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BOUNDARY NONLINEARITIES FOR A ONE-DIMENSIONAL
p-LAPLACIAN LIKE EQUATION

P. AMSTER, M.C. MARIANI AND P. DE NAPOLI

ABSTRACT. We study a nonlinear ordinary second order vector equation of p-
Laplacian type under nonlinear boundary conditions. Applying Leray-Schauder
arguments we obtain solutions under appropriate conditions. Moreover, for the
scalar case we prove the existence of at least one periodic solution of the problem
applying the method of upper and lower solutions.

INTRODUCTION

We consider a nonlinear one-dimensional problem for a vector function « : [0,T] —
RY satisfying

(1) (¢()) = f(t,u,u')  in (0,T)

where ¢ : RY — IR” is a homeomorphism.
We study problem (1) under the following nonlinear boundary conditions:

(NBC) u(0) = hn (w(T), u'(T)), u'(0) = ha(u(T), u/(T))

with h; : R?Y — IRY continuous.

Nonlinear boundary conditions for systems of semilinear ODE’s have been consid-
ered by different authors (see e.g. [BL], [E], [KL], [S], [AMP] and [BL2] for more
references). Using coincidence degree, Gaines and Mawhin [GM] proved a continua-
tion theorem for a general nonlinear condition which in the scalar second order case
reads

Y(u) =0
where v : C*([0,T],IR) — IR? is continuous and takes bounded sets into bounded
sets. The particular case

v(u) = h(u(0),u(T), u'(0),u'(T)),
corresponds to the general nonlinear two-point condition. Explicit results are known
for the special case

h(u) = (h1(u(0),4/(0)), ha(u(T), v/ (T)))
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which appears in different physical models, as a second order analogue for the axial
deformation of a nonlinear elastic beam [RS]. On the other hand, problems involving
a p-Laplacian have been widely studied for example in [DJM], [MM], [M].

SOME REMARKS ON THE GENERAL CASE

For M = (M, M) define:

hiy = sup |1 (u, @),
Ju| <My, |u|< M2
hom = sup |p(ha(u, u))l,
|u| <My, |u|< M2
M) = inf u
mg (M) ant, o)l

and
R ={X € C([0,T], R*Y) : |21]loc < M1, [|72]l0c < mg(M2)}.

We shall assume that f is a Caratheodory function i.e. f(-,u,u) is measurable for
any fixed (u,u), and for any M there exists py; € L1(0,T) such that

|f(t,u,@)] < prr o ace. forany |u| < My, [u] < M.

Theorem 1. Let My, My > 0 and assume that
hiv +TMy < M, ho o + [lpa Il < mg(Ma)
Then (1)-(NBC) admits at least one solution u with (u, p(u')) € Ra.

Proof. Let us consider the equivalent system for X = (u, ¢(u')):

{ X' =F@t,X) in (0,T)
X(0) = H(X(T))

where

F(t,zy,x2) = (¢~ (x2), f(t, 21,07 (22)))

and

H(z1,22) = (hi(z1, ¢ (22)), dlha(z1, 67 (22))]).
Next, define the operator N : C([0, T, R?V) — c([o, 1], IR?M) given by
NX(t):H(X(T))—i—/OtF(S,X).
By Arzeld-Ascoli Theorem, N is compact. Moreover, for X € Rj; we have:

[N X1 lloo < [ha (21(T), 67 (a2(T)) | + Ttes[l(l)pT] 67" (z2(2))]
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T
N X)alloo < |6 (h2 (@1(T), 6™ (wa(T))) )| +/0 [fCar, 67 (wa))]-
As |22l 00 < mg(Ma), it is clear that |¢~!(x2)| < Ma, and then

[N X)1lloo < haas + T Ma, [N X)z2lloo < hoar + [lparllzr-

Hence, N (Ry;) € Ry and by Schauder’s Theorem N has a fixed point X. Then
u = 1 is a solution of (1)-(NBC).

