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THE N!-MATRIX COMPLETION PROBLEM

GU-FANG MOU AND TING-ZHU HUANG

ABSTRACT. An n X n matrix is called an N&—matrix if all its principal minors
are non-positive and each entry is non-positive. In this paper, we study general
combinatorially symmetric partial Nol—matrix completion problems and prove
that a combinatorially symmetric partial N&-matrix with all specified off-
diagonal entries negative has an N&—matrix completion if the graph of its
specified entries is an undirected cycle or a 1-chordal graph.

1. INTRODUCTION

An n x n real matrix is called an N}-matriz if all its principal minors are non-
positive and each entry is non-positive (see [I]). Obviously, the diagonal entries
of an N{-matrix are non-positive. An n x n real matrix is called an Np-matrix if
all its principal minors are non-positive. Ny-matrices arise in multivariate analysis
[18], in linear complementary problems [I6], [I7], in the theory of global univalence
of functions [I5] and in completion problems [20]. The following simple facts are
very useful in the study of Nj-matrices:

Proposition 1.1. Let A be an Ng-matriz. Then

(1) If P is a permutation matriz, then PAPT is an N}-matriz;
(2) If D is a positive diagonal matriz, then DA, DA is an N}-matriz;
(3) Any principal submatriz of A is an Na-matriz.

By Proposition 1.1, the set of N3-matrices is closed under permutation similarity
and left and right positive diagonal multiplication. In this paper, we may take all
diagonal entries to be —1 or 0.

The submatrix of an n x n matrix A, lying in rows a and columns S, a,
B C {1,2,...,n}, is denoted by A[c|f], and the principal submatrix Ala|a] is
abbreviated to A[a]. Therefore, a real matrix A, of size n x n, is an Nj-matrix
only if det A[a] <0, for all & C {1,2,...,n} and each entry is non-positive.
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A partial matriz is an array in which some entries are specified, while others
are free to be chosen from a certain set. A partial matrix is said to be a partial
N¢-matriz if every completely specified principal submatrix with each entry non-
positive is an N}-matrix. A matriz completion problem asks whether a partial
matrix has a completion to a conventional matrix that has a desired property.
Matrix completion problems have been studied for many classes of matrices, such
as P-matrices [3, 4, 5], Po-matrices [6] [7], M-matrices [§], inverse M-matrices
[8, @, 10], N-matrices [I1] 12 13] and Ny-matrices [20]. Applications of matrix
completion problems arise in situations where some data are known but other data
are not available, and it is known that the full data matrix must have a certain
property.

An n x n partial matrix A = (a;;) it said to be combinatorially symmetric when
a;; is specified if and only if a;; is, and non-combinatorially symmetric in other
cases. For a combinatorially symmetric partial matrix, all main diagonal entries
are specified. A natural way to describe an n x n combinatorially symmetric partial
matrix is via a graph G4 = (V| E), where the set of vertices V is {1,2,...,n} and
{i,j}, i # 7, is an edge or arc when the (i,j) entry is specified. In general, an
undirected graph is associated with a combinatorially symmetric partial matrix,
and when the partial matrix is non-combinatorially symmetric, a directed graph is
used. The graph theoretic techniques used to study matrix completion problems
have been discussed by Hogben [14]. In this paper, we will work on combinatorially
symmetric partial matrices with undirected graphs.

In this paper, we study general combinatorially symmetric partial N}-matrix
completion problems and prove that a combinatorially symmetric partial N}-matrix
with all specified off-diagonal entries negative has an N}-matrix completion if the
graph of its specified entries is an undirected cycle or a 1-chordal graph. In [20]
the authors study the Ny-matrix completion problem, and they show that a com-
binatorially symmetric partial Np-matrix, with no null main diagonal entries and
all (i, j) specified entry sign(a;;) = (—1)""*1, has an Np-matrix completion. Our
interest here is in the Ni-matrix completion problem, that is does a partial N{-
matrix have an Ng- matrix completion? The study of this problem is different from
the previous one since some main diagonal entries can be zero and each specified
off-diagonal entry is negative.

Throughout the paper we denote the entries of a partial matrix A as follows:
the entry d; denotes a specified diagonal entry, a;; denotes a specified off-diagonal
entry, and the entry x;; an unspecified entry, 1 <4,j < n. The entry c;; denotes
a value assigned to the unspecified entry z;; during the process of completing a
partial matrix. A, is the completion of the partial matrix A.

