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A DESCRIPTION OF HEREDITARY SKEW GROUP ALGEBRAS
OF DYNKIN AND EUCLIDEAN TYPE

OLGA FUNES

ABSTRACT. In this work we study the skew group algebra A[G] when G is a
finite group acting on A whose order is invertible in A. Here, we assume that
A is a finite-dimensional algebra over an algebraically closed field k. The aim
is to describe all possible actions of a finite abelian group on an hereditary
algebra of finite or tame representation type, to give a description of the
resulting skew group algebra for each action and finally to determinate their
representation type.

1. INTRODUCTION

In this work we assume that A is a finite-dimensional algebra over an alge-
braically closed field k. Let G a finite group acting on A. The skew group algebra
A[G] is the free left A-module with basis all the elements in G and multiplication
given by (Ag)(ph) = Ag(p)gh for all A\, in A, g, h in G. We study the skew group
algebra A[G] when G is a finite group acting on A whose order is invertible in A.

There is an extensive literature about skew group algebras A[G] and crossed
product algebras A *., G, and their relationship with the ring AY, given by ele-
ments in A that are fixed by G. It is of interest to study which properties of A
are inherited by A[G], A %, G or A%, Some of these ideas are rooted in trying to
develop a Galois Theory for non-commutative rings. See [1, 3, 7, 9, 10, 11, 14, 13]
for more details.

It is of interest to find ways to describe A[G] in terms of A because the algebras
A and A[G] have many properties in common which are of interest in the represen-
tation theory of finite-dimensional algebras, like finite representation type, being
hereditary, being an Auslander algebra, being Nakayama, see [2, 16] for more de-
tails. However, we must observe that there are properties which are not preserved
by this construction, like being a connected algebra, so we are dealing with essen-
tially different algebras.

It is well known [6] that a connected hereditary algebra is of finite representation
type if and only if the underlying graph of its quiver is one of the Dynkin diagrams
Ap, (n > 1), D, (n > 4), Eg, E7 or Eg; some years later it was shown that a
a connected hereditary algebra is of tame representation type if and only if the
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underlying graph of its quiver is one of the euclidean diagrams :4; (n >1), D,
(n>4), Eg, E. or Evg, see [4, 12, 17].

The aim of this paper is to describe all possible actions of a finite abelian group
on an hereditary algebra of finite or tame representation type, to give a description
of the resulting skew group algebra for each action and finally to determinate their
representation type.

Then, in order to classify the finite and tame representation type hereditary
skew group algebras, it suffices to study the group actions on the Dynkin and the
euclidean quivers. In order to do this description, we start by considering a short
exact sequence of groups 1 — H — G — T — 1. We can express A[G] in terms
of the skew group algebra A[H][T] or the crossed product algebra A[H]*, T. In
this context, we describe when A[G] is isomorphic to A[H|[T], for G a finite group
whose order is invertible in A. In section 2 we provide an introduction to the
subject, that is, the definition of skew group algebra and crossed product algebra.
Finally, in section 3 we consider hereditary algebras of finite representation type
and in section 4 we consider hereditary algebras of tame type. In each one of these
cases, that is, when the associated quiver is A,, (n > 1), D,, (n > 4), Es, E7, Es,
Avn (n>2), Dvn (n>4), Evﬁ, E; or ,E\;, we get a connection between A[G] and the
crossed product algebra A[H|+G/H with a complete description of all the possible
groups GG/ H appearing in each case, where H is the subgroup of G consisting on all
the elements acting trivially on a complete set of primitive orthogonal idempotents
of the algebra A. As a consequence of all these results, we get that if H acts
trivially on A then the crossed product algebras obtained in each description are
skew group algebras. Finally, the case A is considered at the end of section 4.

2. SKEW GROUP ALGEBRAS

This section consists of the preliminaries necessary for the proof of the main
results.

Let A be a finite-dimensional k-algebra and G a finite group acting on A. The
skew group algebra A[G] is the free left A-module with basis all the elements in G
and multiplication given by (Ag)(uh) = Ag(p)gh for all A, uin A, g, h in G. Clearly
A[G] is a finite-dimensional k-algebra. If we identify each g in G with 159 in A[G]
and each A in A with Al¢ in A[G], we have that G is the group of units of A[G]
and A is a k-subalgebra of A[G].

Let A be a basic finite-dimensional algebra (associative with unity) over an
algebraically closed field. A quiver @ = (Qo,Q1,s,t) is a quadruple consisting
of two sets Qo (whose elements are called points, or vertices ) and @y (whose
elements are called arrows), and two maps s,¢ : Q1 — (o which associate to each
arrow « € (7 its source s(a) € @, and its target t(a) € Qo . An arrow a € @1
of source a = s(a) and target b = t(«) is usually denoted by « : a — b. A quiver
Q = (Qo, Q1, s,1) is usually denoted briefly by @ = (Qo, Q1) or even simply by Q.
Thus, a quiver is nothing but an oriented graph without any restriction as to the
number of arrows between two points, to the existence of loops or oriented cycles.
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We write a path a in @ as a composition of consecutive arrows a = aq -+«
where s(;) = t(a;q1) foralli =1, ;r—1, and we set t(a) = t(an), s(a) = s(a,.).
The path algebra kQ is the k-vector space with basis all the paths in @, including
trivial paths e, of length zero, one for each vertex = € Qy. The multiplication of
two basis elements is the composition of paths if they are composable, and zero
otherwise. A relation from x to y is a linear combination p = Y., A;u; such that,
for each 1 <7 < r, \; is a non-zero scalar and u; a path of length at least two from
x to y. A set of relations on @) generates an ideal I, said to be admissible, in the
path algebra £Q of Q.

It is well-known that if A is basic there exists a quiver () and a surjective algebra
morphism v : kQ — A whose kernel [ is admissible, where ), the ordinary quiver
of A, is defined as follows:

i) If {e1, - ,e,} is a complete set of primitive orthogonal idempotents of
A, the vertices of @ are the numbers 1,2,--- ,n which are taken to be in
bijective correspondence with the idempotents ey, -+, ey;

i) Given two points a,b € Qg the arrows « : a — b are in bijective correspon-
dence with the vectors in a basis of the k-vector space e %ea.

Thus we have A ~ kQ/I. We refer to [2] for more details.

If G is acting on a basic algebra A, we can view A as kQ/I in such a way
that the action of G on A is induced by an action of G on k@ which leaves [
stable and preserves the natural grading on kQ by the length of paths. Then A[G]
is isomorphic to (kQ)[G]/I((kQ)[G]), see [16, Proposition 2.1]. Moreover, if @
contains no multiple arrows, the action of G on kQ) is simple: each g € G permutes
the vertices in () and maps each arrow « : i — j onto a multiple scalar of the
unique arrow from ¢(7) to g(j). From now on we assume A = kQ/I with the action
of G as described above, @) without double arrows.

