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GROBNER BASIS IN ALGEBRAS EXTENDED BY LOOPS
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We dedicate this work to the 60th birthday of Maria Ines Platzeck and the 70th
birthday of Hector Merklen.

ABSTRACT. In this work we extend, to the path algebras context, some results
obtained in the commutative context, [2]. The main result is that one can
extend the Grobner bases of an ungraded ideal to one possible definition of
homogenization for the non commutative case.

We will introduce very briefly the homogenization process in the commutative
case, just to explain the main motivation of our work. In the commutative context,
the Buchberger Algorithm give us a very direct strategy for computing Groébner
Basis for a given ideal I € k[x1,xa,...,2,]: we consider a finite set {f1, fa,...fx}
of generators of I, compute the S polynomials, for any pair i,j, reduce them, and if
the remainder is non zero, add this remainder to the list of the given polynomials,
to make all the S polynomials reduce to zero.

Although this process always finish, in the commutative case, it can be very
inefficient and time consuming, by instance getting S polynomials of much higher
degree that the ones we begin with. It is easy to see ( see [1]) that if we begin with a
set of homogeneos polynomials this problem does not occur and the S polynomials
we obtain are again homogeneous.

So, lets define this process for A = k[z1, 22, ..., 2,]: Let f € A and w a new vari-
able. If f has total degree d then the polynomial given by f* = w?f(x1/w, x2/w, . ..
,Tn /W) € klx1,xa,...,2,,w] is a homogeneous polynomial in the extended poly-
nomial algebra, called the homogenization of f. For an ideal I € k[z1,xa, ..., 2]
define I* to be the ideal of k[z1,z2,. .., 2y, w] given by I* =< f*|f € I >. For
any h € k[x1,xa, ..., x,, w|, define hy = h(z1,22,...,2p,1) € klx1, 22, ..., 24].

As we will prove, in the last section, if G is a Grobner basis for I with respect
to a certain order, then the set G* = {g*|g € G} is a Grobner Basis for the ideal
I* with respect to the extended order.
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For the non commutative case, this process has been extended in many contexts,
and most computer programs devoted to non commutative Grobner Basis work only
with homogeneous ideals [4].

2. PRELIMINARIES

In this section, we define some concepts that will be used in the following sec-
tions. All these concepts can be found in [3], with a detailed description of the
theory of Grobner basis.

In order to have a Gréebner basis theory in an algebra we need a multiplicative
basis with an admissible order. We define, in the sequence, these concepts.

A K-basis is called a multiplicative basis of A. if for every b, € B we have
b’ € B or b = 0.

We also will need the multiplicative basis to be completely ordered. We stress
that we are not interested in an arbitrary order in B, but we want an order that
preserves the multiplicative structure of B.

DeriNtTION. 2.1. [3] We will say that a well order in B, is admissible, if it satisfies
the following conditions, for every p,q,r,s € B:
(i) If p < q then pr < qr, if both are non zero;
(il) If p < q then sp < sq, if both are non zero;
(iil) If p = sqr then p > q.

Let K be a field and A a KC-algebra with a fixed K-basis B = {b; }iez.

Since B is a K-basis of A, for each a € A, there is a unique family ()\;);ez such
that a = 3,7 A\ib;, where \; = 0, except for a finite number of indices.

If a =) .7 Aibi, we will say that b; occurs in a if \; #0. We define now the
notion of tip, which is also called in the literature by leading term.

DerintTION. 2.2, [3] If B = {b;}icz is a K-basis of A, as a vector space, well
ordered by > in B, and if a = Y ,_; \ib; is mon zero, we will call tip of a and
denote by Tip(a) the largest basis element in the support of a and its coefficient \;
is denoted by CTip(a).

If X is a subset of A, we define
(i) Tip(X) ={be B:b="Tip(z) for some 0 # z € X}
(ii) NonTip(X) =B\ Tip(X)
So, both Tip(X) and NonTip(X) are subsets of B depending on the choice of the
well order of B.
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DeriniTION. 2.3. [3] Let I be a two sided ideal of A, we will say that a set G C I
is a Grébner basis for I with respect to the order >, if

(Tip(G)) = (Tip(1))

as two-sided ideals.

DerINITION. 2.4. [3] Let by, by € X C A, we will say that by divides by (in X ) if
there exist ¢,d € X such that bo = byd, ba = cby or by = cbyd.