2. PRELIMINARY RESULTS

Proposition 2.1. Every 2 x 2 partial Ng-matriz with all specified off-diagonal
entries negative has an N} -matriz completion.

Proof. Let A be a combinatorially symmetric partial Ng-matrix with all diagonal
entries specified.
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We denote by K the number of unspecified entries of A. Consider the following
cases:

(a) K=1

Using (1) of Proposition 1.1, we can assume that A has either the form

—ai1  —7T12 .
A= , with ai1,a20 > 0,a21 > 0,
—a21 —a22

or the form

—X —a .
A= 1 12 s with a12,a01 > 0,a99 > 0.
—ag1  —a22

In the first case, it suffices to consider the completion of A is

—a —c
A, = 11 12 )
—Q21 —a22
If we choose C12 Z a11a22/a21, then det AC S 0.
In the second case, consider a completion

A, = ( —C11  —a12 >
—a21 —a22

of A with asgc11 < ajoao;. There are two cases to consider.

Case 1: If ass >0, then 0 < ¢1 < algagl/agg.

Case 2: If ayy =0, then c¢;; > 0.

(b) 1<K <4

In this case, we can complete some entries of matrix A in order to obtain a
partial Ni-matrix with exactly one unspecified entry and, then, use case (a). O

Proposition 2.2. Every 3 x 3 combinatorially symmetric partial N}-matriz with
all specified off-diagonal entries negative has N§-matriz completion.

Proof. Let A be a combinatorially symmetric partial Ng-matrix with all diagonal
entries specified. We denote by K the number of unspecified entries of A. Consider
the following cases: Firstly, let us consider the case in which A has exactly K = 2.
By Proposition 1.1, we can assume, without loss of generality, that A has the form:

—di  —T12 —a13
A=| —zo1 —dy —aos
—az1 —azy —d3

with each a;; positive and with each d; nonnegative. Our goal is to prove the
existence of ¢12, co1 > 0, such that the completion

—dy  —ci2 —ai3
Ac=| —ca1 —da —aos
—a31 —azz —d3

of A.
We will show that det A.[a] < 0 for any o C {1,2,3}.
Choose ¢12 > 0, c21 > 0 and large enough, then

det A:[{1,2}] = dida — c12¢21 <0,
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det A, = —dyidads + diassasa + dzcaici2 — a13a32¢21 — G23asici2 + daaizas:
+ C12¢21
= *dg(dldz - 012021) — C12023a32 — C21013032 + d2a13az; + diaszazs
<0.
So, it is always possible to choose c12, ca1 > 0 such that det A.[{1,2}] < 0 and
det A, <0.
In cases K = 4 and K = 6, we can complete some entries of matrix A in a

way to obtain a partial Nj-matrix with exactly two unspecified entries, then the
formulation of these problems reduces to that of K = 2. O

Remark 2.3. For a 3 x 3 combinatorially symmetric partial Ng-matriz, the con-
dition of all specified off-diagonal entries negative is sufficient but not necessary to
obtain N}-matriz completion, as the following examples show.

Example 2.4. The matriz

-1 -1 —I13
A= -1 0 0
—X31 0 -1

is a partial Ng-matriz, but A does not have N -completion since det A =1 for all
13,731 > 0.

Example 2.5. The matriz

0 -1 —I13
A= 0 0 0
—X31 0 -1

is a partial N&-matriz that A has an N} -matriz completion, since det A[{1,3}] =0,
det A =0 for all x13,x31 > 0.

3. CYCLES

A path is a sequence of edges {i1,i2}, {i2,i3},. .., {ix—1, ik} in which all vertices
are distinct. A cycle is a closed path, that is, a path in which the first and the last
vertices coincide.

In the section we show the existence of Nd-matrix completions of an nxn partial
Ng-matrix A, whose associated graph (of specified entries) is a n-cycle.

Lemma 3.1. Let A be a 4x 4 combinatorially symmetric partial N -matriz with all
specified off-diagonal entries negative, whose associated graph is a 4-cycle. Then,
there exists an N}-matriz completion.

Proof. Without loss of generality, we may assume

—dy  —a12 —T13 —ai4
A= —az1 —do —az3 —To4

—Tr31 —az2 —d3 —a3s |’

—a41 —Tyg2 —a43 —dy

Rev. Un. Mat. Argentina, Vol. 54, No. 1 (20183)
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where each a;; is positive and each d; is nonnegative.