Proposition 2.1. Let G be a finite group acting on A, let Qa be the associated
quiver of A, Qa without double arrows, and m = |G|. We consider the action of G
on Q induced by an automorphism of algebras which preserves the length of paths

of Q. Then

i) If g€ G, i € Qo, then g(e;) = e; for some j € Qo;

i) If g € G and a € Q1, then g(a) = AB for some arrow B € Q1, A € k. In
particular, if g fizes the starting and ending point of a then g(a) = Aa,
with X = 1;

iii) If e; is a source (sink) then g(e;) is a source (sink);

iv) The cardinal of the set of arrows that start (end) in e; is equal to the
cardinal of the set of arrows that start (end) in g(e;).

Proof. i) Let e; be a primitive idempotent in A. Since the action of G pre-
serves the vector space generated by arrows, g(e;) = Z?Zl Aje;j. More-

over, g(e;) = g(ef), then we have that >3"_ ) Aje; = Y7, Me;, and
hence )\? = Jj, that is, A\; = 0,1. On the other hand, suppose g(e;) =
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el + ey + Z?=3 Ajej. Then

ei=g '(e1+es+ Z Ajej) =g Her) + 9 (ea) + 971(2 Aje;s)-
j=3 j=3

But this is a contradiction because e; es primitive. Then g(e;) = e; for
some j.

ii) fa e @, gla) => Na; with og € Q1, A\ € k. Moreover if a = e;ae; then
g(a) = g(ei)g(a)g(e;) = > N3, for some arrow 3 : g(e;) — g(e;), because
@ has no double arrows. Then g(a) = AS.

iii) Let e; be an idempotent of A. Suppose that e; is a source and g(e;) is
not. Then, there exists an arrow [ such that ¢(3) = g(e;), that is, there
exists an index r such that 8 : g(e,) — g(e;) € Q1. Since the action of
G on @ is induced by an automorphism of algebras which preserves the
length of paths, there exists an arrow « such that g(a) = 5. Then we have
B = glei)Bgler) = glei)g(a)g(e,) = gle;ae,) = 0 because e; is a source.
This contradiction arises from the assumption that g(e;) is not a source.
Similarly we prove that if e; is a sink then g(e;) is a sink.

iv) Let F, ={a € Q1: s(a) =e;} and V¢, be the k-vector space with basis
F,.,. If g € G, by ii) we know that the automorphism g : A — A induces
an isomorphism g : Ve, — Vg(,). Then the cardinal of Fi, and Fy,) are
equal.

O

2.1. Crossed product algebra A[H]| %, T. The purpose of this section is to
present the crossed product algebras in order to study when A[G] is isomorphic to
A[H][T]) where 1 - H — G — T — 1 is a short exact sequence of groups. We start
with the definition of crossed product algebras and prove, for completeness, Theo-
rem 2.2 that connects the skew group algebras with the crossed product algebras.
See [16] for more details.

Let A be a ring, G a finite group acting on A, U(A) the units of A and ~ :
G x G — U(A), a map satisfying

!0

(1) v(g,9")v(99’,9") = 9(~(g',9")(g,9'g") for g,9",9" € G;
(2) v(e,9) =1=~(g,e) for g € G, e the identity element of G;

(3) (9,999 (N) = g(g’(M)(g,9") for g,9" € G, A € A.
Then the corresponding crossed product algebra A, G has elements ) 4G AiGi;
A € A. Addition is componentwise, and multiplication is given by gA = g(\)g and
91 92 = (91, 92)9192.
Let G be a group and 1 — H — G — T — 1 be a short exact sequence of
groups. Let G = Hxy U Hxo U--- U Hxy be a disjoint union of lateral classes.
Then T' = {71, - ,T;} where T; = Hz;, =7 =1.

Theorem 2.2. If1 - H — G — T — 1 is a short exact sequence of groups, then

AG] ~ A[H] %, T
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where the action of H on A is induced by the action of G, the action of T on A[H|
1s defined by

%, (M) = 2 (\) ajha;
and v : T x T — U(A[H]) is defined by v(T7,T;) = xizjz, !, with T;x; = T;.
Proof. We consider the action of H on A induced by the action of G and the action
of T on A[H] given by T;(Ah) = z;(N) a:jha:;l. We claim that the action is well
defined since H is a normal subgroup of G. If x;,x; € G then z;x; € Hx, for some
r, that is T;%; = Z. Let v: T x T'— U(A[H]) be defined by

(TG, T5) = wiajay

A direct computation shows that ~ is a crossed product. Now let us see that the
map ¢ : A[G] — A[H] % T given by

ZA”h T — Z ZA”h )T,

7j=1 i=1
is an isomorphism of k‘—algebras, where m = |G| . Clearly ® is a morphism of
k-vector spaces. If T;z; = T, then
@(Ahzx] . )\,htfﬁs) = @()\ (hz{E])(A/) hixjhtxs) (1)
= O\ (hiz;)(N) hixjhtxj_l zizsr, b @) (2)

X (hiwy)(X) hiajhea;t wjoaayt @,

because H is a normal subgroup of G. On the other hand we have

—
w
s

O(Mhizj) . DN hizs) = AT . NhiTs (4)
= A T;(Nhe) 7(F;,T6)T5T5 (5)
= Ah; z;(XN) a:jhta:j_l zixsw, Ty (6)
= A hi(z;(\)) hia:jhtm;l Tzt T (7)

and (3) agrees with (7). Furthermore it is clear that @ is bijective, hence we get
A[G] ~ A[H] +, T. O

Corollary 2.3. If 1 —- H — G 5 T — 1 s a short exact sequence of groups
that splits on the right, then A[G] = A[H][T].

Proof. We only have to prove that the map 7 defined in the theorem above is such
that y(u,v) = 1 for any u, v € T where ’y(mz,mj) = zzjx, Y, with z2; € Hx,
for some r. If the sequence 1 — H — G = T — 1 splits on the right, there exists
amap 0 : T — G such that w0 d = 1p. Let T = w(x,). Since T = (7 0 0)(T7),

then 5(3%) = T, and hence we assume that z, := 6(Z,). Since J is a morphism
of groups, mjz; = 5(3:1)(5(3:3) = 0(z;,7;) = §(Tiz;) = 6(T») = z, and therefore
v(T, %) = xixje, ' = 1. Now it is clear that A[G] = A[H][T]. O
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Corollary 2.4. If G=H xT or G=H x T then A|G] = A[H][T].

It is clear that the map v : T'x T'— U(Z(A)) which defines a crossed product is
by definition a cocycle with respect to group cohomology, see [8] for more details.
We shall prove that if the cocycle v is a coboundary, then we have A %, T ~ A[T].

Proposition 2.5. [16, Lemma 5.6] Let 6 : T — U(Z(A)) be a map, §(1) =1, and
let v: T xT — U(A) be given by

(g, 1) = g(6(h)) 6(gh)™" 5(g)-
Then Ay T ~ A[T).
Proof. A direct computation shows that ~ defines a crossed product. Let ¥ :

A x, T — A[T] be defined by W(At) = Ad(t)t. Then ¥ is a morphism of algebras
because

fo(A%.Xf’) - v
v

= TAD).TWNT).

