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SOME SLATER TYPE INEQUALITIES FOR CONVEX
FUNCTIONS OF SELFADJOINT OPERATORS IN HILBERT
SPACES

S. S. DRAGOMIR

ABSTRACT. Some inequalities of the Slater type for convex functions of selfad-
joint operators in Hilbert spaces H under suitable assumptions for the involved
operators are given. Amongst others, it is shown that if A is a positive definite
operator with Sp(A) C [m, M] and f is convex and has a continuous deriv-
ative on [m, M|, then for any z € H with ||z|| = 1 the following inequality

holds:
Aff Az oz
0§f< <f,(A)x7x>) (f (A)z,z)
1 [My (M) ) /
<3 g my M I AD =)

1. INTRODUCTION

Suppose that I is an interval of real numbers with interior [ and f:I—Ris
a convex function on I. Then f is continuous on I and has finite left and right
derivatives at each point of I. Moreover, if 2,y €l and z < y, then f’. () < fi(x) <
I (y) < f% (y) which shows that both f’ and f/ are nondecreasing function on L
It is also known that a convex function must be differentiable except for at most
countably many points.

For a convex function f : I — R, the subdifferential of f denoted by Of is the

set of all functions ¢ : I — [—00, 00] such that ¢ (I) C R and

f@)>f(a)+ (x—a)p(a) for any z,a € I.

It is also well known that if f is convex on I, then 0f is nonempty, f’, fi € 0f
and if ¢ € Jf, then

L (z) <p(x) < fi(x) for any z € L

In particular, ¢ is a nondecreasing function.
If f is differentiable and convex on I, then 9f = {f’} .
The following result is well known in the literature as the Slater inequality:
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110 S. S. DRAGOMIR

Theorem 1 (Slater, 1981, [14]). If f : I — R is a nonincreasing (nondecreasing)
convez function, x; € I,p; > 0 with P, := Y1 p; > 0 and > i, pip (z;) # 0,
where ¢ € Jf, then

n

P, ;pzf( z) < f( 22;1}7“0 (xz) ) . (1.1)

As pointed out in [2, p. 208], the monotonicity assumption for the derivative ¢
can be replaced with the condition

Yoy pixip ()
Z?:l pi®p (xi)

which is more general and can hold for suitable points in I and for not necessarily
monotonic functions.

el, (1.2)

2. AN OPERATOR REVERSE FOR THE SLATER INEQUALITY

Let A be a selfadjoint operator on a complex Hilbert space (H;(.,.)). The
Gelfand map establishes a x-isometrically isomorphism ® between the set C' (Sp (A))
of all continuous functions defined on the spectrum of A, denoted Sp (4), an the
C*-algebra C* (A) generated by A and the identity operator 1y on H as follows
(see for instance [3, p. 3]):

For any f,g € C' (Sp(A)) and any «, 8 € C we have

(i (af+6g)—a<1>( )+ 59 (g);

(i) (fg)=® (/)@ (g) and @ (f) — & (f)";

(i) (19 (1) = 7] == suprespn 1F (1))

(iv) @ (fo) =1y and @ (f1) = A, where fo (t) =1and f; (t) =t, fort € Sp(A).

With this notation we define

fA):=d(f) forall feC(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on Sp (A),
then f(t) > 0 for any t € Sp(A) implies that f(A) > 0, i.e. f(A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp (A4) then
the following important property holds:

f(t) > g(t) for any t € Sp(A) implies that f (A4) > g (A) (P)

in the operator order of B (H).

For a recent monograph devoted to various inequalities for functions of selfad-
joint operators, see [3] and the references therein. For other results, see [11], [12],
[13], [9] and [10].

The following result holds:

Theorem 2. Let I be an interval and f : I — R be a convex and differentiable
function on I (the interior of I) whose derivative f' is continuous on I If A is a
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SOME SLATER TYPE INEQUALITIES 111

selfadjoint operator on the Hilbert space H with Sp (A) C [m, M] cland f' (A) is
a positive definite operator on H then

o< s (L A1

Fiay) @

< B(f', A4 2) [(Af (A) 2, 2) — (Az, ) (f' (A)z, )], (2.1)

where

1 (AP (W)
BUS o) = roy e ay ! ( <f'<A>x,x>>

for any x € H with ||z| = 1.

Proof. Since f is convex and differentiable on i, then we have that

fils) (t=s)<f)—f(s) < 1) (t—s) (2.2)

for any t,s € [m, M].
Now, if we fix ¢ € [m, M| and apply the property (P) for the operator A, then
we have

(f'(A)- (1o — Aw,z) < ([ () - L — f (A)] 2, 2)
(W)t 1g—A)aa) (23)

for any ¢ € [m, M] and any = € H with ||z] = 1.
The inequality (2.3) is equivalent with

t(f (A z,z) = (f (A) Az, z) < f () = (f(A) z,2) < f1 (1)t = f' () (Az,2) (24)

for any t € [m, M| any « € H with ||z]| = 1.