Our aim is to prove the existence of nonnegative cy3, a4, c31 and c4o such that
the completion

—d1 —a12 —c13 —au
A, = | T —dy —a3 —coy
—c31 —azz —dz —asy
—a41 —Ciz —043 —dg

is N}. By Proposition 1.1, we can assume, without loss of generality, that c3; =
asa >0, cog =aq1 >0, a1 = 1.
We are going to prove that there exist nonnegative values for cy3, coq, such that

—d1 —a12 —c13 —au
A, = -1  —dy —a —cu
—ag2 —azp —d3 —as
—a41 —a41 —043 —dg

is an Ng-matrix. By Proposition 1.1, we have five different cases to consider:

Case 1: d1 = d2 = d3 = d4 = 1, with a2 Z 1, a23a32 Z 1, a34a43 Z 1 and
aisa41 2> 1.

If ¢15 > a§21 and coq > ale, then
det Ac[{l, 3}} =1- C13032 < O
det AC[{2,4H =1- C24041 < O
det A.[{1,2,4}] = (a12 — 1) det A.[{2,4}] <0
det A.[{1,2,3}] = (a12 — 1) det A.[{2,3}] §

Moreover, our aim is to prove that there exists c;3 > aggl such that det A.[{1, 3,
4}] <0, and that there exists cgq > ale such that det A.[{2,3,4}] < 0.

det Ac[{2,3,4}] = (@41 — a32a43)Co4 + a34a43 — 1 — azzazsas1 + azzass
= (a41 — az2a43)c24 + det A [{3,4}] + agzazoass + azzas:
— (23034041

< (a41 — a32a43)c24 + a23a32
<0

if and only if (a32a43 — a41)624 > a23a32.

We can assume that assasz(1 + agzaze)™ < ag1 < aspays, such that coy >
a3aza(azeass — asr) "t > ag.

So, we can choose ca4 > a23as2(agaasz—aqr) ! such that det A.[{2,3,4}] < 0and
det A. = (a12—1) det A.[{2,3,4}] < 0. Since the calculation of ca4 does not involve

c13 and vice versa, we can obtain the desired c;3 to make det A.[{1,3,4}] <0 by a
dual argument.

Case 2: d1 = dg = d3 = 1, d4 = 0, with a2 2 1, a23a32 Z 1.
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If ¢15 > agzl and cg4 > 0, then
det A:[{1,3}] =1 — ci3a32 <0,
det A [{2,4}] = —coaa41 <0,
det A.[{1,2,4}] = (a12 — 1) det A.[{2,4}] <0,
det A.[{1,2,3}] = (a12 — 1) det A.[{2,3}] <O.

Moreover, our aim is to prove that there exists ¢;3 > (13_21 such that det A.[{1, 3,
4}] <0, and that there exists coq > 0 such that det A.[{2,3,4}] < 0.

det Ac[{2,3,4}] = coa(—as2a43 + a41) + aa3a34 — A23G41a34
< coa(—azaaus + aa1) + aszasa,

if and only if 024(a32a43 — a41) > 43034 .

We can assume 0 < aq; < agpaqz such that coy > aszasze(azeass — agy)~*

So, it is always possible to choose caq > aszass(assasz — aqy)~! such that
det A.[{2,3,4}] < 0 and det A, = (a2 — 1) det A.[{2,3,4}]. Since the calcula-
tion of ¢o4 does not involve ¢13 and vice versa, we can obtain the desired ci3 to
make det A.[{1,3,4}] <0 by a dual argument.

Case 3: d1 = dg = 17 d3 = d4 = O, with a2 > 1.
If C13 Z a43/a41 and Co4 > a34/a32, then

det A.[{1,3}] = —c13a32 <0,
det A.[{2,4}] = —casas1 <0,
det A.[{1,2,3}] = (a12 — 1) det A.[{2,3}] <0,

I =
I =
] =
det A.[{1,2,4}] = (a12 — 1) det A.[{2,4}] <0,
| = —c24a32a43 — 23032041 + azsa43 <0,
I =

[
det A.[{2,3,4}
det A.[{1,3,4}] = as4a43 — G14a43a32 — 13041034 < 0.
det A, = (a12 — 1) det A.[{2,3,4}] < 0.
Case 4: dy=1,dy =d3=ds=0.
If ¢13 > 0 and coq > azq/aszz, then
det A.[{1,3}] = —c13a32 <0,
det Ac[{2,4}] =
det A:[{1,2,3}] = —ar2a23a32 <0,
det A.[{1,2,4}] = det A.[{2,4}] <0,
det A.[{2,3,4}] =
det A.[{1,3,4}]
det A, = det A.[{2,3,4}] < 0.