Therefore ¥ is an isomorphism and hence A *, T ~ A[T]. O

We say that G acts trivially on an element A if g(A) = A forallg € G. If G is a
finite abelian group of order m acting trivially on A with m invertible in A, then
A[G) ~ [T%, A. In fact, by Maschke’s theorem we have that k(G) ~ [/~ k, see
[11]. Now the map 1 : A®j k(G) — A[G] given by p(A@ D" Nigi) = ey ANigs
is an isomorphism of k-algebras.

Proposition 2.6. [16, Proposition 5.8] Let T' be a finite cyclic group acting on a
commutative local algebra R with the order of T invertible in R. Then H*(T,U(R)) =
1.

We may infer from the previous proposition that if 7' is a finite cyclic group
with the order of T is invertible in A, and Z(A) (the center of A) is a local algebra,
A sy T ~ A[T] because any cocycle is a coboundary. In particular, if A is a basic
connected algebra without oriented cycles, Z(A) = k.

Corollary 2.7. Let G be a finite abelian group acting on a basic connected algebra
A where the associated quiver has no oriented cycles, with the order of G invertible
in A. Let H be a subgroup of G which acts trivially on A, with T = G/H cyclic.
Then A[G] ~ A[H|[T).
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Proof. It follows from Theorem 2.2 that A[G] >~ A[H]*, T, and A[H] ~ Ax---x A
by Maschke’s theorem. Since H is abelian and acts trivially on A, v takes values in
the set of invertible elements of the center of A[H]. But Z(A[H]) ~ k x --- x k and
T is cyclic, so Proposition 2.6 implies that - is a coboundary. From Proposition
2.5 we may deduce that A[G] ~ A[H][T]. O

It is known that if G is a finite group of order m acting trivially on the idempo-
tents of A and m is invertible in A, then G is an abelian group, see [15, Proposition
2.7]. In fact, given g1,92 € G, gi(@) = w;a with w; a m-root of unity. Hence
g192() = wiwaar = gog1(ar), and this equality holds for any arrow a. Moreover,
for every j g1g2(ej) = e; = gagi(ej). So gig2 = g291-

Finally, we state a result that will be used in the proof of the main theorem in
this work.

Theorem 2.8. [5, Theorem 8]. Let G be a finite abelian group of order m acting
trivially on a complete set of primitive orthogonal idempotents of a simply connected
algebra A = kQ/I, Q without double arrows and m invertible in A. Then A|G] ~

[T=, A

3. A[G] wWITH G AN ABELIAN GROUP AND A AN HEREDITARY ALGEBRA OF
FINITE REPRESENTATION TYPE

The aim of this section is to describe all possible actions of a finite abelian group
on an hereditary algebra of finite representation type and to give a description of
the skew group algebra for each action.

Gabriel has shown in [0] that a connected hereditary algebra is representation-
finite if and only if the underlying graph of its quiver is one of the Dynkin diagrams
Ay, Dy, (n > 4), Eg, E7 or Eg, that appear also in Lie theory, where the index
in the Dynkin graph always refers to the number of points in the graph. Then, in
order to classify the representation-finite hereditary skew group algebras, it suffices
to study the group actions on the Dynkin quivers.

An (77,21) | ° @2 ° .Oén,1.
1 2 3 n—1 n
1e

&
D,, (n>4) B, Lt
/3 4 n—1 n

«

2”7
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4
as
Eg L @ | as
1 2 3 5 6
4
as |,
E; L o | ag a5 0
1 2 3 5 6 7
4
as |,
Eg ay Qz | Q4  Qp Qg Q7

1 2 3 5 6 7 8
Before we present the results, we need some definitions.

Definition 3.1. We say that an quiver of type As,+1 has symmetric orientation
if it is symmetric with respect to the middle point r + 1.

Definition 3.2. We say that an quiver of type D,,, n > 4, has symmetric orien-
tation if s(a1) = s(ag) = ez or t(ay) = t(az) = es.

Definition 3.3. We say that an quiver of type Dy has

i) symmetric orientation of kind (a) if s(an) = s(az) = t(az) = es or
t(ar) = tlag) = s(as) = e3; and,
ii) symmetric orientation of kind (b) if s(ar) = s(az) = s(az) = ez or

t(al) = t(ag) = f,(Oé3) = €3.

Definition 3.4. We say that the quiver QQ of type Eg has symmetric orientation
if it is symmetric with respect to the side 3 — 4, that is,
i) s(ar) =e1 and s(as) = eq, or t(ar) = e1 and t(as) = eq;
and,
ii) s(ag) =e3 = s(aq), or t(ag) = es = t(ay).

Remark 3.5. (i) The quiver Ag.yq is symmetric with respect to the middle
point v + 1 if that point is center of symmetry of the quiver.
(ii) The quiver Eg is symmetric with respect to the side 3—4 if the line obtained
with the points {3,4} is a symmetry axis of the quiver.

As we have already mentioned, if G is acting trivially on A, we have A[G] =
[1;%, A. Hence, from now on, we will assume that G is acting non trivially on A.
Let H ={g: g(e;) = ¢; for all i in Qo}. Clearly H is a normal subgroup of G.
Let T=G/H, then 1 - H — G — T — 1 is a short exact sequence of groups.
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Theorem 3.6. Let A = kQ be an hereditary algebra, with Q of type A, (n > 1),
D, (n > 4), Es, Er or Eg, and G a finite abelian group of order m acting non
trivially on A, with m invertible in A. Let H = {g: g(e;) = e; for all i in Qo}.
i) If H= G then A[G] =[]}~ A;
i) If HC G and A = kQ with Q of type A, then Q is of type Agni1, with
symmetric orientation, the order of G is even and A[G] ~ ( :1/12 A) %,
7.)27;
i) If HC G and A = kQ with Q of type D,,, n > 4, then Q has symmetric
orientation, the order of G is even and A[G] ~ ( :1/12 A) «y Z/27;
iv) If HC G and A = kQ with Q of type Dy then
iv.1) Q has symmetric orientation of kind (a), the order of G is even and
AG) = (TT}2) A) %, Z/2L,
or
iv.2) Q has symmetric orientation of kind (b), the order of G is divisible by

2 or 3, and A[G] ~ ( ?;/12 A)xyZ)2Z or A[G] ~ ( ;’;/13 A)*y Z/3Z.
v) If H C G and A = kQ with Q of type Eg then Q has symmetric orientation,
G is a group of even order and A[G] ~ ( ;’;/12 A) xy Z/27;

vi) If A = kQ with Q of type E7 or Q of type Eg then H = G and A[G] =
[T, A

Proof. In order to prove the theorem, we need a precise description of all the
possible actions of G on A = k@, for each type and orientation of Q. We use
Proposition 2.1 to describe all possible actions of G on kQ with @ of type A,,, Dy,
Eg, E7 or Eg.

