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TRANSFERENCE OF LP-BOUNDEDNESS BETWEEN
HARMONIC ANALYSIS OPERATORS FOR LAGUERRE AND
HERMITE SETTINGS

JORGE J. BETANCOR

ABSTRACT. In this paper we discuss a transference method of LP-boundedness
properties for harmonic analysis operators in the Hermite setting to the corre-
sponding operators in the Laguerre context. As a byproduct of our procedure
we obtain new characterizations of certain classes of Banach spaces and Koethe
spaces.

1. INTRODUCTION

From May 26 to June 6, 2008, was held in La Falda (Cérdoba, Argentina) the
congress CIMPA School 2008. In this paper we collect the main results that ap-
peared in the talk presented by the author there. This project research about trans-
ference of L” boundedness properties for harmonic analysis operators in the Her-
mite and Laguerre setting has been developed jointly with José Luis Torrea, from
the Universidad Auténoma de Madrid, Juan Carlos Farina, Lourdes Rodriguez-
Mesa and Alejandro Sanabria, from the Universidad de La Laguna (Tenerife).
Most of the results with their proofs can be encountered in [2], [3] and [4].

In the monograph of Stein [28] harmonic analysis operators (maximal operators,
multipliers, Riesz transforms, Littlewood-Paley g-functions,...) related to semi-
group of operators are defined. Here we consider the operators associated with
semigroups in the Hermite and Laguerre context.

We denote by H the second order Hermite operator defined by

&, 1[/d d d d
H——E"FJ? ——§|:(E+$) (a—x)—f—(%—x)(%—l—x)},l‘ER
(1.1)

This operator is symmetric with respect to the Lebesgue measure on R. For every

22
n € N, we have that Hh, = (2n + 1)h,, where h,(z) = (Va2"n!)"2e~ 2 H, (),
x € R, represents the n- th Hermite function and H,, is the n-th Hermite polynomial

(see [33]).
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40 J. BETANCOR

The heat semigroup {W,}i>0 associated with the sequence {h,}nen of eigen-
functions for the Hermite operator H is defined by

W@ = Wiy fdy, aeR fe2®R) and t>0,

— 00

being

Wt(l‘ay) = Ze_@n—‘rl)thn(x)hn(y)
n=0

1
1 et 2 12, 2 14e 4t 20ye—2t
B ¢—<1_—a e HEHINEE RSy eR >0,
™ — €

As usual, the maximal operator W, of the heat semigroup {W;};>¢ is
W.(f) = sup [We(f)], f e L*(R).

According to the Stein’s ideas ([28]) the factorization (1.1) of H suggests to define
the Riesz transform in the Hermite setting by

R)@) = (o +o)H 7@

2 (27123— 1)1/2}‘”*1(%)“"(13)7 f € Ce(R),
n=0

where, for every n € Nand f € L2(R), an(f) = [ f(2)hn(2)dz. Cc(R represents

the space of C°°(R) having compact support. The fractional integral H~1/2 is
defined by using the heat semigroup as follows

HV2(f) () = % / T W@, f e L(R).

From the results established by Muckenhoupt ([21]) we can deduce that, for every
f e L*(R),

R(f)(z) = lim R(x,y)f(y)dy, a.e. x€R,

e—0 lz—y|>e
being

1 d —1/2
R = — —+x|W R.
(x,v) \/7?/0 (dm a:) Yz, y)t/2dt, o,y €

The subordinated Poisson semigroup associated with {h,}nen is given by

P = [ " Pay)f)dy, f e IA(R),

being

t [e%S)
Pt(xay) = m/o u_g/ze_tQ/(‘l")Wu(x,y)du, te (0700)73579 eR.
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TRANSFERENCE OF LP-BOUNDEDNESS 41

For every 1 < ¢ < oo, we denote by gf the Littlewood-Paley function for the
Poisson semigroup for H, that is,

@@= ([ e re

— 00

/
ap

Similar definitions for the heat semigroup for H can be made.