Case 5: d1:d2:d3:d4:0.
It is easy to prove that all the 2 x 2 principal minors are non-positive.

—coga41 <0,

—C24032043 — 23034014 + 034043 < (34043 — C24032a43 < 0,

= —a14043032 — C13041a34 < 0.
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If Coy > 0 and C13 > (0,12&31)(0,41)71, then

det A.[{1,2,3}] = —ai2a31a23 — c13a32 < 0,
det Ac[{1,3,4}] =
det A.[{1,2,4}] = —aj2a41¢24 — ar4a41 <0,
det A.[{2,3,4}] =

det Ac = a21(a12a34a43 — 114032043 — C13a41a34) <0.

—@14043C13 — 41032034 < 0,

—a32043C24 — A34023a41 < 0,

Lemma 3.2. [2]. Let A be an n X n matriz and D be a diagonal matriz with
diagonal entries dy,dsa, . ..,d,. Then

A+ D] =|Al+ Y didi+ > did;Ay
i i<j

+ZZ Z didjdkAijk + -+ dids...dy,

i<j<k

where A; is the determinant of the submatrixz obtained by deleting the i-th row and
i-th column, A;; is the determinant obtained by i-th and j-th rows and the i-th and
j-th columns, and so on.

Theorem 3.3. Let A be an n x n combinatorially symmetric partial N}-matriz
with all specified off-diagonal entries negative, whose associated graph is a n-cycle.
Then, there exists an Ng-matriz completion.

Proof. Let
—d —aq2 —Ti3 - —Top—1  —Qip
—as —ds —ag3 . —Tap-1 —Ti2
—T3 —as2 —d3 coe —T3p-1  —C3p
A= ) )
—Tp_12 —Tp-12 —Tp-1,3 °°° —dpn-1 —Qp_1n
—anl —Tn2 —Tn3 e —Ap.n—1 _dn

be an n x n partial Ni-matrix whose graph of specified entries is a n-cycle. We
can assume A with each a;; positive and d; nonnegative.

The proof is by induction on n. The case in which n = 4 is shown in the proof
of Lemma 3.1. Assume true for n — 1.

We will complete A to an N} matrix A. in the following four steps:
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Step 1: Choose x3, = co, and z,0 = cno in an appropriate way so that
Ac[{2,n}] is an N}-matrix. Then, the principal submatrix

—da —aszs —T24 o T I2n-1 —C2n
—asy —d3 —asy —T3p—1  —T3n
—To4 —a43 —dy coe —T4p-1 —Tan
C = . 9
—Tp-1,2 —Tp-13 —Tp—-14 °°° _dnfl —Qp—1,n
—Cn2 —Tn3 —Tn4 T —Qp,n—1 _dn

obtained by deleting row one and column one is a partial N}-matrix whose graph
of specified entries is an (n — 1)-cycle.

By Proposition 1.1, without loss of generality, we assume that as; = 1 and d; =0
or 1 for all 4. Using permutation similarities, the proof is divided into two cases:

Case 1: dy =1, with 1 < a13 < a10,0n1.

Case 2: dy = 0.

For Case 1, choose ¢p2 = an1, con = ain/ais; for Case 2, choose ¢z = an1,
Cop = Q1n-

We show C[{2,n}] is an N{-matrix.

For Case 1, det C[{2,n}] = d,, — (a1nan1)/a12 < 0.

For Case 2, det C[{2,n}] = —ainan1 < 0.

Step 2: Using the induction hypothesis, C' can be completed to an N}-matrix,
denoted by A.[{2,...,n}].

Step 3: For 2 < 7,j < n, choose x;; = ¢;2 and 1; = cy;a12 for Case 1 and
215 = c; for Case 2 to obtain the completion A, of A.

Step 4: Show A, is an N}-matrix. We must show that det A.[a] < 0 for any
a C{1,2,...,n}. For Case 1 and Case 2, for 1 ¢ o, A.[a] is principal submatrix
of the N}-matrix A.[{2,...,n}], so det A.[a] < 0. Thus, assume 1 € a.

Case 1: dy =1, with 1 < a3 < a1p.