i) See Theorem 2.8.

ii) Let A = kQ with @ of type 4, and let ¢ € G, g & H. If gle1) = e1
then g(ay) = &aq. This implies g(es) = es and g(az) = oo with &1, &
m-roots of unity. Repeating this procedure we have that g(e;) = e; implies
g(a;) = &ay with & an m-root of unity, and this for all i = 1,--- ,n — 1.
Hence the action of ¢ is trivial on the idempotents e; of A. So g € H, a
contradiction. So g(e1) # e1. In this case g(e1) = e, and e1, e, will have
to be sinks or sources, see Proposition 2.1. This determines the orienta-
tion of oy and ay,—1. Moreover g(ay) = & an—1. So g(e2) = en—1 and
g(a2) = &aan—o. Inductively, g(e;) = en—i+1 and g(o;) = & an—s, and this
foralli=1,--- ;n—1,with & € k, £ # 0. If n = 2r is an even number we
have that g(e,) = €441, g(€r41) = e, and if «,. is the arrow . : 7 — 7+ 1,
then g(ay) = glery1)g(ar)g(er) = erg(ar)er41 = 0, contradiction. We
also get a contradiction if a,. : ¥ + 1 — r. Then if the number of vertices
is an even number, the unique possible action on the set of idempotents is
the trivial one.

Let Q = Ag,41 with g acting non trivially on the set {e1,..., e,} of
idempotents of A. Then g(e;) = egry2-; and g(a;) = &aary1-4, hence
the quiver () has symmetric orientation. Moreover, g%(e;) = e; for all 4,
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so g2 € H. Then G has even order m = 2s and § &5y = 1, for all
i. Let g €T, g & H. Since ¢’ ¢ H, g’ does not act trivially on the set
{e1, - ,en} of idempotents of A. By the previous reasoning, the unique
non trivial action is given by ¢’(e;) = e2,42—;. Then gg'(e;) = g(eary2—i) =
€ari2—(2r4+2—i) = €i- As a consequence gg' € H, that is g9’ = 1. Then
7 = (g)”' = g because g2 € H, and hence T ~ Z/2Z. Hence, if the
group G does not act trivially on the set {e1,--- ,e,} of idempotents of A,
in accordance with the previous analysis we have that m = 2s is an even
number and @ is of type A1 with symmetric orientation. In this case
we have T~ Z/2Z. Hence A[G] ~ A[H| %, Z/2Z ~ (I];_, A) *y Z/2Z, see
Theorem 2.2 and Theorem 2.8.

iii) Let A = kQ with Q of type D,, n > 4. Assume that the group G is not

acting trivially on the set {e1,---,e,} of idempotents of A. We observe
that all g € G must satisfy g(es) = es, see Proposition 2.1. If ¢ ¢ H then
g(er) = ea, g(ea) = e1 and g(e;) = ¢; for all i = 3,--- ,n. This determines

the orientation of the arrows, that is, @) has symmetric orientation, and
glar) = &ag, glag) = &aq, glay) = &ay for all 4 = 3,--- ,n — 1, with
&3, ,&u—1 m-roots of unity, &1,& € k non zero. Then g%(e;) = e; for
all 4, that is, g> € H. So G has even order m = 2s and &¢&5 = 1. Let
g € G, g ¢ H. By the previous reasoning, ¢’ and ¢ act in the unique
possible non trivial way on the complete set of idempotents of A. Then
g9’ (e1) = glea) = e1, gg'(e2) = g(e1) = ez and gg’'(e;) = e; for all ¢ =
3,---,n. Hence g¢’ € H, that is g¢’ = 1, then § = @)71 = g because
g* € H. Hence T ~ 7Z/27 and |G| is an even number.

It follows from the previous analysis that |G| = m = 2s is an even
number and the quiver ) has symmetric orientation. Hence we have A[G] ~
A[H) %y Z)27 ~ (T];_1 A) *y Z/ 2.

iv) Let A = kQ with Q of type Dy.

Let g € G, g ¢ H. Necessarily g(es) = e3, by Proposition 2.1, and all
possible cases are:

i) gi(e1) = e2, gi(e2) = e1, gi(ea) = eq;
ii) ga(e1) = e, galez) = e2, galea) = e1;
iii) gs(e1) = e1, gs(ez) = e4, gs(es) = e2;
iv) ga(e1) = ez, ga(e2) = e, ga(es) = e1;
v) gs(e1) = e, gs(e2) = e1, gs(es) = ea.

In fact g2,93,92 € H, g3,95 € H and g495 € H,50G, = (g5) 1 in T. On
the other hand, since g;g; # g;g; for all 4, j with 7 # j and 1 <4, <4 and
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G is abelian, we have that G cannot contain simultaneously elements acting
as ¢, g; for all 4, j with ¢ # j and 1 < 4,5 < 4. Consequently T ~ Z/2Z
or Z/3Z. The cases 1), ii) and iii) determine the orientation of the arrows
aq and ag, that is, @ has symmetric orientation of kind (a) or (b), and the
cases iv) and v) determine the orientation of all the arrows, that is, @ has
symmetric orientation of kind (b).

In accordance with Definition 3.3 and with the previous analysis for @
of type Dy, we have that the quiver @ has symmetric orientation of kind
(a) and m = 2s, or has symmetric orientation of kind (b) and m = 2s or
m = 3s. From Theorem 2.2 and Theorem 2.8 we have that, in the first
case, T' ~ Z/2Z and A|G] ~ A[H] %y Z/2Z ~ (I];_; A) *y Z/2Z. In the
second case, the order of G is divisible by 2 or 3, T'~ Z/27Z or T ~ Z/3Z,
and A[G] ~ A[H] %y Z/2Z ~ (]];_, A) xy Z/2Z or A|G] ~ A[H] x, Z/3Z ~
(IT;=1 A) %y Z/3Z.

We need again a precise description of all the possible actions of G on A =
kQ with Q of type Eg. Let g € G, g ¢ H. By Proposition 2.1, g(e3) = e3,
and this implies that g(es) = e4. On the other hand g(e1) = ey or eg. If
g(e1) = e1, then g(ea) = ez and g(e5) = e5. This is a contradiction, because
g ¢ H. Then g(e1) = eg, and this implies that g(e2) = e5 and g(eg) = e1.
This determines the orientation of the arrows, and we have g(a1) = & s,
glaz) = &au, g(as) = &az, glas) = a1 and  gaa) = &saz with
&1,€9,€4,&5 € k non zero and €3 an m-root of unity. Since g2(e;) = e; for
all i, then g> € H. So G has even order m = 2s and &¢&5 = 1, £5¢5 = 1.
Let ¢’ € G be such that ¢’ € H. Hence, gg'(e;) = e; for all i. Therefore
g9’ =1,3°> =1 and ?2 =1 that is, ¢’ =g, and then T ~ Z/27Z. Hence, if
the group G does not act trivially on the set {e1,---,e6} of idempotents
of A, in accordance with the previous analysis, we have that |G| = m = 2s
is an even number, @ has symmetric orientation and T ~ Z/27Z. Hence
A[G) ~ A[H] % Z)2Z ~ (T];_, A) *+ Z/2Z, see Theorem 2.2 and Theorem
2.8.