Harmonic analysis associated with the Hermite polynomials was began by Muck-
enhoupt ([20] and [21]). Maximal operators, Riesz transforms and Littlewood-Paley
g-functions in the Hermite setting have been investigated by Torrea and Stempak
([30], [31] and [32]) and Thangavelu ([34]).

For every a > —1 we consider the Laguerre differential operator

1 d? 9 1 5 1
La§(—ﬁ+$ +ﬁ<a _Z>>’ z € (0, 00).

This operator can be factorized in the following way

1
L, = 5@;;@(1 +a+1, (1.2)

where ®,f = _Ll/Q d
x

d 1
trt o f=aots %(x*afif)—kxf, and D7 denotes

the formal adjoint of D, in L2((0,00),dz). For every n € N, we have that
Lagy = (2n+a+1)g;,
where the Laguerre function ¢ is defined by
o 2I'(n+ 1)
and LS denotes the n-th Laguerre polynomial of type a ([33, p. 100] and [34, p.

7]).

The heat semigroup {W;*}:>0 generated by the operator —L, takes the form

1
2 22
) 67733‘1+%Lg(x2), x € (0,00),

We () (@) = / T W) )y, @ e (0,00), f € LX(0,00), dx)

where, for every ¢,z,y € (0, 00),

Wez,y) =Y e Crretloi(@)en (y)

n=0

1 1
27t \E [ 2aye 2 I 2zye™" \ _i(a?4yt) it
S\l —e 2 1—e 2 e\1T-e2)° ’

Here I, represents the modified Bessel function of the first kind and order «.

The maximal operator associated with the heat semigroup {W }1>¢ is defined by
W(f) = supyso |[W(f)|. The Riesz transform in the Laguerre setting is defined
by (see (1.2))

R*(f) = Do L' ?(f), f € Ce(0,00).
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This operator is actually a principal value integral operator given by

oo

R*(f)(x) = lim RY(z,y)f(y)dy, a.e. x€R,

=0 Jp, |z—y|>e

being
(0% ) \/— «,T t b b b b .

The Poisson semigroup { Pf}:>0 generated by —+/L,, is given in terms of {W};>¢
by the subordination formula.

The Littlewood-Paley gé—““—function, when 1 < g < oo, for the Poisson semigroup
{P#}i>0 is defined by

st (0@ = ( [

— 00

[ee}

qﬂ)l/q.

0 o
1P (@) S

LP-boundedness properties for maximal operators, Riesz transforms and Little-
wood-Paley functions in the Laguerre setting have been established by [8], [13],
[14], [16], [20], [22], [24], [29], and [34], amongst others.

In [2], [3] and [4] a new method is employed to study L? boundedness properties
for the harmonic analysis operators in the Laguerre setting by using corresponding
properties for operators in the Hermite context. Our procedure allows to get new
and shorter proofs of known results and also to obtain new results.

The idea of transferring boundedness properties from Hermite to Laguerre set-
tings was used also by Gutiérrez, Incognito, and Torrea [13] (see also [12] and
[16]). They employed formulae relating Hermite polynomials in dimension n with
Laguerre polynomials in dimension 1 and o = § — 1. The procedure developed in
[13] only allows us to obtain boundedness properties for operators in the Laguerre
setting for these special values of . Then, it is necessary to use some kind of
transplantation result to extend the result to other values of «.

Our method is esentially different to the one considered in [13]. We connect
the harmonic analysis operators in the Laguerre setting for every a > —1 with
the corresponding operators in the Hermite context. More precisely, the kernel of
the operator under consideration is broken in the part close to the diagonal (local
part) and in the part far away from the diagonal (global part). In the local part the
transference between Hermite and Laguerre contexts works. In the global part the
operators can be controlled by positive operators whose LP-boundedness properties
are wellknown.

In the following sections of this paper we show how our method can be applied
to analyze LP-boundedness properties for the maximal operator associated with the
heat semigroup, Riesz transform and Littlewood-Paley g functions for the Poisson
semigroup in the Laguerre setting. Moreover, we can obtain new characteriza-
tions of certain geometric properties (UMD, Hardy-Littlewood and Lusin type and
cotype) by using the harmonic analysis operators in the Laguerre context.

