use of real interpolation. As a consequence of these considerations one obtains

COROLLARY 8.13.
v 1 1

s s+ _
Ag(fpm) - bq,q’y7 when a = ; — 5 >0.

We refer to section 6 in [9] for more details in these types of identities.

REMARK 1. Since by, , = f; ., the results stated in this section for Triebel-Lizorkin
sequence spaces give results for non-linear approximation in the Besov space By ..

REMARK 2. The main ingredient in the proof of Theorems 8.6 and 8.10 is the fact
that for the sequence space fj, . it holds a similar estimate to (7.5). More precisely, a

sequence space f with a quasi-norm || || is called a p-space if there exits ¢ > 0 such

that
er

llerlly

c ! (C’ardl“)% < HZ Hf < c(CardF)%.
Ier

for all finite sets I' C D. For a proof of the fact that f, . are p-spaces see Proposition
3.21in [9]. Jackson’s and Bernstein’s inequalities can be obtained similarly for p-spaces
(see [9] and [13] for details).
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