If we consider the cases @) of type E7 or Eg, the unique possible action on
the set of idempotents is the trivial one. Hence G = H and T' = 1 and the
result follows from i).

O

Corollary 3.7. Let A = kQ be an hereditary algebra, with Q of type A, (n > 1),
D,, (n>4), Eg, E; or Eg, and G an abelian group of order m acting on A, with
m invertible in A. Suppose that G does not act trivially on the set {e1, - ,en} of
idempotents of A and H acts trivially on A.

If A = kQ, with Q of type Aspi1 with symmetric orientation, then A[G] ~

(IT;=, MZ/2Z);
If A = kQ, with Q of type D,,, n > 4, with symmetric orientation, then
AlG] = (IT= M1Z/2Z);
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iil) If A = kQ, with Q of type D4 with symmetric orientation of kind (a), then
A[G] ~ (I1;-, M[Z/22];

iv) If A = kQ, with Q of type Dy with symmetric orientation of kind (b), then
AG) = (T2 M)[2/22) or A[G) = (T2 N)[2/32).

v) If A = kQ, with Q of type Eg with symmetric orientation, then A[G] ~
(ITi=; M)[z/22).

Proof. Tt follows from Theorem 3.6 and Corollary 2.7. O

The following Corollary follows easily from [16, (2.3), (2.4)].

Corollary 3.8. Let A = kQ be an hereditary algebra, with Q of type A,, (n > 1),
D,, (n>4), Eg, E7 or Es, and G a cyclic group of order m acting on A, with m
invertible in A.

(i) Let k be a field such that chark # 2,3. If A = kQ is an hereditary al-
gebra with Q of type Dy and G = Z/3Z ‘s acting non trivially on the set
{e1,++ ,es} of idempotents of A, then the skew group algebra A[Z/3Z)] is
Morita equivalent to an algebra kQ' with Q" of type Dy. If G = Z /27 is

acting non trivially on the set {e1,--- ,en} of idempotents of A, then the
skew group algebra A[Z/27) is Morita equivalent to an algebra kQ' with Q'
of type As.

(ii) Let k be a field such that chark # 2. If A = kQ is an hereditary algebra,
with @ of type Asry1 and G = Z/2Z is acting non trivially on the set
{e1, -+ ,ear41} of idempotents of A, then the skew group algebra A[Z/27)
is Morita equivalent to an algebra kQ' with Q" of type Dyyo if r > 2 and
of type Az if r =1.

(iii) Let k be a field such that chark # 2. If A = kQ is an hereditary algebra,
with @ of type Dy, n >4, and G = Z/27 is acting non trivially on the set
{e1, ,en} of idempotents of A, then the skew group algebra A[Z/27Z)] is
Morita equivalent to an algebra kQ' with Q' of type Aspn_3.

(iv) Let k be a field such that chark # 2. If A = kQ is an hereditary alge-
bra, with Q of type Eg, and G = Z/2Z is acting non trivially on the set
{e1, -+ ,en} of idempotents of A, then the skew group algebra A[Z/2Z)] is
Morita equivalent to an algebra kQ' with Q' of type Eg.

For an example of Corollary 3.8 see [16, (2.3), (2.4)].

4. A[G] WITH G AN ABELIAN GROUP AND A AN HEREDITARY ALGEBRA OF TAME
REPRESENTATION TYPE

The aim of this section is to describe all possible actions of a finite abelian group
on an hereditary algebra of tame representation type, to give a description of the
skew group algebra for each action and finally to determinate their representation
type.

It is well known that a connected hereditary algebra is of tame representation
type if and only if the underlying graph of its quiver is one of the euclidean diagrams
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;1; (n>1), bvn (n > 4), Evﬁ, E; or E; where an euclidean diagram ANn has n+1
points. Then, in order to classify the tame representation type hereditary skew
group algebras, it suffices to study the group actions on the euclidean quivers. It
is necessary to clarify that the case A; will be considered separately later on.

!
ay/ Y1
N .

A, (n>1) n+1e
. o7
r—T—l
1e en+1
% oy,
— O[3
D, (n>4) . . on—1
) @2 o,
)
Qg |,
4
as
E/‘G a1 . (65 1 (0759 _ (675

s g a7

g s a6 a7 ag

Before we present the results, we need some definitions.
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Definition 4.1. We say that an quiver of type A, (n > 2) has

1) symmetric orientation if n = 2r — 1 is odd and the quiver is symmetric
with respect to an axis i — —i+ 7,

ii) cyclic orientation of order s if the full subquivers with vertices {j(s — 1) +
1,j(s=1)+2,--- ,(j+1)(s— 1)+ 1} are all equal, and s is minimal with
respect to this property (1 <s<n+1).

Remark 4.2. Supose you have ;1; with a fized oritentation. Choose s such that
g(1) = s, for any action g. This set, a non-empty set of the natural numbers, has
a first element and this is the s of the definition.

Definition 4.3. We say that an quiver of type lf)vn, n >4, has

i) symmetric orientation of kind (a) if
t(ay) = tlag) = es, or
s(a1) = s(ag) = es, or
t(an) = tlan—1) = en_1, or
s(an) = s(an—1) = €1,

i) symmetric orientation of kind (b) if n = 2r is even and the quiver is sym-

metric with respect to the middle point r + 1;

Definition 4.4. We say that an quiver of type Dy has symmetric orientation of
order t if the number of arrows starting at the vertex 3 is equal tot, fort =1,2,3,4.

Definition 4.5. We say that an quiver of type Eg has
i) symmetric orientation of kind (a) if s(a1) = e1, s(ay) = es, s(ag) = ez or
t(ar) = e1, t(as) = e5 t(ag) = er and e is a source or a sink;
i) symmetric orientation of kind (b) if it is not symmetric of kind (a) and it
is symmetric with respect to the side 3 —4 — 5.

Definition 4.6. We say that an quiver of type E has symmetric orientation if it
is symmetric with respect to the side 5 — 4.

Remark 4.7. (i) We say that the quiver Q is symmetric with respect to the
middle point r + 1 if that point is center of symmetry of the quiver Q.
(ii) We say that the quiver Q is symmetric with respect to an azxisi— —i+r, if

the line obtained with the points {i,i+ r} is symmetry azis of the quiver.

Let G be a group and we will assume that G is acting trivially on A, we have
A[G) =TI/~ A. Hence, from now on, we will assume that G is acting non trivially
on A. Let H=1{g: g(e;) =e¢; for all i in Qp}. Clearly H is a normal subgroup of
G. Let T=G/H, then 1 - H — G — T — 1 is a short exact sequence of groups.