Throughout this paper by C' we always denote a positive constant that can
change from one line to the other line.
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TRANSFERENCE OF LP-BOUNDEDNESS 43

2. MAXIMAL OPERATOR FOR THE LAGUERRE HEAT SEMIGROUP.

In this section we analyze the LP-boundedness properties for the maximal oper-
ator of the heat semigroup in the Laguerre setting. Also we establish new charac-
terizations of certain Banach lattices with the Hardy-Littlewood property.

The key property is the following pointwise estimate involving the kernels of the
heat semigroup for the Hermite and Laguerre operators.

Proposition 2.1. let o > —1. There exists C > 0 such that
(1) We(z,y) < Cy*TV22=73/2 t >0 and 0 < y < x/2.
(i) W (x,y) < Caxot1/2y=2=3/2 1 > 0 and 0 < 2z < y.
(iif) (W (x,y) — Wija(2,y)| < Cz™', t >0 and 2/2 < y < 2z.

Note that the comparison between the kernels W and W, for the Laguerre
and Hermite heat semigroups, respectively, is got in the local region (close to the
diagonal), as it is shown in (##¢). The estimates obtained in (z) and (i¢) say that the
maximal operator W restricted to the global region is controlled by Hardy type
operators. LP-boundedness properties of the Hardy type operators are wellknown
([22] and [8]). Then, LP-boundedness of W is implied by the LP-boundedness of
W..

Suppose that B is a Banach space consisting of equivalence classes, modulo
equality almost everywhere, of locally integrable real functions on a complete o-
finite measure space (£2, %, u). This class of Banach spaces is named Koéethe func-
tion spaces ([18] and [26]) when the following two conditions are satisfied.

(a) If | f(w)| < |g(w)], a.e. w € Q, with f measurable and g € B, then f € B
and | £z < llgll5-

(b) For every A € ¥ with pu(A) < oo the characteristic function x4 of A belongs
to B.

Each Koethe function space is a Banach lattice with the natural order (f > 0 <
f(w) >0, a.e. we Q). This lattice is o-order complete.

Banach lattices and Koethe function spaces with the Hardy-Littlewood property
were introduced in [10]. If f is a real locally integrable B-valued function, where
B is a Koéethe space, and J is a finite subset of Q,, the set of positive rational
numbers, we define

1 n

We say that B has the Hardy-Littlewood property ([10]) when for a certain 1 <
p < oo there exists C' > 0 such that

199 flle @) < CllfllLe @), f € LBR),

for every finite subset J of Q. Maximal operators associated with heat semigroup
for the Ornstein-Uhlenbeck operator (in the Hermite polynomial setting) was used
in [15] to characterize Koethe spaces with the Hardy-Littlewood property. The
corresponding properties in the Hermite and Laguerre context is included in the
following proposition. In its proof the pointwise estimates established in Proposi-
tion 2.1 play a fundamental role.

Rev. Un. Mat. Argentina, Vol 50-2



44 J. BETANCOR

Proposition 2.2. Let B be a Kéethe function space and o > —1. The following
properties are equivalent.

(i) B has the Hardy-Littlewood property.

(ii) The mazimal operator W, is bounded from L% (R, w(x)dz) into itself, for
every 1 <p < oo and w € Ap(R).

(iti) The mazimal operator W. is bounded from L (R, w(z)dz) into L™ (R, w(z)dz),
for every w € A;(R).

(iv) The mazimal operator W is bounded from L% ((0,00),dx) into itself for
some 1 < p < oo, when a > —1/2, and for 2/(2a+3) <p < —2/(2a+1),
when —1 < a < —1/2.

(v) The mazimal operator W is bounded from L¥,((0,00), x%dx) into itself for
every 1 <p <oo and —1 —pla+1/2) <o <pla+3/2)—1.

