REVISTA DE LA
UNION MATEMATICA ARGENTINA
Volumen 46, Numero 1, 2005, Paginas 1-10

SIMULTANEOUS APPROXIMATION WITH LINEAR
COMBINATION OF INTEGRAL BASKAKOV TYPE
OPERATORS

KAREEM J. THAMER, MAY A. AL-SHIBEEB AND A.I. IBRAHEM

ABSTRACT. The aim of the present paper is to study some direct results in
simultaneous approximation for the linear combination of integral Baskakov
type operators.

1 INTRODUCTION

Agrawal and Thamer [1] introduced a new sequence of linear positive operators
M, called integral Baskakov — type operators to approximate unbounded continu-
ous functions on [0, 00) and it is defined as follow

Let a >0, f€Cyl[0,00)={f€C0,00):|f(t)<M(1+1t)"for some
M > 0}.

Then,

(L) My ( (0):2) = (n=1) 5 pas (o) ] uwms () F(2) dt + (1+2)" £ (0),

n+v-—1

where py, ., (x) = ( v ) ¥ (14+2)" "™ 2 €0,00) is the kernel

n+v-—1

v=0 v

of Lupas operators L, (f (t);z) = § < ) ¥ (14 Sﬂ)i(nﬂ)) I (Yn)-

We may also write (1.1) as :

Mo (f(0):0) = [Watto) o) de
0

where W, (t,2) = (n—1) ipn,v (@) pro_t () + (L+2) " 6(t), 6(t) being

the Dirac delta function.
The space Cy, [0,00) is normed by || fllo. = sup [f ()] (1+¢)" "
0<t<oo

The operator (1.1) was used to study the degree of approximation in simulta-
neous approximation by Agrawal and Thamer [1]. It turned out that the order
of approximation by the operator (1.1) is, at best, O (n_l) , howsoever smooth
the function may be. Thus, if we want to have a better order of approximation,
we have to slacken the positivity condition. This is achieved by considering some
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carefully chosen linear combination introduced by May [6] and Rathore [7] of the
operator (1.1). The linear combination is defined as follows:

Let dg, di,..., dr be (k+1) arbitrary but fixed distinct positive integers.
Then, following Agrawal and Sinha [3] , the linear combination M, (f,k,x) of
Mgy (f;2) ,5=0,1,2,...,k is given by

Mayn (fi2) dgt dg? ... dg”
My (f;2) dyt dy? ... dp”
(1.2) M, (fha)= ~ | o) iy R
A . . N .
My (f;2) dgt d? ... 4"

where A is the Vandermonde determinant obtained by replacing the operator
column of the above determinant by the entries 1. We have

k
(1.3) w (f k) =Y C (k) Mayn (fi)
7=0
where
(1.4) C (k) = 7 _d . k#0 and C(0,0)=1.
1 =0
]

The object of the present paper is to investigate the degree of approximation
of the operator M, (f,k,z). First we establish a Voranovskaja type asymp-
totic formula and then obtam an error estimate in terms of the local modulus of
continuity for the operator M ( fik,x).

2 AUXILIARY RESULTS

Throughout our work, N denotes the set of natural numbers, N integers, and
(a,b) an open interval containing [a, b].

LEMMA 2.1 [4]. If for m € N (the set of nonnegative integers), the m™
order moment of Lupas operators is defined by

,un,m an v (7 - 17) .
Hence, pno(xz) =1, pn1(xz) =0, and there holds the recurrence relation

N mi1 () = 2 (1 +2) [y () + Mptpm—1 ()] , meN.
Consequently
(1) pon,m (x) is a polynomial in x of degree at most m.
(ii) For every x € [0,00) , finm (z) = O (n~lm+D/2) “where [3] denotes the
integral part of 3.
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LEMMA 2.2 [1]. Let the function T, (x) , m € N° be defined as

Tom () = (n—1) an’v () /pn,vq ) (t—x)"dt+ (—z)" (1+z) "
v=1 0
Then,
Tpo(z) =1, Tpy(z)= n2f2
and

(n—m—=2)Toms1 (x) =z (1 +2)T,,, () + [(2z + 1) m + 22] Ty (z) +
+2mz(1+z) T)m1 (x) , m € N.