Theorem 4.8. Let A = kQ be a tame hereditary algebra, with Q of type ;1;
(n>1), D, (n>4), Es, E7 or Es, and G a finite abelian group of order m acting
non triwially on A, with m invertible in A.
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i) If H=G then A[G] = [[,~, A;
ii) If HC G and A = kQ with Q of type A, then
ii.1) @ is symmetric not cyclic, n = 2r — 1 if it is symmetric with respect
to one axis, or n = 4r' — 1 if it is symmetric with respect to a pair of
perpendicular azes, the order of G is divisible by 2 or 4 respectively,
and A[G] ~ ([T N) %, Z,/2Z or A[G] ~ ([T A) %, (2,27, 7./ 2T) ;
ii.2) @ is cyclic of order s, not symmetric, M is the smallest natural num-
ber such that M (s — 1) is divisible by n+ 1, the order of G is divisible
by M and A[G] ~ ([T/M A) ., 2/ MZ;
or
ii.3) @ is symmetric and cyclic of order r + 1, n = 2r — 1, the order of
G is divisible by 2 or 4 and A[G] ~ ( ?;/12 A) %y Z/2Z or A[G]
(T A) %y (227 % 7,)27)
iii) If HC G and A = kQ with Q of type 5;, n > 4 then
iti.1) @ has symmetric orientation of kind (b), not (a), the order of G is
even and A[G] ~ ([T A) *, 227,
ili.2) @ has symmetric orientation of kind (a), not (b), the order of G is
diwvisible by 2 or 4, and A|G] =~ ( ;1/12 A) %y ZJ2Z  or A[G] ~
(T2 8) =, (2/22 % 2/22),
or
ili.3) @ has symmetric orientation of kind (a) and (b), the order of G is
divisible by 2 or 4 and A[G] ~ ( ?;/12 N)xyZ/2Z, A[G]~( ;’;/14 A)*y
()22 x 7J2Z) or A[G] ~ ([T}"\* A) *, Z/AZ.
iv) If HC G and A = kQ with Q of type Dy then
iv.l) Q is symmetric of order 1 or 3, the order of G is divisible by 2 or 3
and A[G] ~ ([T™2 N) %, Z)2Z or A|G] ~ ([[7"/2 A) =, Z/3Z;

t=1 t=1
iv.2) Q is symmetric of order 2, the order of G is divisible by 2 or 4 and
A[G] =~ (T2 A) 4 227 or A[G) ~ ([T} A) %, (/27 x 7./27,);
or
iv.3) Q is symmetric of order 4, the order of G is divisible by 2, 3 or 4
and A[G] ~ (TTMEN) ., 2/22, N[G] ~ ([TFA) =, Z/3Z, A[G] ~
(TIMEA) % (227 x 7)27) or NG ~ ([T} A) %y Z/AZ ;
v) If HC G and A = kQ with Q of type Eg then
v.1) Q has symmetric orientation of kind (a), the order of G is divisible by
2 or 3 and A[G] ~ ( ;1/12 A) %y Z/27Z or A|G] ~ ( ;’;/13 A)*y Z/3Z;
or
v.2) Q has symmetric orientation of kind (b), the order of G is divisible by
2 and A[G] ~ ([T/2 A) %, Z./27;
vi) If H C G and A = kQ with Q of type E7 then Q has symmetric orientation,
G is a group of even order and A[G] ~ ( 11/12 A) %y Z/27;
vii) If A = kQ with Q of type Es then H = G and A[G] =[]}~ A.

12
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Proof. In order to prove the theorem, we need a precise description of all the
possible actions of G on A = k@, for each type and orientation of Q. We use
Proposition 2.1 to describe all possible actions of G' on kQ with @ of type Am Dn,
EG, E. or Es. We observe that we identify the elements of Z/(n + 1)Z with the
natural numbers 1,2,--- ,n + 1 in the indexes of the idempotents e;.

i) Theorem 2.8 cannot be applied because A is not simply connected. Using
[16, (2.3), (2.4)] for this case we have A[G] = [}~ A (where s = 1, |G| = n,
m=n/s=mn, u=0.---,n—1 under the conditions of [16, (2.3)]) .

ii) Let A = kQ with @ of type ;1; and let g € G, g ¢ H. Assume that g fixes

at least one point, say g(e;) = e;. Then g(e;j1+1) = ej+1 or g(ej+1) = ej_1.

In the first case, repeating this procedure we have that g(e;) = e; for

all ¢, and so g € H, a contradiction. In the second case, we get that

g(e;) = egj4nt1—i, for all 7, and this determines the orientation of the

arrows. If n = 2r, we have g(e,1;) = eryjt1 and gler4j11) = eppj,

contradiction since there is only one arrow joining e,4; and e,y;41. So

n = 2r — 1 and @ has symmetric orientation. Moreover, g%(e;) = e; for all

i,s0g> € H.

Now let g € G, g & H, g(e;) # e; for all i. Let g(e1) = e;. If g(e2) =
ej—1, the previous reasoning says that there must exist a middle point
between 2 and j—1 that will be fixed by g, a contradiction. So g(e2) = €41,
and inductively we get that g(e;) = ej_14;. This determines the orientation
of the arrows, and so @ is cyclic of order s, where s is the first element in
the set {j € N : there exists g € G such that g(e;) =e;_14:}. Let go € G
be such that go(e;) = es—14:. Let j —1=¢q(s—1)+¢, with0 <t < s—1.
Then gg, “(ei) = gle—_g(s—1)+i) = €(j—1)—q(s—1)+i = €t+i- I t # 0, we get
a contradiction to the minimality of s. So j —1=¢(s — 1) and g9, ? € H
and g =9gp?in T.

We denote by

Gi={9€G:g¢ H,g(e;) =e; for some j },

Go={9€G:9g¢ H,g(e;) =ej_14; for some j, 1 < j <n—+1,Vi}.

We have already proved that G; # () if and only if Q has symmetric
orientation, and G # () if and only if Q is cyclic of order s.

Assume first that @ is cyclic of order s and is not symmetric. We have
seen that § = go? in T for any g € G2. Moreover, gl(e;) = Ch(s—1)4i» SO
gh € H if and only if h(s — 1) is divisible by n + 1. Let M be the smallest
natural number such that M (s — 1) is divisible by n+ 1. We conclude that
T ~ 7Z/MZ in this case.

Assume now that @ is symmetric but not cyclic, and let g, ¢’ € G1, that
is, g(e;) = €2j4nt1—i and ¢'(e;) = €apynt1—; for some j and ¢, n = 2r — 1.
We assume, without loss of generality, that ¢ > j. If g¢’ = ¢'g, then
eaj—t)+i = 99'(€i) = 9'g(ei) = ea(—j)14, 80 2(t — j) is divisible by r. Since
1<t,j<n+1, Wehavethat2(t—j)—qrforq70 1,2,3. If ¢ = 0,2
then g(e;) = ¢’(e;) and hence g~'¢’ € H, that is, g = ¢’ in T, and hence
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T ~ Z/2Z in this case. If ¢ = 1,3 then n = 47’ — 1 and @ is symmetric
with respect to the axes j — —j + 2" and j+ 1" — —j + 37/ and in this case
T ~7/27 x Z)2Z.