3. LAGUERRE RIESZ TRANSFORMS

The UMD property for Banach spaces was introduced by Burkholder ([7]) in
a probability setting. For a Banach space B the UMD property is equivalent to
the fact that the Hilbert transform admits a B valued extension to L%(R) as a
bounded operator of LI (R) for some (any) 1 < p < oo ([6] and [7]). Recently,
Abu-Falahah and Torrea ([1]) have obtained a characterization of UMD Banach
spaces in terms of the Riesz transform R associated with the Hermite operator. In
[2, Theorem 4.1] we obtain the corresponding result for the Riesz transform in the
Laguerre setting. To prove this property are crucial the next pointwise estimates
involving the kernels for the Laguerre and Hermite Riesz transforms.

Proposition 3.1. Let « > —1. Then

(i) [Ra(z,y)| < Cy> /220732 0 <y < /2.
(ii) [Ra(z,y)| < Ca¥3/2y=0=5/2 20 < y.
> d dt C (zy)'/4
_ il -2
(iii) ‘R(y(l‘;y) /0 (o + ) Wipa(,y) N (1 T _y|1/2), 0<az/2<

y < 2z.

Note that the Laguerre and Hermite kernels differ in the local part, at most, by
an absolutely integrable function on (0, c0).
By using Proposition 3.1 the following result can be proved.

Proposition 3.2. Let « > —1 and let B be a Banach space. Then the following
statements are equivalent.

(i) B has the UMD property.
(ii) Riesz transform R, admits a bounded extension from L% ((0,00),dz) into
itself, for some p such that max{1,2/(2a+ 3)} < p < co.
(iii) Riesz transform Ry admits a bounded extension from L ((0, 00), 27 dx) into
itself, for every 1 < p < oo and —p(a+3/2) —1< o < pla+3/2)—1.
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4. LITTLEWOOD-PALEY ¢g-FUNCTIONS FOR THE LAGUERRE POISSON
SEMIGROUP.

Xu ([35]) introduced the Lusin cotype and type properties for a Banach space
B as follows. Let f be in LL(T), where T denotes the one dimensional torus. We
consider, for every 1 < ¢ < oo, the generalized Littlewood-Paley g function defined
by

e =([a —r>q||va*f<z>||q31dfr>%,

where P,.(0) represents the Poisson kernel on T. We say that B has a Lusin cotype
q > 2 when for some p € (1,00) it has

190N goiry < ClF ey f € L(T).

It is said that B has a Lusin type 1 < ¢ < 2 when for some p € (1, 00) the following
inequality holds

1 1zgm < € (1FO) 5 + 190(H) ey ) -

The Lusin type and Lusin cotype of B do not depend on p € (1,00). Moreover Xu
proved in [35, Theorem 3.1] that a Banach space B has Lusin cotype ¢ (Lusin type
q) if and only if B has a martingale cotype ¢ (martingale type ¢). We recall that
the double inequality

1 )
ol HfHL%(T) < |f(0)] + H92(f)”Lf;3(T) < CprHL’}’,(’I[‘)a (4.1)
p

holds when B = C, that is, when f is a scalar valued function. For a Banach space
B the above double inequality holds if and only if B is isomorphic to a Hilbert
space ([17]). Recently, Martinez, Torrea and Xu [19] have extended the results
obtained by Xu in [35] to subordinated Poisson semigroups of general symmetric
difusion Markovian semigroups. Also, Harboure, Torrea and Viviani [15] charac-
terized the Lusin cotype of a Banach space by using Littlewood-Paley g-function
in the Ornstein-Uhlenbeck setting. In [3] it is shown that our method of compar-
ison between Laguerre and Hermite contexts allows us to describe the martingale
(Lusin) cotype and type in terms of the Littlewood-Paley g functions associated
with the Hermite and Laguerre Poisson semigroups.

Proposition 4.2. Let B a Banach space, ¢ > 2 and o« > —1. We denote Q, =
2 -2
and Q. = ( ), when —1 < a < —%. The

200+ 3" 200+ 1
following assertions are equivalent.
(i) B has g-martingale cotype.
(i1) For every (or, equivalently, for some) p € Q4 there exists Cp, > 0 such that

||g((11(f)||Lp(0,oo) < Cp||f||L§’3(0,oo)7 f € L%(Oa OO)
(iii) For every (or, equivalently, for some) p € Q, there exists Cp, > 0 such that
l19q(Nllze@) < CpllfllLe, ), f € LL(R).