Theorem 2. Under the hypothesis of the previous theorem, assume also the Lipschitz-
type conditions for (u,u), (v,v) € Ras:

(H1) | (u, 6~ (@) = b (0,67 (@))] < kal(u— 0, = )]
(H2) |6(h2(u, ¢~ (@) = d(h2(v, 6™ (O)] < kol (u — v, 7 — V)|
(F) (w7 (@) = £t 0,07 (@) < kyl(u— v, T — D)
(@) 1671 @) — ¢~ (B)] < k| (@ — D)
with

k1 +Tky < 1, ko + Thy < 1.

Then (1)-(NBC) admits a unique solution in Rys.
Proof. In the situation of Theorem 1, using conditions (H1)-(H2)-(F)-(®) it is im-
mediate to prove that N is a contraction.

As a simple corollary, we deduce the existence of solutions under appropriate

growth conditions on f and h;:

Corollary 3. Let us assume that
|ha (u, w)| < 11 (ful) + 1 2(]ul),

|p(ha(u,w))] < tha1(lul) + 122(]u])
and
lpaellr < bpa(Mr) + 92 (M2)

for any t € [0,T], with ¢, ; positive and nondecreasing. Further, assume that the
following conditions hold:

lim sup Y1107

r—00 r

=A<1
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and

o+ 00l (P20 4 o+ wgalr) < o)

for r large. Then (1)-(NBC) admits at least one solution.

_ $12(Ma)+TM,

Proof. With the previous notations, set M; = + ¢ and then, for My
large and € > 0 sufficiently small conditions of Theorem 1 are fulfilled.
A PARTICULAR CASE

In this section we study the following particular case of (1)-(NBC):

2) { (¢(u)) +a(t)p(uw') + g(t,u) = f(t)  in (0,7)
w(0) = 1 (u(T)), u'(0) = ha(u/(T))

with g bounded and a € C([0,T],IR"*™). For example, when n = 1 we may consider
the forced pendulum equation with friction for a p-Laplacian:

{ (' P=2) + [/ [P=2u’ + b(t)sing (u) = f(t)  in (0,7)
u(0) = P (u(T)), u'(0) = ho(u'(T))

We recall that sin, is defined as the solution of the initial value problem

(o' P~2u) + (p = D]ulP"2u =0, u(©0) =0,  Ww(0)=1,

t/sinpt ds
“) T

for t € [0, %] and extended to a 2m,-periodic function, where 7, is the constant given

by
1
ds
71',,22/0 7(1_817)1/1).

For simplicity we introduce the following notation: for any o € [0,1] let U, be the
unique solution of the matricial equation

or implicitly by the formula

U’ = —oal, U(0) = Id € R™™.

Moreover, we define

L(o) = limsup ohy(Us (T)a)x

|z]— o0 |I|2

where hy = ¢~ ha¢. Then we have:

Rev. Un. Mat. Argentina, Vol 45-2



BOUNDARY NONLINEARITIES FOR p-LAPLACIAN LIKE EQUATION b)

Theorem 4. Assume that

hi(z)z <1

lim sup BE
x

and that
sup L(o) < 1.
0<o<1
Then (2) admits at least one solution for any bounded g.

Proof. As before, let us consider X = (u, ¢(u')) and the compact operator N X (t) =
H(X(T)) + [y F(s,X). Then, if X = oN'X for 0 < o < 1, we obtain:

vy =0¢ ' (z2),  21(0) = ol (2(T))

vy =0(f —azy —g(~x1)),  22(0) = oha(x(T))

Hence,
zo(t) = Uy (t)e(t),
with
o) = o+ [ U)ol 0)lds
0
Then

co = 22(0) = ohy(Uy (T)[co + Ry))
where R, = UfOT U (s)[f(s) — g(s,x1)]ds is bounded. It follows that

lcol? + coRo = oha(Uy(T)[eo + Ro)(co + Ry) < (1= 0)(co + R,)?
for some ¢ > 0 if |co| is large enough. Thus ¢y (and hence x2) is bounded. On the
other hand, from the equality

t
Zl(t) =C =+ 0/ (1571(.%2), xl(O) = O'hl(il'l(T))
0
we obtain that ¢; = ohy(c1 + S,) where S, = o fOT ¢~ 1(z2) is bounded. As before,
|cl|2 + CISO' S (1 - 6)(01 + So’)2

and we conclude that ¢; (and hence x7) is bounded. Thus, the result follows from
Leray-Schauder Theorem.