We will say that a KC-algebra A has Gréibner basis theory if A has a multiplicative
basis B with an admissible order > in this basis.

From this point on, we assume that the C-algebra A has a Grobner basis theory.
Moreover I will always denote a two-sided ideal in A.

Given a multiplicative basis B of an arbitrary algebra and U and a fixed minimal
set of generators of B, as a semigroup, we define £(b) the length of b € B as the
smaller n € N such that b = byby--- b, with b; € U. If f € A f # 0 define the length
of f by £(f) = max {(b) : b € B occurs in f}.

We say that an element f =" | \;b;, with \; € K and b; € B, is homogeneous if
L(f) = £(b;) for every 1 < i < n. An ideal J is homogeneous if can be generated by
homogeneous elements.

3. HOMOGENIZATION

In this section, we present our main results, which extend the algorithms used
in commutative algebra, and also some results obtained in [2].

Since the polynomial ring on n commutative variables is a special case of a
quotient of a path algebra and, as it was proved in [2], any algebra with 1 that
admits Grobner basis theory is isomorphic to a quotient of a path algebra, we asked
ourselves if the same process ( that is, the homogenization process) can be extended,
and which results remain true in the general case of quotient path algebras. In this
work, we consider the non commutative version of the homogenization process, for
path algebras KXQ/I, where I is a two-sided ideal in KQ.

In [2], Green used a similar technic of the extension by loops, to construct
Grobner basis to some indecomposable projectives in Mod-KQ, based on a special
admissible order, where the loops where always maximal elements.

In our work, we start with a quotient of a path algebra with an admissible order,
and we define another quotient of path algebra, also with an admissible order, which
we will call the extended by loops algebra.

Let K be a field and @ a finite quiver. Let A = KQ/I be the path algebra
associated to @ and I a two-sided ideal of K. Consider in A the multiplicative
basis B and > an admissible order in B.
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DEFINITION. 3.1. Let A = KQ/I, as above, we define Q, where Q has the same
vertices of Q and for each vertex i of Q, we add a loop l; in Q1, and we consider
the K-algebra N = ICQ/f, where I = (I,aZ — Za) as a two-sided ideal of KQ,
with o € Q1 and Z = Eie\Qo\ l;. We call A the extended by loops algebra of A.

Observe that Z is the sum of all the new loops that were added to the quiver.
For A’ we consider the following basis B = {Z"b: b € B and n > 0}. Both A and
A’ are finitely generated as K-algebras, moreover B and B are finitely generated as
semigroups.

For each generator set U of B, as a semigroup, we associate the following generator
for B, U = U U{l; : i € |Qq|}. Tt is not hard to see that U is minimal if and only
if U is minimal.

Define in B the order

e; <1 < b, for every i,j € |Qp| and b € B and

if by < by in B or

n mh, if -
Z =2 lef'{ if by = by in Band n <m

We show now that this is, in fact, an admissible order.
Let Z™by, Z™bsy, Z"bs, Z5by € B, then:

(1) if Z™by < Z™bg and Z"™by1 Z"bs and Z™bsZ"bs are non zero, we have that,
if by < by then b1b3 < babs. Now, if by = by, n < m and so by1bs = babz and
n+r<m-+r. Then, Z"b1Z"b3 < Z™byZ"b3.

(2) in the same way, if Z"b; < Z™be, then Z"b3Z™by < Z"b3Z™bs, if the
products are non zero.

(3) if Z"by = Z™byZ"b3 Z%by = Z™ T 5hybgby, we have that r < n and bz < by
so Z"by <X Z"by.

Therefore, the order < given above is an admissible order.

DerFiNtTION. 3.2, For f = Y 1" \;b; € A, we define the homogenization of f in
A by
=" N 26—y,

Observe that, for every f € A, the homogenization of f is an homogeneous
element.

LemMaA 3.3. For every f,g € A, we have Z¥(fg)* = f*g*, with k = £(f) +£(g) —
t(fg).