1
(1,00), when o > —3,
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To establish the above result is fundamental to prove a pointwise estimate in-
volving the kernels of the Laguerre and Hermite Litlewood-Paley functions.

Proposition 4.3. Let B a Banach space, 1 < q <2 and o > —1. Q, is defined
as in Theorem 4.2. Then the following assertions are equivalent.

(i) B has g-martingale type.

(i) For every (or, equivalently, for some) p € Qq there exists Cp, > 0 such that

1Lz, 0.00) < Cpllgg ()L (0,00)-
(iii) For every (or, equivalently, for some) p € Q there exists Cp, > 0 such that

1z, @) < Cpllga(H)llLew)-

5. OTHER OPERATORS IN THE LAGUERRE SETTING.

Our procedure also works for other harmonic analysis operators in the Laguerre
context.
The factorization (1.2) suggests to define (formally), for every k € N, the k-th

Riesz transform Rff) associated with the Laguerre operator by
R =DEL 2.
Here L%, 3 > 0, denotes the 3-th power of the operator L, defined by

_ 1 * e lrra
L@ = 5 [ W@t @ e (0,0),
I'(8) Jo
In the Laguerre polynomial context, Graczyk, Loeb, Lépez, Nowak and Urbina

[12] investigated the corresponding higher Riesz transform ]R(ak) when k£ € N and

a = 5 —1, n € N. They use the connection between n-dimensional Hermite
polynomial and Laguerre polynomials of order o = § — 1, that had been exploited

by Incognito, Gutiérrez and Torrea [13]. Also, Nowak and Stempak [25] studied
weighted LP-boundedness properties for Rff) by using Calderén-Zygmund theory.
An application of our method, by comparing R(ak) with the corresponding k-th
order Riesz transform in the Hermite setting, allows us to improve the results in
[25] in the one dimensional case. In [4] the following result was established. The
class of weights admitted in Proposition 5.1 bellow is wider than the one considered
in [25] when k is odd. Also it is obtained a representation of the higher order Riesz

(k)
«

transform Ry’ as principal value integral operators.

Proposition 5.1. Let a > —1 and k € N. For every ¢ € C°(0,00) it has that

RPo(e) = wed(@) + tm [ RO (e,y)e(y)dy. = € (0,00),

e—0t

0,|lz—y|>e
where -
1
R (z,y) = / B (2, y)dt, 3,y € (0,00),
F(5> 0
2
and wi = 0, when k is odd and wy, = —25, when k is even.
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TRANSFERENCE OF LP-BOUNDEDNESS 47

The operator R&k) can be extended, defining it by

oo

R(ak)f(a:) =wif(x)+ lim Rfyk) (x,y)f(y)dy, a.e. x € (0,00),

e—0+ 0,|lz—y|>e

as a bounded operator from LP((0,00),z°dx) into itself, for 1 < p < oo and
(a) —(a+ %)p— 1<0< (a+ %)p— 1, when k is odd;

(b) —(a+ %)p —1<d< (a + %)p— 1, when k is even;
and as a bounded operator from L'((0,00),x%dx) into L}*°((0,00), 2°dx) when
(c) —a— 3 <6< a+i, whenk is odd;
(d) —a—%géga—l—%,fora;é—%, and —1 < 0 < 1,f0roz=—%, when k is
even.

We can use our method also to study LP-boundedness properties of other Little-
wood-Paley functions in the Laguerre setting. In [5] the behaviour of the area
Littlewood-Paley function for the Poisson and heat semigroups for the Laguerre
operator is studied on weighted Lebesgue spaces. To use our procedure it is needed
in a first step to establish the corresponding results for the area Littlewood-Paley
functions for the Poisson and heat semigroups for the Hermite operator.