Finally, assume that @ is symmetric (n = 2r — 1) and cyclic of order s,
and let g € Gy and g € Go, that is, g(e;) = ej4nt1—i and go(e;) = €s—144-
If gg0 = gog, then ezjini1-s11-i = ggo(ei) = gog(ei) = €s—142j4nt1-i, 5O
s — 1 is divisible by 7. Since 1 < s <n + 1, we have that s — 1 = r and in
this case M =2 and T ~ Z/27Z x Z/2Z.

Finally, from Theorem 2.2 and [16, (2.3)] we have the conclusions, that
is A[G) ~ A[H] %, T or A[G] ~ A[H] %, T ~ (IT;_; A) #, T.

Let A = kQ with @Q of type D,,, n > 4. Let g € G, g ¢ H. We observe first
that {g(es),g(en—1)} = {es,en—1}, see Proposition 2.1.

Assume first that g(es) = e3 and g(e,—1) = e,—1. Then g(e;) = e; for all
i=4,---,n—2. Since g ¢ H, we must have g(e1) = ez or g(e,) = g(€nt1)-
This implies that @ has symmetric orientation of kind (a) and all possible
actions are given by:

1) gi(e1) = ez, gi(e2) = e1, gi(en) = €ny1, g1(eny1) = €n;

2) ga(e1) = e2, g2(e2) = e1, ga(en) = €n, g2(€nt1) = €nyi1;

3) ga(e1) = e1, gs(e2) = e, ga(en) = ent1, g3(eny1) = en.
Since g%, 93,95 € H and gag3 = g1 = g3ga, we conclude that T' ~ Z/27Z or
7)27 x Z/2Z.

Assume now that g(es) = e,—1 and g(e,,—1) = es. Then, using the same
argument as in the proof of Theorem 3.6 in the case of A,,, we conclude
that @ is symmetric of kind (b). If @ is not of kind (a), the unique possible
non trivial action on the complete set of idempotents is given by g(e1) =
ent1s 9lent1 = gler), glez) = enr glen) = €2 and gle;) = en_iy2 for all
i=3,---,n— 1. In this case, T ~ Z/27.

To finish with this case, we have to assume that ) is symmetric of kind
(a) and (b). Then all the possible non trivial actions are given by

1) gi(e1) = eny1, g1(e2) = en, gilen) = €2, gilent1) = €1, gi(e;) =

en—its foralli=3,--- ,n—1;

2) ga(e1) = en, g2(e2) = eny1, g2(en) = e1, gi(ent1) = ea, gaei) =
en—its foralli=3,--- ,n—1;

3) gs(e1) = ent1, gs(e2) = en, gslen) = e1, gslent1) = ez, ga(e:) =
en—its foralli=3,--- ,n—1;

4) ga(e1) = en, gale2) = eny1, galen) = ea, galent1) = e1, gale;) =
en—its foralli=3,--- ,n—1;

5) gs(e1) = ez, gs(e2) = e1, gs(en) = en, gs(ent1) = ent1, gslei) = e;
foralli=3,--- ,n—1;

6) ge(e1) = e1, golez) = ea, go(€n) = ent1, golent1) = en, gole:) = e
foralli=3,--- ,n—1;

7) gi(e1) = e2, gr(e2) = e1, gr(en) = ent1, gr(ent1) = en, gr(ei) = e
foralli=3,--- ,n—1.

Rev. Un. Mat. Argentina, Vol 50-1



18 OLGA FUNES

Now ¢2,93,92,92,92 € H, g5 € H, gi € H and gs493 € H. Moreover, if
i # j, then g;g; = gjg; implies that (¢,7) is equal to (1,2), (1,7), (2,7),
(3,4), (3,7) or (4,7). Moreover g19297, 9497 € H. Hence T =~ Z/27Z,
Z)27. x 7,/27 or Z/AZ.

Finally, from Theorem 2.2 and Theorem 2.8 we have that A[G] ~ A[H]x,
T~ ([[_;A) =, T. -

iv) Let A = kQ with @ of type Ds. Let g € G, g ¢ H. Necessarily, by
Proposition 2.1, g(es) = es. If @ is symmetric of order 1 or 3, the same
reasoning made for Dy in the proof of Theorem 3.6 holds, and hence T" ~
7)27 or T ~ 7./3Z.

If @ is symmetric of order 2, assume that s(a1) = s(az) =3 = t(ag) =
t(as). Hence all the possible cases for g ¢ H are:

i) gi(e1) = e2, gi(e2) = e1, gi(ea) = es, g1(es) = eu;

ii) ga(e1) = e1, ga(e2) = €2, gales) = es, ga(es) = eu;
iii) gz(e1) = ea, gs(e2) = e1, ga(ea) = €4, g3(es) = es.

In fact 62,92, 63 € H, gags(es) = gr(es) and g,g;(es) = g;g5(e;) for all
s,j with 1 <4i,5 <3 and for all i = 1,--- ,n. Consequently T' ~ Z/27 or
7)27 x 7.)]27.

If @ is symmetric of order 4, all the possible cases for g ¢ H are in one
to one correspondence with the non trivial permutations of ey, es, eq, €5.
Hence T ~ Z/27Z, Z /37, 7./27 x Z/27 or Z/4Z (all the possible abelian
subgroups of Sy).

Finally, from Theorem 2.2 and Theorem 2.8 we have that A[G] ~ A[H]x,
T~ ([[_,A) =, T.

v) This case follows from an argument similar to what has been done in the
proof of Theorem 3.6 for the case Dy (for any g € G, g(e3) = e3 and the
action of g on es, ey, €6 is uniquely determined by the action of g in e, e5
and e7).

vi) Let A = kQ with @ of type E., and let ¢ ¢ H. By Proposition 2.1,
g(e4) = e4 and then g(es) = e5. Now g(ey) = e1 or eg. In the first case
we get that g(e;) = e; for all ¢, and so g € H, a contradiction. Then
g(e1) = es and this determines completely the orientation of the arrows,
that is, Q has symmetric orientation, and the action of g on the complete
set of idempotents of A. Since g? € H, we can deduce that |G| = m = 2s
is an even number. Let ¢’ € G, ¢’ € H. By the previous reasoning, g’ and
g act in the unique possible way on the complete set of idempotents of A.
Then gg'(e;) = e; for all i, hence gg’ € H, that is, ¢/ =g ! =gin T. So
T ~7/2Z and A[G] ~ A[H|+, Z/27 ~ (]];_, A) * Z/2Z, see Theorem 2.2
and Theorem 2.8. o

vii) If we consider the case @ of type Es, the unique possible action on the
set of idempotents is the trivial one. Hence G = H, T = 1 and the result
follows from 1i).
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Corollary 4.9. Let A = k‘Q be an hereditary algebra, with Q of type A (n>1),