Hence,

(i) Th.m (z) is a polynomial in x of degree m.

(ii) For every z € [0,00) , T (2) = O (n~m+D/2)),

(iii) The coefficients of n=(0+) 4y T 2vt2 () and Ty 2041 () are given by

2v+2)! {z (1+2)}"" (20 +1)! .
(v +1)! T v+ D) +20) -1} o (142}

LEMMA 2.3 [5]. There exist polynomials ¢; ;. (t) independent of n and v
such that

and

r s d ! j
t (1 + t) ﬁpn,v (t) = , Z n' (U - nt)] qi,j,r (t) Pn,v (t) .
t+j<r
i,j >0

LEMMA 2.4 [6].IfC (j,k) , j=0,1,2,..., k are defined as in (1.4), then

k
. —m 1, m=0
>_CUik) d; :{0, m=1,....k

§=0
LEMMA 2.5 [8].Let f be r times differentiable on [0,00) such that f=1 (t) =
O (t%) for some o ast — oo. Then forr=1,2,... and n>a+7, we have
m+r—1!n-—r—-1)!
= X
(n=1)! (n—2)!

oo

<D putrr @) [ Pucraea (0 10 (1) .
v=1

0
LEMMA 2.6 [2]. Forr € N and n sufficiently large, there holds
M, ((t—z)"  kyx) =n~*DLQ (rk,x) +0 (1)},

where Q (r,k, x) is a certain polynomial in x of degree r.
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3 MAIN RESULTS

In this section we shall state and prove the main results.

Theorem 3.1.Let f € C,, [0,00) and be bounded on every finite subinterval of
[0,00) admitting a derivative of order 2k 4+ r + 2 at a fized point x € (0,00). Let
f(@)=0(t*) ast — oo for some o > 0, then we have

2k+4r+2
(3.1) Lim nhtl [M(T) (f k,x) — f) (x } Z D) Qi k,r x)
and
k+1 (r) (r) _
(3.2) Lim n [M (fk+1,2)— f (a:)} —0,

where Q (i, k,r,x) are certain polynomials in x.
Further, the Limits (3.1) and (3.2) hold uniformly in [a,b], if f@F+7+2) exists
and is continuous on (a —n,b+n) C (0,00) , n > 0.

Proof. By the Taylor expansion, we have
2k+r+2 f(l) (III)

il

f(t) = (t—a) +eta) (t—a)F2,
=0
where e (t,2) — 0 as t— x.
Thus, using Lemma 2.5, we have for sufficiently large n

k
M (k) = £ @)] =0t (30 0GR M (i) = £ (0)
§=0
- Il +127
where
2k+zr+2f ic —r—=2)! (djn+r—1)!
- = dn—l) (djn—2)!
oo dr
XZPd et ( /pdn rotr—1 (t) prm (t—x) —f(’”)(x)
v=1 0
r 2k 41+ 1) ! —n—2k—r—2
)2k (n+ . ) .
+(=1) DL (1+2) £(0)
k
Iy =n* 1" C (G k) (djn —1) prﬁm
j=0

X / Pdyno—1 (t) € (t,x) (t —2)* T2 dt
0
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sktry2 M+ 2k+r+ 1)1

T A T )

+(=1)

It’s clear that
ohtriz (M +2k+7r+1)!