Now, since A is selfadjoint with mly < A < M1pg and f’(A) is positive def-
inite, then mf’ (A) < Af' (A) < Mf'(A), i.e., m{f (A)z,z) < (Af' (A)z,z) <
M (f' (A)z,z) for any € H with ||z| = 1, which shows that

(Af"(A) z, x) .
tg = —————¢ M] f € H with =1.
o= St € M) for any @ € H with o]
Finally, if we put ¢ = ¢y in the equation (2.4), then we get the desired result
(2.1). O

Remark 1. It is important to observe that, the condition that f' (A) is a positive
definite operator on H can be replaced with the more general assumption that

(Af"(A) =, x)
(1" (A)z,x)
which may be easily verified for particular convex functions f.

We also notice that the first inequality in (2.1) is the operator version of Slater
inequality (1.1).

e I for any x € H with ||z| =1, (2.5)
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112 S. S. DRAGOMIR

Remark 2. Now, if the function is concave on I and the condition (2.5) holds,
then we have the inequality

(AS (A) 2, ) >
(f" (A, z)
< B(f', A 2) [(Az,2) (f' (A) 2, 2) — (Af' (A) =, )], (2.6)

0< <f<A>x,x>—f<

for any x € H with ||z|| = 1.
The following examples are of interest:

Example 1. If A is a positive definite operator on H, then
(0 <) {ln Az, z) — In (<A*1x, x>_1) < (Az,z)- (A'm,2) — 1, (2.7)
for any x € H with ||z|| = 1.

Indeed, we observe that if we consider the concave function f : (0,00) — R,
f(t) =Int, then

(Af' (A)z, ) 1 ,
= 0 f H with =1
A ) ATo.7) € (0,00), for any x € H with ||z|
and by the inequality (2.6) we deduce the desired result (2.7).
The following example concerning powers of operators is of interest as well:

Example 2. If A is a positive definite operator on H, then for any x € H with
|z|| = 1 we have

0< (APz,z)P ™' — (AP~ 1z, 2)P
< p(APz,2)P? [(APz,z) — (Az,z) (AP 'z, 2)]  (2.8)
forp =1,
0 < (AP~ 'z, 2)’ — (APz,z)P !
< p APz, 2)P 77 [(Az,z) (AP "L, 2) — (APz,2)]  (2.9)
for0<p<1, and
0< (APz,z)P ™' — <Ap_1x,x>p
< (-p) (Apx,x>p72 [(Az, z) <Ap_1x,x> — (APz,z)]  (2.10)
for p < 0.

The proof follows from the inequalities (2.1) and (2.6) for the convex (concave)
function f (t) = tP,p € (—00,0) U [1,00) (p € (0,1)) by performing the required
calculation. The details are omitted.
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SOME SLATER TYPE INEQUALITIES 113

3. SOME LEMMAS OF INTEREST

In order to provide other reverses for the operator version of Slater’s inequality,
we need the following lemmas that are of interest in their own right:

Lemma 1. Let A be a selfadjoint operator on the Hilbert space (H;{(.,.)) and
assume that Sp (A) C [m, M] for some scalars m < M. If f and g are continuous
on [m, M] and ~ := mingepm an f (t) and T' := max;epm ar f () then

I(f(A)g(A)y,y) — (f(A)y,y) - (g(A)z,z)

g () )~ (9(A) 2,2
<5 0= [lg (Al +lg (.2 20 (D wa) s Ayl )

for any x,y € H with ||z|| = |ly|| = 1.

Proof. First of all, observe that, for each A € R and z,y € H, |z|| = |ly|]| = 1 we
have the identity

(f(A) =A-1m)(9(A) = (g (A z,2) - 1H)y,y)
=(f(A) gDy, y)—X-[g(A)y,y) —(g(A)z,z)] — (g (A)z,2) (f (A) yay(>3~2)
Taking the modulus in (3.2) we have
(f(A) g(A)yy) —A-[g(A)y,y) — (9 (4)z,z)] (3.3)

—_—

—(g(A)z,z) (f
=[((g(A) = (g(A) z,z) - 1g)y, (f (A) = X-1a)y)|
<llg(A)y—{g(A)z,2)y|llf(A)y— My

= {Hg (A)yl” + (g (A) z,2)> =2 (g (A) 2,2) (g (A) y.y)
If(A)y =yl

[lg (4)l + 0 (A) 2. 2)* ~ 29 (4) 2,2) (9 (A) v, )]
X |If (A) = A-1x]|
for any 2,y € H, o] = Iyl = 1.
Now, since v = minse(m,as f (t) and I' = max,em a7 f (t) , then by the property
(P) we have that v < (f (A) y,y) <T for each y € H with [|y|| = 1 which is clearly
equivalent with

Ay, )

}1/2

X

1/2

IN

S%(F—W)

(s =25 1) wo)| < g0 -)

for each y € H with |ly|| = 1.