Remark . In particular, for the scalar case it suffices to assume that

ha(z)

. 1
lim sup

|z|—o0

<1

and
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T . T
E efo a Zf fO a<l
lim sup 2(7) =L<
|z]—o00 T efOTa

otherwise.

Indeed, it suffices to observe that in this case U, (t) = e“’fot“, and letting y =
e~ Io 92 we obtain:

O'BQ (e_ff ng ﬂx) 6_0 foT‘lﬁg(y)

T Y
A simple computation shows that
1 . T
max geJo e =] efla if Jopa<1
T
O<o<l e~ Joa otherwise

and the proof follows.

SCALAR CASE: UPPER AND LOWER SOLUTIONS FOR THE PE-
RIODIC PROBLEM

In this section we apply the method of upper and lower solutions in order to obtain
solutions for the scalar case of (2) when a = 0, h; = he = id, and g is not necessarily
bounded. We shall need the following auxiliary lemmas:

Lemma 5. Assume that ¢ is nondecreasing and let A > 0. Then for any 6 € C([0,T])
the equation

(¢(u)) = du=0(t)
admits a unique T-periodic solution. Furthermore, the mapping T : C([0,T]) —
C(]0,T]) given by T(0) = u is compact.

Proof. Let us first note that for any £ € C([0,T]) there exists a unique ¢ = ¢(§) € R
such that

/0 6~ (c+ £(t))dt =0

Furthermore, the mapping £ — ¢(§) is compact. Indeed, existence and uniqueness
follow immediately from the fact that ¢ is strictly monotone and that ¢(x) — +oo as
& — £o00. On the other hand, if M > ||{||c then

/¢ +M+£)>0>/0 ¢~ (p(0) — M +€)

and hence ¢(§) € — [[€lloos #(0) + ||€]|oo]- Finally, note that if &, — £ uniformly,
taking a subsequence we may assume that ¢(§,) — ¢ for some ¢. Thus,

0_/¢> (60) + Enlt) dt~/¢> (c+ &)t
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and by uniqueness it follows that c¢(£) = c.
For u € C([0,T]) let &,(t) = fot(/\u + 6) and define, for fixed s € IR,

Tuu>=s47£ 671 (el6w) + Eu(r))dr.

By Arzela-Ascoli Theorem, it is easy to see that 7 is compact. Moreover, if u = o7 u
for some o € (0, 1] we obtain for v = %:

(p(v")) —av =0, v(0) =v(T) =s
Let ¢ be defined by

t
o) =5+ [ 67 (cl60) + )
0
then a simple computation shows that

o —ellze < llellze
and hence ||(¢(v")) ||z < C for some constant C. Take ty such that v'(tg) = 0, then

wwmﬂgww+tkwwﬂswmuTWC

and hence ||v]|o < C for some constant C. By Leray-Schauder Theorem, there exists
ug such that

(B(us))" — Aus = 0, us(0) = us(T) = s.

By monotonicity of ¢ it is immediate to prove that u, is unique. Moreover, a simple
computation proves that the mapping s — wug is continuous for the C([0,T])-norm.
For s > 0 large enough, note that if us(tg) > s is maximum, we have that v/, is strictly
nondecreasing in a neighborhood of ty, a contradiction. Thus, us(T) — us(0) > 0. In
the same way it follows that us(T) — us(0) < 0 for s << 0, and the existence of a
T-periodic solution follows. Uniqueness follows immediately from the monotonicity
of ¢. Furthermore, if u; and uy are T-periodic with

(P(u7)) — Au; = 0;(t),
then

T T
—/ (01 — 02)(u1 —u2) = / [¢(Ul1) - ¢(Ul2)](ul1 - u'2) +A (uy — u2)2.
0 0
It follows that

1
lur — uallpe < X||91 — 02|12

and hence
[(@(u1)) = (d(uz)) (|2 < 2[|61 — O2]| 2.
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Thus,

[6(ui) — d(ud)lloo < cllfr — Oa]|z2
for some constant ¢ and the compactness of the mapping 8 — u follows.