Sasso [27] investigated LP-boundedness properties for the spectral multipliers of
Laguerre expansions when the multiplier is the Laplace transform of a bounded
function. After writing the multiplier operator in terms of the Poisson of heat
kernel, our method can be used to establish weighted LP-boundedness for that op-
erators by using the corresponding properties for the spectral multiplier associated
with Hermite expansions.

Recently, Garrigés, Harboure, Signes, Torrea and Viviani [1 1] have studied power
weighted inequalities for Mihlin multipliers associated with Laguerre expansions.
They used the ideas developed in [13] and transplantation theorems. It is an
interesting question to analyze the applicability of our method in the problem
considered in [11] by using the Mihlin-Hormander multiplier theorem for Hermite
expansions (see [34]).

REFERENCES
[1] 1. Abu-Falahah, and J.L. Torrea, Hermite function expansions versus Hermite polynomial
expansions, Glasgow Math. J., 48 (2006), 203-215.

[2] J.J. Betancor, J.C. Farifia, L. Rodriguez-Mesa, A. Sanabria-Garcia and J.L. Torrea, Trans-
ference between Laguerre and Hermite settings, J. Funct. Anal. 254 (2008), 826-850.

[3] J.J. Betancor, J.C. Farina, L. Rodriguez-Mesa, A. Sanabria-Garcia and J.L. Torrea, Lusin
type and cotype and Laguerre g-functions, preprint, 2008.

[4] J.J. Betancor, J.C. Farina, L. Rodriguez-Mesa, and A. Sanabria-Garcia, Higher order Riesz
transforms for Laguerre expansions, preprint, 2008.

[5] J.J. Betancor, S.M. Molina and L. Rodriguez-Mesa, Area Littlewood-Paley functions associ-
ated with Hermite and Laguerre operators, in preparation.

[6] J. Bourgain, Some remarks on Banach spaces in which martingale difference sequences are
unconditional, Ark. Mat., 21 (1983), 163-168.

Rev. Un. Mat. Argentina, Vol 50-2



48

[7]

(8]

(10]

(11]

(12]

[13]
[14]
[15]
[16]

(17]

[18]
[19]
[20]
[21]
[22]

23]
[24]

[25]
[26]
[27]

(28]

J. BETANCOR

D.L. Burkholder, A geometrical characterization of Banach spaces in which martingale dif-
ference sequences are unconditional, Ann. Prob., 9 (1981), 997-1011.

A. Chicco Ruiz and E. Harboure, Weighted norm inequalities for the heat-diffusion Laguerre’s
semigroups, Math. Z. 257 (2007), 329-354.

R. Coifman and G. Weiss, Analyse harmonique non-commutative sur certains espaces ho-
mogenes, Etude de certaines integrales singulieres, Lecture Notes in Mathematics, Vol. 242.
Springer-Verlag, Berlin-New York, 1971.

J. Garcia-Cuerva, R. Macias, and J. L. Torrea, The Hardy-Littlewood property of Banach
lattices, Israel J. Math., 83 (1993), 177-201.

G. Garrigés, E. Harboure, T. Signes, J.L. Torrea, and B. Viviani, A sharp weighted trans-
plantation theorem for Laguerre function expansions, J. Funct. Anal. 244 (2007), no. 1,
247-276.

P. Graczyk, J.-L. Loeb, I.A. Lépez, A. Nowak and W. Urbina, Higher order Riesz transforms,
fractional derivatives and Sobolev spaces for Laguerre expansions, J. Math. Pures Appl. (9)
84 (2005), 375-405.

C. Gutiérrez, A. Incognito and J.L. Torrea, Riesz tranforms, g-functions and multipliers for
the Laguerre semigroup, Houston J. Math. 27 (2001), 579-592.

E. Harboure, C. Segovia, J.L. Torrea and B. Viviani, Power weighted LP-inequalities for
Laguerre-Riesz transforms, Arkiv Mat., 46 (2008), 285-313.

E. Harboure, J. L. Torrea, and B. Viviani, Vector valued extensions of operators related to
the Ornstein-Uhlenbeck semigroup, J. Analyse Math., 91 (2003), 1-29.