¢ W= 5 ol

or with
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114 S. S. DRAGOMIR

Taking the supremum in this inequality we get

o+

7 | < 50,

which together with the inequality (3.3) applied for A = % produces the desired
result (3.1). O

Corollary 1. With the assumptions in Lemma 1 we have

) 511/2 1
=D [le@a - @z (<1 0-N@A-9) @4
for each x € H with ||x|| = 1, where § := minye[m, a7 g () and A := maxXycim, ar 9 (1) -

Proof. The first inequality follows from (3.1) by putting y = .
Now, if we write the first inequality in (3.1) for f = g we get

0 < [lg (A)z[|* = (g (A) z,2)* = (¢° (A) z,2) — (g (A) ,z)?
1/2

which implies that

[lg ()l ~ (g ()22 < L a—a)

for each x € H with ||z|| = 1.
This together with the first part of (3.1) proves the desired bound (3.4). O

The following lemmas, that are of interest in their own right, collect some Griiss
type inequalities for vectors in inner product spaces obtained earlier by the author:

Lemma 2. Let (H, (-,-)) be an inner product space over the real or complex number
field K, u,v,e € H, |le|]| =1, and o, 3,7, € K such that

Re (fe — u,u — ae) > 0,Re (be —v,v —ye) >0 (3.5)

or, equivalently,

‘ -
Then

|<u7 U> - <U'a e> <67 U>|

518 —al, 516 =1 (3.6)

a-i—ﬂ H

7+6 H

=

[Re (Be — u,u — ae) Re (be — v, v — ye)] 2,

18— alls — ] - (3.7)
(u,e) - 2| |(v, ) - 252

4>|H
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SOME SLATER TYPE INEQUALITIES 115

The first inequality has been obtained in [3] (see also [7, p. 44]) while the second
result was established in [1] (see also [7, p. 90]). They provide refinements of the
earlier result from [1] where only the first part of the bound, i.e., |8 — |6 — 7]
has been given. Notice that, as pointed out in [1], the upper bounds for the Griiss
functional incorporated in (3.7) cannot be compared in general, meaning that one
is better than the other depending on appropriate choices of the vectors and scalars
involved.

Another result of this type is the following one:

Lemma 3. With the assumptions in Lemma 2 and if Re(Sa) > 0,Re(6%) > 0
then
|<U,U> - <u7 6> <6,U>

|

1 [B—al|d—]

z o ——T (u,e) (e, v)],
1 [Re(Ba)Re(57)] [{us ) (e, v)]

< (3.8)

=

[(Jo+ 81 =2 [Re (8@)* ) (10 + 71 - 2 [Re (67)]%) |
[[{us€) e, 0)[]7 -
The first inequality has been established in [5] (see [7, p. 62]) while the sec-

ond one can be obtained in a canonical manner from the reverse of the Schwarz
inequality given in [6]. The details are omitted.

4. FURTHER REVERSES FOR THE SLATER’S INEQUALITY

The following results that provide perhaps more useful upper bounds for the
nonnegative quantity

(@) .
f< ' (A) z,) (f (A)z,z) for x € H with ||z] =1,
can be stated:

Theorem 3. Let I be an interval and f : I — R be a conver and differentiable
Sfunction on I (the interior of I) whose derivative f' is continuous on I Assume
that A is a selfadjoint operator on the Hilbert space H with Sp(A) C [m, M] cl
and f' (A) is a positive definite operator on H. Then we have the inequalities

0<)f (%) (A a)

50 =m) [ @)l — (7 (W]
< B(f, Asz) x

N [=

O — £ () [JAe? — (Az29?]
(M = m) (f/ (M) = ' (m)) B(f', Aiw) - (4.1

<

R
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116 S. S. DRAGOMIR

and

0<) 7 (%) (f (A) )

< B Aa) x | O = m) (f (1) = £ (m)
{ (Max — Az, Ax — ma) (f/ (M) — f' (A)x, f (A)z — [/ (m)z)]?

(A, ) — 2|7 (A) 2, ) — HODL

1
< 7 M —=m) (f' (M) = f"(m)) B(f, A;2)  (4.2)
for any x € H with ||z|| = 1, respectively.

Moreover, if A is a positive definite operator, then

0<) 7 (%) (f (A) )

1 (M—m) (' (M)~ (m)) ,
Y/ Mmf(M)f(m) (Az, ) (f' (4) 2,2},

(VI = vim) (VIO = /T (m)) [(Az, ) (' (A) w,2)]2

%.\/W(M—m)(f'(M)—f'(m)),
< B( Ax) x (4.3)
(VAT ~ v (VI OD) ~ /Fm)) AT Q).

for any x € H with ||z| = 1.