Proor. Let f = E:‘L:l Aib; and g = Z;nzl ﬁjbj, with /\i,ﬁj € A and b;, bj € B.
Since £(f) + £(g) > €(fg), consider the natural number k = £(f) + £(g) — £(fg)-
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Then,

g = O Aibz‘)*(z Bibi)*
i=1 j=1

= (U AZAD (3 2t

i=1 j=1
= Z \if3; 2D HUD = (bbb
.7
= Z /\iﬁjZZ(fg)’z(bibJ)Zkbibj
2
= Z"Q_NiBbiby)
2

= 25 M) Biby)”
i=1 j=1

= ZMfg)

Now, we define the following application, between the algebras A’ and A:
w: AN — A

that associates to each element Z"b € B the element b € B, for every n € N.
Observe that, for every b € B, there exists Zb € B such that ©(Zb) = b. In this
way, we have that ¢ extended by linearity to every element in A’ is, in fact, an
epimorphism of algebras. Also, observe that ker(yp) = (Z — 1).

To simplify the notation, we call g. = ¢(g) for every g € A’

Levmma 3.4. For every f € A we have (f*). = f.

Proor. Let f =3, \;b;, with \; € A and b; € B. Observe that
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(f)e = Oz,

i=1
n

= Z()\igﬁ(f)fé(bi)bi)*

i=1

= M) ),

i=1

= E”: Aibi
i=1

= f

LemmMmaA 3.5. Let g € A’ homogeneous of length d and let d’' = €(g.). Then d' < d
and g = Z% (g,)*.

Proor. The inequality d < d follows from the definition of g.. Let m €
suppg(g), m = Z't, with t € B. Then the monomial m, € suppp(g.) correspondent
to m is t. As {(t) = d — i the monomial in supp((g.)*) correspondent to m. is
tZ4=(d=0) Then Z4-4(g,)* = g. 1

DerinNiTION. 3.6. Let F C A and G C A/, we define by
F*={f":feF}
G.={9.:9€G}

Lemwma 3.7. Let f € A. Then £(f) = £(f*).

Proor. Consider f = Z:L Aib; with \; € K and b; € B, where B is a basis of
A 1<i<m.
By definition we have that f* =", X ZHH =10y, - For every summand of f*
we have:
(U0 = (D) 4 4(b) = (U(F) = b)) + E(bi) = £()
Then, £(f*) = max {£(Z*DN=CIp,) 1 1 <i <m} = L(f) 1

LemmMA 3.8. Let F = {fi}iez be a subset of A, not necessarily finite, and [ =
Sitirifisi € (Fy. If d = max {€((r;)*(fi)*(s:)*) : 1 < i < m} and d' = ((f).
Then Z3= f* e (F*).
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Proor. Consider k; = £(r;) + £(f;) + £(si) — £(r; fisi), 1 < i < m, by 3.3 we
have z* (rifisi)” = ()" (fi)*(s:)"

Let f = (327 (ri)* (fi)" (si)")" = 207, 247 00 HUDHE) ()= (f3)* (s)" =

(o, Za=tra)H )+ s) Zki (7, f;5,)*, by lemma 3.3. So, f € (F*) and is homo-
geneous (by construction ) with @’ = ¢(f) < d. Moreover, using lemma 3.3 and
lemma 3.4, we have

7* _ (Z Zd—@(f‘,;)-i—[(f,;)-‘,—@(s,;)zk,: (rzfzsz)*)*
1=1
d—L(ri)+L(fi)+L(si) [ * * *
= Yz e (1))
=1

m
= > rifisi=/f
i=1
Using Lemma 3.5, we can conclude that
J=2"""(F)y =2
As d'" < d, finally we have:
ded’f* _ ded”Zd”fd'f* _ ded”T € (F*)

LemMA 3.9. Let F be a subset of A. Then ((F*)). = (F).

Proor. Let f € (F). By Lemma 3.8, Z*f* € (F*), for some k € N, and then

F=("e = (2" ) € ((F))s
By the other hand, if g € (F*), say g = ., ri(fi)*s; with f; € F and r;,s; € A’
for 1 <i < m, we have

NE

ge = (Q_ri(fi)7si)

1

(ri)« [(£i)"]x (50)«

<.
Il

I
Ms

<.
Il
i

Il
.MS

@
I
—

(1) fi(si)x

So, g« € (F). |
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We reproduce here the Elimination Theorem, found in [2], to discuss and com-
pare the two results. For that, we define some new concepts.

Let Q be a quiver and <;; a length-lexicographic order defined in the basis of
paths B of Q. Let o be a maximal arrow with respect to <;; in B.