E. Harboure, J.L. Torrea and Viviani, Riesz transforms for Laguerre expansions, Indiana
Univ. Math. J. 55 (2006), 999-1014.

S. Kwapien, Isomorphic characterizations of inner product spaces by orthogonal series with
vector valued coefficients, Collection of articles honoring the completion by Antoni Zygmund
of 50 years of scientific activity, VI. Studia Math., 44 (1972), 583-595.

J. Lindenstrauss, and L. Tzafriri, Classical Banach spaces, II. Function spaces, Springer
Verlag, Berlin, 1979.

T. Martinez, J. L. Torrea, and Q. Xu, Vector-valued Littlewood-Paley-Stein theory for semi-
groups, Adv. Math., 203 (2006), no. 2, 430-475.

B. Muckenhoupt, Poisson integrals for Hermite and Laguerre expansions, Trans. Amer. Math.
Soc. 139 (1969), 231-242.

B. Muckenhoupt, Hermite conjugate expansions, Trans. Amer. Math. Soc. 139 (1969), 243—
260.

B. Muckenhoupt, Conjugate functions for Laguerre expansions, Trans. Amer. Math. Soc.
147 (1970), 403-418.

B. Muckenhoupt, Hardy’s inequality with weights, Studia Math. 44 (1972), 31-38.

A. Nowak and K. Stempak, Riesz transforms and conjugacy for Laguerre function expansions
of Hermite type, J. Funct. Anal. 244 (2007), 399-443.

A. Nowak and K. Stempak, Riesz transforms for multi-dimensional Laguerre function expan-
sions, Adv. Math. 215 (2007), no. 2, 642-678.

J. L. Rubio de Francia, Martingale and integral transforms of Banach space valued functions,
Lecture Notes in Math., Springer, 1221 (1986), 195-222.

E. Sasso, Spectral multipliers of Laplace transform type for the Laguerre operator, Bull.
Austral. Math. Soc., 69 (2004), no. 2, 255-266.

E. M. Stein, Topics in harmonic analysis related to the Littlewood-Paley theory, Ann. of
Math. Studies 63, Princenton Univ. Press, Princenton, 1970.

Rev. Un. Mat. Argentina, Vol 50-2



TRANSFERENCE OF LP-BOUNDEDNESS 49

[29] K. Stempak, Heat-diffusion and Poisson integrals for Laguerre expansions, Tohoku Math.
J.(2) 46 (1994), 83-104.

[30] K. Stempak and J.L. Torrea, Poisson integrals and Riesz transforms for Hermite function
expansions with weights, J. Functional Anal. 202 (2003), 443-472.

[31] K. Stempak and J.L. Torrea, Higher Riesz transforms and imaginary powers associated to
the harmonic oscillator, Acta Math. Hungar. 111 (2006), 43-64.

[32] K. Stempak and J.L. Torrea, On g-functions for Hermite function expansions, Acta Math.
Hungar., 109 (2005), no. 1-2, 99-125.

[33] G. Szegd, Orthogonal polynomials, Colloquium Publications, Vol. XXIII, American Math.
Soc., Providence, R.I., 1975.

[34] S. Thangavelu, Lectures on Hermite and Laguerre expansions, Mathematical Notes, 42,
Princeton University Press, Princeton, 1993.

[35] Q. Xu, Littlewood-Paley theory for functions with values in uniformly convex spaces, J.
Reine Angew. Math., 504 (1998), 195-226.

J. Betancor

Departamento de Analisis Matemético

Universidad de la Laguna

Campus de Anchieta, Avda. Astrofisico Francisco Sénchez, s/n
38271 La Laguna (Sta. Cruz de Tenerife), Spain
jbetancoCull.es

Recibido: 1 de agosto de 2008
Aceptado: 18 de diciembre de 2008

Rev. Un. Mat. Argentina, Vol 50-2



	1. Introduction
	2. Maximal operator for the Laguerre heat semigroup.
	3. Laguerre Riesz transforms
	4. Littlewood-Paley g-functions for the Laguerre Poisson semigroup.
	5. Other operators in the Laguerre setting.
	References