<B(f, Ajx) x {

Proof. By Corollary 1 we can state that
(Af' (A)z,2) — (Az,2) - (f' (A) 7, 7)

<5 O —m) (I ()l = ¢ (A) 2,2

971/2

< 3 (M —m) (7' () = £ (m) (4.4)
and
(AS (A)2,2) — (Az,2) - (' (4)2,2)
(7 O0) — £ (m) [ Ax? — (A 292]
< 3 (M = m) ( (M) = ' (m)), (45)

for each x € H with ||z|| = 1, which together with (2.1) provide the desired result
(4.1).

1
< Z
-2
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SOME SLATER TYPE INEQUALITIES 117

On making use of the Lemma 2, we can state that

(Af (A)z,x) — (A, 2) - (f' (A) z,2) < 7 (M —m) (f (M) = [ (m))

{ (M — Az, Az — ma) (f (M) — ' (A)z, £/ (A) & — f (m) )]},

| =

|<A.13,.23>— M;rm”<f/(A)x7x>_ f(M);‘f (m) ,

for each x € H with ||z|| = 1, which together with (2.1) provide the desired result
(4.2).
Finally, on making use of Lemma 3 we can state that

(Af' (A)z,z) — (Az,2) - (f' (A) 2, )

1 (M—m)(f'(M)—f'(m)) )
L/ Mm (M) f (m) (Az, ) (f' (A) 2,2},

IN

(4.6)

(VAT - Vi) (VFOT) = /) [(Az. ) (f (A) )]

for each x € H with ||z|| = 1, which together with (2.1) provide the desired result
(4.3). O

Remark 3. If A is a positive definite operator with Sp (A) C [m, M], then obvi-
ously

< LD
B(f’A7 )S f/(m)
and from (4.2) we have
AF A2\ pe
07 (CLEED) < e
L (M) / /
< 3T (M =) (7 O0) = m) - (47

while from (4.3) we have
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118 S. S. DRAGOMIR

In order to compare the upper bound for the difference f (% —(f (A) z,z)

provided by (4.7) with the first bound from (4.8), consider the quantity

f'(M) (M)
K (f', M.m) _fm) | (M)

M (M)

mf(

For the convex function f(t) =tP,p > 1 we have

ya

K (f, Mam) = (%)

which shows that for p > 2 the bound from (4.7) is not as good as the first bound
from (4.8). The conclusion is the other way around if 1 < p < 2.
Similar comments can be made for the other bounds. The details are omitted.

Problem 1. It is an open problem for the author whether or not, for a given
convex function f and a given positive definite operator A with Sp(A) C [m, M]
there exists a vector x € H with ||x|| = 1 realizing the equality case in either of the
above inequalities (4.7) and (4.8).

Remark 4. We observe, from the first inequality in (4.6), that
(1<) (Af (A)z,x) 1 (M —m)(f’(M)—f’(m))+1

< =
)

(A, ) (f (A z,x) — 4 /Mmf (M) [ (m)
which implies that

f,<<Af'<A>x,x>> <f,<l; (O —m) (' (M)~ ' (m) |
) > a

(f"(A)w,z 4 VMmf (M) f(m)
for each x € H with ||z|| = 1, since f" is monotonic nondecreasing and A is positive
definite.
Now, the first inequality in (4.3) implies the following result
(Af (A)z, )
0<)f (m) —(f(A)z,z)
<1 M—m)(f'(M)— [ (m))
o4 VMmf (M) f'(m)
AL (M —m)(f (M) — f"(m))
X f ([4 At (V) T () +1| (Az x}) (Az, )

LM —m) (70 — S (m) ( [1 (M —m) (f (M) = f (m))
4 /Mmf (M) [ (m) 4/ Mmf (M) ' (m)

for each x € H with ||z| = 1.
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SOME SLATER TYPE INEQUALITIES 119

From the second inequality in (4.3) we also have

AF W)\ o
7<f,(14>x7x>> (F (A) )

< (VM = vm) (VF OO1) = V7 (m)

(T Q-man o,
v ok ) |

< (VM - vim) (VI O31) = V7 (m)

cp ([t e maan - ey

4 /Mmp D) 7 (m)

0 (

(Az, z) r
(' (A)z, )

for each x € H with ||z|| = 1.

Remark 5. If the condition that ' (A) is a positive definite operator on H from the
Theorem 3 is replaced by the condition (2.5), then the inequalities (4.1) and (4.2)
will still hold. Similar inequalities can be stated for concave functions. However,
the details are not provided here.
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