(1) 1 (14+2) """ 270)—0 as n— .
Let I} = I3 + 14, where
2k+r+2 k
R i* f<> Z —r—2) ! (djn+r—1)!
S = (d n—1)1 (dn—-2)!
oo o0 dr i
X Z:lpdjn—&-r,v (ZE) /pdjn—r,'u-i-?“—l (t) % (t - 1') dt
= 0
k
(din—r—2)! (djn+r—1)!
I, = J _ ()
! ;C (djn — 1)1 (djn—2)! ()
Thus, by (1.4),
r - '(din+r—1)!
I k+1 (T’) n r— ) : J o 1
1= ;OC (djn—1)! (dn—2)!

Now, in view of Lemma 2.4, we have
L=f" () K(rk)+o(1), n—oo,

where K (r, k) is a constant depending only on r and k.
Next, by Lemma 2.4 and Lemma 2.6,we get

2k+r+2
Z D) Qi k,rx)+0(1), n— oo.
i=r+1
Thus
2k+r+2
L — £ (2) Z @ Q (i, k,r,x)
1=r+1
2k+r+2

Z D) Qi k,r,x) as n— oo.

Now we must prove that o, — 0 as n — oo. For this, it is sufficient to prove
that

I =g n M (5 (t,x) (t —x)?FFr+? ;m) — 0 as n— .
Using Lemma 2.3, we get
Il <nft'(n—1) M (z v v —nal!
| p

2i+j<r v=1
1,7 >0
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oo

x / Prot () Je ()| |8 =274 at,
0
where M (z) = sup |¢; j,» ()|, and then applying the Schwarz inequality we get:

. 1/2
< m-)M@) Y W {an,u () (v - m)zj}
2 +j<r v=1
1, >0

1/2

(o)
k
<83 b (a) | [ pnama (@) e ()] |6 - )72

v=1 0
Since € (t,z) — 0 as t — x, for a given £ > 0 there exists a > 0 such that
le (t,z)| < e, whenever 0 < |t — x| < §, and for |t — x| > § there exists a constant
C such that |e (t,2)| < C|t — x|’87 where (3 is an integer > max («, 2k + 7 + 2) .

oo

Hence, as [ ppv—1 (t) dt = 15, we have
0
o0 2
/pn’vfl (t) e (t,x)] ‘(t_x)2k+r+2‘ a| <
0
e oo
k
< /pn,vfl (t) dt /pn,vfl (t) (E (t; 3?))2 (t - 3?)4 +ort+d dt
0 0
1
<3 / Pt () €2 (t — ) +2r e gy
0<|t—z|<d

+ / pn,vfl (t) C2 (t . x)4k+2r+2ﬁ+4 dt

[t—z]>6
Now, by Lemma 2.2, we get
. . 2
> @) { [ pua @ o) [0 272 ) <
v=1 )

oo

1 > |

< n—1 vz_:lpn,v (x) /pn,v—l (1) e (t - x)4k+27+4 dt
h 0

C’2 00 )
+n 1 Ejlpn,v (1') /pnm*l (t) (t o :v)4k+27’+2/3+4 Qb
v 0
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1
< 2
=€ n—1

[Tn,4k+2r+4 (@) — (—2)™ 2 (1 4 z)—n}

02
+
n —

1 [Tn,4k+2r+2ﬁ+4 (x) — (=) g x)_n} :

—:20 <n7(2k+r+2)) 10 (n7(2k+r+ﬂ+2)) .

By Lemma 2.1, we have

1] < n**1M (z) Z n'tio (n—j/Q) 1o} (n—(2k+7'+2)/2>
2i+j<r
i,7 =0

x {240 (n )}
—0(1) {240 (n )}

<:0(1).

Since € > 0 is arbitrary, it follows that I — 0 as n — oo. The assertion (3.2)
follows along similar lines by using Lemma 2.4 for k£ + 1 in place of k.

The last assertion follows, due to the uniform continuity of f2¥+7+2) on [a,b] C
R, (enabling 0 to became independent of = € [a, b] ) and the uniform of o (1) term
in the estimate of Is and I (because, in fact, it is a polynomial in x).

The next result provides an estimate of degree approximation in M (f;2)
— f0) (), re NO.