We define the quiver Q,, in the following way: (Q,)o = Qo and (Q,)1 = Q1\{a}.

For 7 a set of indices, we define the following application V' : 7T — Qq. Let
P = H V(i)KQ a ( right) projective in £Q-Mod.

€T
We define P, = H V(1)K Q, a right projective module in
€T
K9,-Mod.

Let Bp be a K-basis of P with order < such that:

(1) For every mq,ms € Bp and every b € B, if m; < mg, then m1b < mob, if
m1b and mob are non zero.

(2) For every m € Bp and every by, by € B, if by <j; by, then mb; < mby, if
both are non zero.

(3) For every m € Bp and every b € B, mb =0 or mb € Bp.

Let m € P, m = Zx\imibi, with m; € Bp, b € Be \; € K. We call
€T
tip(m) = the m; such that m; < m; for every j € 7. For X C P, we will
call by tip(X) = {tip(z) : x # 0,z € X }.
Following Green, we say that G C P is right a Grobner basis for P, with respect
to the order <, if tip(G) generates tip(P) as a right module.
Here is Green’s Elimination Theorem, found in [2].

THEOREM 3.10. [2] Let Q be a quiver and let <j; be a length-lexicographic order

in B, where B is the set of paths in Q. Let « be a mazimal arrow with respect to

<y imQand P = H V(1)K Q a projective in KQ-Mod. Let Bp be an ordered basis
ieT

( as defined above ) for P. If G is a right uniform (reduced ) Grébner basis for P,

then Go = G N P, is a right uniform (reduced ) Grébner basis for P,.

As a consequence of the Elimination Theory, Green find a new algebra KQ[T],
that we will call added by loops.

This algebra KQ[T] is an hereditary algebra, obtained adding loops to @, as
above, but without adding any relation. Observe that both are hereditary algebras
and the basis of Q[T] is ordered in such a way that the new loops are maximal
elements. In this situation, given two ideals and generators sets (Grobner basis),
we can find, as described in [2], a generators set (Grobner basis), of the intersection
of these ideals, constructed by the Elimination Theorem (that can be found, with
more details, in [2], section 8).

In our work, there are no additional hypothesis over the given order, the only
additional assumption is that the extra loops must be between the vertices and the
arrows.
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Moreover, we consider the more general case, where A = KQ/1, is not necessarily
hereditary.

THEOREM 3.11. Let F be a subset of A and let G C A’ be homogeneous. If G is
a Grobner basis for (F*), then G is a Grobner basis for (F).

Proor. Suppose that G is a Grobner basis for (F*). We will prove the theorem,
using the definition of Grobner basis.

As G, C (F), then (Tip(G.)) C (Tip((F))), and we only need to verify that
(Tip((F))) C (Tip(G«)), that is, if given f € (F') there exists g. € G. such that
Tip(g.) divides T'ip(f).

Let f € (F), we can write f = >_7" | A\;b;, where \; € K and b; € Bfor1 <i < m.

Without lost of generality, assume that Tip(f) = by, then

= )\IZZ(f)—K(bl)bl + ZAiZZ(f)—K(bi)bi
i=2
it follows by the given order that Tip(f*) = Z* N =4tp, = Z"Tip(f).

By lemma 3.8, there exists k € N such that h = Z*f* € (F*). By the above
observation, Tip(h) = Z* Z"Tip(f).

As G is a Grobuner basis for (F*), there exists ¢ € G such that Tip(h) =
ZkrrTip(g)Z%ss, for some ZFrr, ZFss € B. Tip(g) € B, so Tip(g) = Z*sb for
some b € B and k, € N. By the definition of order in A’ for every Z'b, # T'ip(g)
that occurs in g, Z%sb > Z'b,, then b > b;, or b = b, and kg >t , but this cannot
occur, because g is homogeneous, so Tip(g)« = b.

Then, Tip(h) = ZkZ"by = Z*rTip(g) Z*:s =
Zkry ZkabZks s = Zkrtkatkspps. So, we have
by = (Tip(h)). = (2271, = (Z51Tip(g) 2% s). = (Z4rrZ¥sbZkes), =

(ZFthothapbs), = rbs.

Then Tip(f) = rTip(g.)s, and s G, is a Grobner basis for (F'). 1
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