Case 1.1: d1 =1

-1 —a12  —@12023 -+ —Q12C2,n—1 —a1n
-1 -1 —aggy - —Con—1  —Qin/ai2
—asz —asz —d3 e —C3.n—1 —C3p,
Ac = .
—Cp-12 —Cn-12 —Cp—13 -°° —dp—1 —Qp—1,n
—an1 —Qn1 —Cn3 cee —Qnp.n—1 —d,

For 2 € «, add —aq5 times row 2 to row 1 (which does not change the determi-
nant) to obtain
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aig—1 0 0 e 0 0
-1 -1 —ag3  r+ —Cap—1  —a1p/G12
—asp —as2 —ds S —C3n—1 —C3p,
—Cp—12 —Cph—-12 —Ch—-13 - —dp—1 —Qp—1,n
—anl —anl —Cn3 o —Qnp.n—1 _dn

det AcJa] = (a12 — 1) det A.Ja — {1}] < 0.

For 2 ¢ a: A.[a] can be obtained from A.[(a — {1}) U {2}] by multiplying the
first row by a2 > 1, and adding diag(a;2 — 1, 0,...,0). According to Lemma 3.2,
det Ac[a] = ajadet Ac[(a — {1}) U{2}] + (a12 — 1) det A Ja — {1,2}]
< anAc[(a — {1}) U {2}]

<0.

Case 1.2: d; =0

0 —ai12 —a12a23 - —Q12C2 n—1 —Qain
-1 -1 —ag3 - —C2,n—1 —a1p /012
—asz —asz —ds e —C3n—1 —Cap,
A, = .
—Cn—1,2 —Cpn—1,2 —Cn—1,3 e _dnfl —Q0p—1,n
—an1 —0Qnl —Cn3 e —Qp,n—1 _dn

For 2 € a, add —aj2 times row 2 to row 1 (which does not change the determi-
nant) to obtain

det A [a] = ajadet Ao — {1}] < 0.
For 2 ¢ a: A.[a] can be obtained from A.[(a — {1}) U {2}] by multiplying the
first row by a12 > 0, and adding diag(ays, 0, ...,0). According to Lemma 3.2,
det A [a] = ajadet Ac[(a — {1}) U {2}] + a2 det A Ja — {1,2}]
< ajpdet Acf(a— {1}) U{2}]

<0.
Case 2: dy = 0.
0 —aj2 —ag3 -+ —Cap-1 —ain
-1 0 —ag3 -+ —Cap1 —a1n
—as2 —asz —d3 cee o —C3p—1 —Can
A, .
—Cp—-1,2 —Cn-12 —Cp-13 " —dp—1 —An—-1,n
—0n1 —0n1 —Cn3 e —Op,n—1 *dn
For 2 € a:

det A.[a] = a9y det AcJa — {1}] + a2 det A Ja — {1}Ha — {2}],
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in which A.[a—{1}|a—{2}] can be obtained from A.[a—{1}] by adding diag(—axz1,
0,...,0). According to Lemma 3.2,
det Ac[a] = agi det Acfa — {1}] + a12(—ag1 det A Ja — {1,2}] + det AcJa — {1}]).
If det AcJa — {1,2}] = 0, then
det Acla] = (14 ag2) det AcJa— {1}] < 0.
If det Ac[a—{1,2}] # 0, it is possible to choose det A.[a —{1}] < ag; det AJa—
{1,2}], then det A.[a] < 0.
For 2 ¢ a:
det A.[a] = det A [(a — {1}) U{2}] < 0.
(]
Remark 3.4. For ann xn (n > 4) combinatorially symmetric partial N} -matriz,

the condition of all specified off-diagonal entries negative is sufficient but not nec-
essary to obtain N}-matriz completion, as the following examples show.

Example 3.5. The matriz

0 -1 —X13 0

o -1 -1 -1 —T24
A= —x31 -1 -1 -1
0 —XT42 -1 -1

is a partial N}-matriz whose graph of specified entries is a 4-cycle, but A does not
have the N}-matriz completion since det A[{1,2,4}] =1 for all w24, z42 > 0.

Example 3.6. The matrix

0 0 —I13 0

o -1 0 0 —x24
A= —x31 -1 0 0
-1 —T42 -1 0

is a partial N&-matriz whose graph of specified entries is a 4-cycle. The reader can
easily verify that the matriz A, obtained by setting r13 = wa4 = 1 is an N} -matriz
completion.

4. 1-CHORDAL GRAPHS

A graph is chordal if every cycle of length 4 or more has a chord or, equivalently,
if it has no minimal induced cycles of length 4 or more.