D (n>4), E6, E7 or Eg, and G an abelian group of order m acting on A, with
m invertible in A. Suppose that G does not act trivially on the set {e1,- - en+1}
of idempotents of A and H acts trivially on A.

i) If A = kQ with Q of type A, (n>1) and
i.1) Q is symmetric not cyclic, n = 2r — 1 then A[G] ~ ( m/2 N)[Z/27]
or A[G] ~ (T N)Z)2Z x 7./27);
1.2) Q is cyclic of order s, not symmetric, then A|G] ~ ( :’ZlM MN[z/MZ];
or
i.3) Q is symmetric and cyclic of order r +1, n = 2r — 1, then A[G] ~
(mﬂnmmpmm](m“nmmem
i) If A = kQ with Q of type Dn, n >4, and
ii.1) @ with symmetric orientation of kind (b), not (a), then
AlG] ~ (IT}2Y M(z/22),
ii.2) Q with symmetmc orientation of kind (a), not (b), then A[G]
(T2 A)Z/22) or A[G) ~ ([T A)Z/22 x 2./22),
or
ii.3) @ with symmetric orientation of kind (a) and (b) then
AlG] ~ ( m/2 MN[Z/27Z), AG]~( m/4 MN(Z/2Z x Z)2Z) or A|G] ~
O Bz,
iil) If A = kQ with Q of type D4 and
iti.1) Q is symmetric of order 1 or 3 then A[G] ~ ( m/2 MN)[Z/27) or A[G] ~
(L2 M(z/32);
ii.2) @ is symmetmc of order 2 then A[G] ~ ( 212 MN[Z/2Z) or AG] ~
(T4 M) (2/22 x 2/22);
or

iii.3) @ is symmetric of order 4 then A[G] ~ ( m/2 N)[Z/2Z], AG]
(m“nmmmmm](m“nmmem
iv) If A = kQ with Q of type Eg and
v.1) Q with symmetric orientation of kind (a) then A[G] ~ ( m/2 N)[Z/2Z]
or AG] =~ ([ M)(Z/32);
or
iv.2) Q with symmetric orientation of kind (b) then A[G] ~ ( ;n:f MN(z/)27Z);
v) If A = kQ with Q of type E and @ with symmetric orientation then
AG] ~ (T2 M)[z/22).

12

12

Proof. Tt follows from Theorem 4.8 and Corollary 2.7. (]

The following corollary follows easily from [16, (2.3), (2.4)].
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Corollary 4.10. Let A = kQ be an hereditary algebra, with Q of type A (n>1),
D (n>4), Eg, E7 or Eg, and G an cyclic group of order m acting on A, with m
invertible in A.
1) If A = kQ with Q of type As and G = Z)27 is acting non trivially on the
set {e1,--- ,eq} of idempotents of A then the skew group algebra A[Z/27)
is Morita equivalent to an algebra kQ' with Q' of type Dy.
i) If A = kQ with Q of type Asyay , v > 0 and G = Z/27 is acting non

trivially on the set {e1, -+ ,e,} of idempotents of A then the skew group
algebra A[Z/27) is Morita equivalent to an algebra kQ' with Q' of type
D5y

iil) If A = kQ with Q of type 174, and G = Z/27 is acting non trivially on the
set {e1,--- ,es5} of idempotents of A then the skew group algebra A[Z/2Z]
is Morita equivalent to an algebra kQ' with Q' of type As. If G = YARY/
is acting non trivially on the set {e1,--- ,es5} of idempotents of A then the
skew group algebra A[Z/3Z] is Morita equivalent to an algebra kQ' with Q'
of type E. If G = Z/AZ is acting non trivially on the set {e1,--- ,e5} of
idempotents of A then the skew group algebra A|[Z/A7Z) is Morita equivalent
to an algebra kQ' with Q' of type bv4.

iv.l) If A = kQ with Q of type 55+r, r >0 and G = 7Z/27 is acting non trivially
on the set {e1, - ,en} of idempotents of A and the action of g € G on A is
induced by a reflection in the quiver, then the skew group algebra A[Z/27)
is Morita equivalent to an algebra kQ' with Q' of type 115+2r.

iv.2) If A = kQ with Q of type ﬁgr, r >3 and G = 7Z/27 is acting non trivially
on the set {e1,--- ,en} of idempotents of A and the action of g € G on A
is induced by a reflection with respect the middle point e,11 in the quiver,

a) if Q is of type Dg then the skew group algebra A[Z/27Z] is Morita
equivalent to an algebra kQ' with Q' of type bv4;

b) if Q is of type Doy, r > 4 then the skew group algebra A[Z/27) s
Morita equivalent to an algebra kQ' with Q' of type Daje_3.

v) If A = kQ with @ of type Eg and G = Z.)27 is acting non trivially on the
set {e1,--- ,er} of idempotents of A then the skew group algebra A[Z/2Z]
is Morita equivalent to an algebra kQ' with Q' of type E7. If G = YARYA

is acting non trivially on the set {ey,--- ,er} of idempotents of A then the
skew group algebra A[Z/27) is Morita equivalent to an algebra kQ' with Q'
of type Dy.

vi) If A = kQ with Q of type E: and G = Z)27 is acting non trivially on the
set {e1,--- ,es} of idempotents of A then the skew group algebra A[Z/2Z]
is Morita equivalent to an algebra kQ' with Q' of type E7.

The case ;1: is not considered in Theorem 4.8 because the techniques we use
do not hold in this case. In fact, A is the Kronecker algebra and Proposition 2.1
does not hold since this algebra has double arrows. Moreover, Theorem 2.8 cannot
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be applied because A is not simply connected. We will only consider the case of a
cyclic group acting on the Kronecker algebra, then it is possible to apply directly

[16,

(2.3)].

If G is a cyclic group acting on A, the Kronecker algebra, |G| = m with m
invertible in A then all possible actions are given by:

~ —

Al ° °

(1]
(2]
(3]

(4]

9
[10]
[11]
[12]

[13]

1) glei) = e, 1 = 1,2, g(a) = a, g(f) = B and in this case the skew group
algebra A[G] ~ (TT]%, A). [16, (2.3)]
2) g(ez) = €4, i= 1a27 g(a) = )\CY, 9(6) = Mﬂ with A™ = Mm = ]-a
2.1) if A=1 and p # 1 then the skew group algebra A[G] is hereditary of
type A [16, (2.3)]
2.2) If A # 1 and p # 1 then the skew group algebra A[G] ~ [[/~, A. [16,
2.3)]
3) gle;) =e;,i=1,2, g(a) = A3, g(B) = pa with ™ = p™ =1, and in this
case the skew group algebra A[G] is hereditary of type Hfg Aq. [16, (2.3)]
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