Theorem 3.2. Let1 < p < 2k+2 and f € C,[0,00) be bounded on every
finite subinterval of [0,00). Let f (t) = O (t*) as — oo for some o > 0.If f®+7)
exists and is continuous on (a —n,b+n) C (0,00) , n > 0, then for n sufficiently
large

HMT’(LT) (fa ka‘r) - f(r)

< max (Cln*p/Qwﬂpw) (nil/Q) , C’gn*(kJrl)) ,

where Wyp+r) (§) denotes the modulus continuity of f@*+) on (a —n,b+1n), C; =
Cy (k,p,r), Co=Cy(k,p,r, f) and ||.|| denotes the sup-norm on [a,b].

Proof: For x € [a,b] and ¢ € [0,00) , by the hypothesis we have

P40 (g , (p+7r) (£) — Fo+7) (1
B3 1) =3 L) gy LTO) = 10T (@)

o L (t=2)""7 (1= x (1))
=0

+h(t,2) x (1),
where £ lies between ¢t and x , and x (¢) is the characteristic function of the set

[0,00)\ (a —m,b+mn), n > 0.Operating on this equality by M (., k,x) and
breaking the right hand side into three parts I, I and I3 say, corresponding
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to the three terms on the right hand side of (3.3) as in the proof of Theorem 3.1,
p+r f(z)

we have
Z M (( ) kx)

=f@)+0 ( ’”1)) ,uniformly for all z € [a, b] .
To estimate I3, we have for every § > 0
[£040 (&) = 1047 (@) < wpionn (1€ — 2

< Wien ([t — o)

(3.4) < (1 + |t_5:”|> Wepin (6) .
Since
k
12 ZC(]a dn_l Zpdnv
7=0
T f(err) (5) - f(erT) (l‘) p+r
x/fﬁm,uw( o L t—a) (1= x () ar

Using (3.4) and Lemma 2.3, we have

‘12 = ' Z|O ]7 | Z ’denv ’
7 t—x r
X /pdjn,vfl (t) (1 + 5) ‘t - f‘(er )(Uf(err) (5) dt
0

k
wf(P+T‘) (6) . 7 |Qi,s,7“ (ZL’)|
< < - 7 .
<O S o Y e
J=0 2i+s<r

1,s >0

> S T T 1 T
X Zpdjnﬁv () [(v—djnx)| /pdjm),l (t) (|t — Pt 4 5 |t — Pt +1) &t
v=1

0
Putting K = sup sup Lqr(ﬂr(;))‘ , then applying Schwarz inequality for
z€fab] 25 4 5 <7
1,8 >0

summation and for integral and Lemmas 2.1 and 2.2 as in the proof of theorem
3.1, we get

L] < K {O (nfp/Z) 4= ; o) ( p+1)/2)] Wep+r) ().
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Choosing § = n~1/2, it follows that
I, = W p(ptr) (n*1/2> 0] (n*p/2> ,

where O—term holds uniformly in z € [a, b].
For x € [a,b] and t € [0,00)\ (a —n,b+ 1), we can choose a § > 0 in such a
way that [t — x| > 0. Hence

k
‘ 7 |qi,s,r (‘T)|
Bl I0GR =1 X e TR

<Y i @ |0 = dm)l* [ pans 0 bt d.
v=t t—z|>s
Now, for |t —z| > § we can find a positive constant M such that |h (¢, z)| <
M |t — x|”, where v is any integer> max (a, 2k + r + 2).
Hence, by Schwarz inequality, Lemmas 2.1 and 2.2 we have
s  1i5r (@)
Bl < MYICGR (dm=1) 3T (dm)' A
=0 2i+s<r
1,s >0

%S pagn @ |0 = ) [ pagnaa @ fe—al”
v=1

[t—a]>s
=0 (n(TJ’)m) =0 (n*(’”l)) uniformly in z € [a,b].

The required result follows on combining the estimates of I, I and I3.
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