A clique in an undirected graph G is simply a complete (all possible edges)
induced subgraph. We also use clique to refer to a complete graph and use K, to
indicate a clique on p vertices. If G is the clique, denoted by K, and G, is any
chordal graph containing the clique, denoted by K, p < g, then the clique sum of
G and Go along K, is also chordal. The clique M is called a mazimal clique if
M is not a proper subset of any clique. The cliques that are used to build chordal
graphs are the maximal cliques of the resulting chordal graph and the cliques along
which the summing takes place are the so-called minimal vertex separators of the
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resulting chordal graph. If the maximum number of vertices in a minimal vertex
separator is p, then the chordal graph is said to be p-chordal. For more on chordal
graphs see [19).

In the section we show the existence of Ni-matrix completions of an n xn partial
N}-matrix A, whose associated graph is a 1-chordal.

Lemma 4.1. Let A be a combinatorially symmetric partial N}-matriz with all
specified off-diagonal entries negative, whose associated graph is 1-chordal with two
mazimal cliques, one of them with two vertices. Then, there exists an N§-matriz
completion of A.

Proof. We may assume the partial Nj-matrix of A has the following three forms:
Form 1:

-1 —ai2 —x13 o —Tip-1  —Tin
—as1 -1 —@23  +rr  —A2p,_1 —a2q
—I31 —a32 —ds cer —a3.n—1 —a3n
A=
—Tp—-1,1 —Ap-12 —Ap-33 - *° —dn—1 —An—1,n
—Tnl —an2 —Qan3 T —Qn,n—1 _dn

The proof is the same as the Case 1.1 of Theorem 3.3.

Form 2:
0 —ai2 —x13 . —Tip-1  —Tin
—as1 -1 —Q23  +rr —A2p—1 —a2q
—T31 —asy —ds S —A3p—1  —a3p
A= .
—Tp—-1,1 —Ap-12 —Ap-3,3 - °° —dn—1 —An—1,n
—Tnl —an2 —Qan3 T —Qn,n—1 _dn

The proof is the same as the Case 1.2 of Theorem 3.3.

Form 3:
0 —a12 —x13 o —Tip-1  —Tin
—az1 0 —@23  +rr —A2p_1 —a2q
—T31 —asp —ds co —A3p—1  —a3p
_A P—
—Tp—-1,1 —Ap-12 —Ap-33 **° —dn—1 —An—1,n
—Tnl —an2 —Qan3 e —Un,n—1 _dn
The proof is the same as the Case 2 of Theorem 3.3. O

Theorem 4.2. Let A be a combinatorially symmetric partial N} -matriz with all
specified off-diagonal entries negative, whose associated graph is 1-chordal with two
mazimal cliques. Then, there exists an Ng-matriz completion of A.
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Proof. Let A be a combinatorially symmetric partial Nj-matrix, whose graph of
specified entries is G. Without loss of generality, we may assume that A has the
following forms:

Form 1:
A A X
I
Y Azx Ass

Form 2:
An A X
A=| AL 0 A
Y Az Ass

where Ajs, A1 € RP, Aoz, Ass € RY (p+ ¢ =n—1) and X, Y are completely
unspecified and the remaining entries of A are prescribed and negative.

By Proposition 1.1, without loss of generality, we may assume all the entries of
Al are —1.

For the Form 1, consider the completion

A A —ApAL
A= A5 -1 Ay
—Aszy Az Ass

Therefore, in analogous way to Case 1 of Theorem 3.3 we can obtain that A is
N
For the Form 2, consider the completion

A A Al
A.= | AL 0 Al
Aszy Aszy Ass

Therefore, in analogous way to Case 2 of Theorem 3.3 we can obtain that A is
Ng. O

Theorem 4.3. Let A be a combinatorially symmetric partial N} -matriz with all
specified off-diagonal entries negative, whose associated graph is 1-chordal with [
mazimal cliques (I > 2). Then, there exists an N}-matriz completion of A.

Proof. Let A be a combinatorially symmetric partial Nj-matrix, whose graph of
specified entries is G. The proof is by induction on the number [ of maximal cliques
in G.

For [ = 2, we obtain the desired completion by applying Theorem 4.2.

For [ > 2, suppose that the result is true for 1-chordal graph with [ — 1 maximal
cliques and we are going to prove the result for the case of p maximal cliques.
Let G1 be the subgraph induced by two maximal cliques with a common vertex.
Applying Theorem 4.2 to submatrix A; of A, we obtain an N completion A;. of
A;. Replacing A; with the completion A;. in A, we obtain a partial Ng-matrix
whose graph of the specified entries is a 1-chordal graph with [ — 1 maximal cliques.
The induction hypothesis allows us to obtain the result. O
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