Lemma 6. Assume that ¢ is nondecreasing and let X > 0. Let u,v be T-periodic
functions such that (¢(u')) — Au > (¢p(v")) — M. Then u < wv.

Proof. Let ty be the absolute maximum of u — v, and suppose that u(tg) > v(tg).
Then u/(ty) = v'(to), and p(t) = ¢(u'(t)) — ¢(v'(t)) is strictly nondecreasing in a
neighborhood U of tg in [0,T]. As ¢(u'(to)) — ¢(v'(to)) = 0, we obtain that

d(u'(t)) < p(v'(t)) for t € U, t < to

and

o' (t)) > p(v'(t)) for t € U, t > to.

This implies that u — v has a local minimum in ¢y, a contradiction.

Theorem 7. Let ¢ be nondecreasing and assume there exist T-periodic functions
a < (B such that

(")) +g(t, ) = f(t) = (¢(8)" + g(t, B).

Further, assume there exists a constant R > 0 such that

g(t,u) —g(tv)
uU—"v
for any u,v such that inf; a(t) < v < u < sup, . Then the problem

>-R

(p(u)) +g(t,u) = f(t) in (0,T)
(Per) { w(0) = w(T),  w'(0) = u/(T)
admits at least one solution u such that o < u < (3.

Proof. Let E = {u € C([0,T]) : o < u < 8} and fix a constant A > R. For fixed
u € E define 7w = u the unique periodic solution of the equation

(¢(u) = Au=f —g(-,7) — A\
By Lemma 5, 7 : E — C([0,T1]) is well defined and compact. Moreover, as @ < 3 we
have that

(@) =M= f—(g(.m) + Xu) = f = (g(-, ) + AB).
Hence, (¢(u')) — (6(3)) — AMu — B) > 0, and by Lemma 6 it follows that v < 3. In
the same way we conclude that « > a and the result follows by Schauder Theorem.

Example: the forced pendulum equation for a p-Laplacian
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(Jo/'[P72u")" + sing (u) = f(2)
admits a T-periodic solution for any forcing term f such that —1 < f < 1. Indeed, it
suffices to take a« = 22 and 8 = 37,
As a simple corollary we have:

Corollary 8. Under the conditions of the previous theorem, let A > R and define the
sequences {ut} given by

Uy =0, ug =B

and “f—s—l the unique T-periodic function such that

((b(“iy/l))/ - )‘“354-1 =[f- 9(3“%) - )\uf.
Then {u,, } (resp. {u}}) is a nondecreasing (nonincreasing) sequence of subsolutions

(supersolutions) that converges pointwise to a solution of (Per). Moreover, u,, < u}
for every n.

Proof. From the proof of the previous theorem we have that o < uf < B. Assume
as inductive hypothesis that a < w7 <w'_,, then u},, > a. Moreover,

(‘ls(u;t-s-lﬁ)/ - /\Urt+1 =f- (9(»“:) + AUI) >f- (9('7%—5—1) + AUZ—l) =

= (d(ul ") = My
and it follows that w}, | <.

As w} is nonincreasing and bounded, it converges pointwise to a function u*.
Furthermore, from the proof of Lemma 5 {u}} is bounded for the H!-norm, and
from the compactness of the imbedding H'(0,T) — C([0,T)) it is easy to see that
ub — u' in C([0,7T]). Using the definition of {u}} it is immediate that u* is a
solution of the problem. The proof is analogous for {u, }. Furthermore,

+ + + + + +
(QZS(’U/”_'_Il)), + 9(7 un+1) = f + g(? un+1) - g(? un) + A(un-i-l - un )
Thus, it is easy to prove by induction that u; is a supersolution and u,, is a subso-
lution, with u;, < uf.
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