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SEMI-SLANT LIGHTLIKE SUBMANIFOLDS OF INDEFINITE
KAEHLER MANIFOLDS

S. S. SHUKLA AND AKHILESH YADAV

ABSTRACT. We introduce the notion of semi-slant lightlike submanifolds of in-
definite Kaehler manifolds giving a characterization theorem with some non-
trivial examples of such submanifolds. Integrability conditions of distribu-
tions D1, D2 and Rad TM on semi-slant lightlike submanifolds of indefinite
Kaehler manifolds have been obtained. We also obtain necessary and sufficient
conditions for foliations determined by the above distributions to be totally
geodesic.

1. INTRODUCTION

The theory of lightlike submanifolds of a semi-Riemannian manifold was in-
troduced by Duggal and Bejancu ([6]). A submanifold M of a semi-Riemannian
manifold M is said to a be lightlike submanifold if the induced metric g on M
is degenerate, i.e. there exists a non-zero X € T'(TM) such that g(X,Y) = 0,
VY € I'(T'M). Lightlike geometry has its applications in general relativity, par-
ticularly in black hole theory, which gave impetus to study lightlike submanifolds
of semi-Riemannian manifolds equipped with certain structures. The geometry of
slant and screen-slant lightlike submanifolds of indefinite Hermitian manifolds was
studied by Sahin in [I2, [13]. In [3], B.Y. Chen defined slant immersions in complex
geometry as a natural generalization of both holomorphic immersions and totally
real immersions. The geometry of semi-slant submanifolds of Kaehler manifolds
was studied by N. Papaghuic in [IT].

The theory of slant, Cauchy—Riemann lightlike submanifolds of indefinite Kaehler
manifolds has been studied in [6} [7]. In this paper we introduce the notion of semi-
slant lightlike submanifolds of indefinite Kaehler manifolds. This new class of
lightlike submanifolds of an indefinite Kaehler manifold includes slant, Cauchy—
Riemann lightlike submanifolds as its sub-cases. The paper is arranged as follows.
Section 2 contains some basic results. In section 3, we study semi-slant lightlike
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submanifolds of an indefinite Kaehler manifold, giving some examples. Section
4 is devoted to the study of foliations determined by distributions on semi-slant
lightlike submanifolds of indefinite Kaehler manifolds.

2. PRELIMINARIES

A submanifold (M™ g) immersed in a semi-Riemannian manifold (Mern, g) is

called a lightlike submanifold ([6]) if the metric ¢ induced from g is degenerate and
the radical distribution Rad TM is of rank r, where 1 < r < m. Let S(TM) be
a screen distribution which is a semi-Riemannian complementary distribution of
RadTM in T M, that is

TM =RadTM PBortn S(TM). (2.1)

Now consider a screen transversal vector bundle S(T'M~), which is a semi-Riemann-
ian complementary vector bundle of RadTM in TM*. Since for any local basis
{&} of RadTM there exists a local null frame {N;} of sections with values in
the orthogonal complement of S(TM<1) in [S(TM)]* such that g(&, N;) = &
and g(N;, N;) = 0, it follows that there exists a lightlike transversal vector bundle
ltr(T'M) locally spanned by {N;}. Let

tr(TM) = 1tr(TM) @oren S(TM™). (2.2)
Then tr(TM) is a complementary (but not orthogonal) vector bundle to T'M in
T a1, ice.
TM|y = TM & tr(TM), (2.3)
and therefore

TM|y = S(TM) @open, [Rad TM @ 1tr(TM)] Bopen, S(TM™). (2.4)

Following, we give the four possible cases for a lightlike submanifold:
Case 1: r-lightlike if r < min (m, n),

Case 2: co-isotropic if r =n <m, S (TM*) = {0},

Case 3: isotropic if r = m < n, S(TM) = {0},

Case 4: totally lightlike if r = m =n, S(TM) = S(TM~*) = {0}.

The Gauss and Weingarten formulae are given as

VyY = VxY +h(X,Y), (2.5)
VxV = -Ay X + V4V, (2.6)
for all X, Y e T(TM) and V € T'(tr(T'M)), where {VxY, Ay X} belong to T'(T'M)
and {h(X,Y),V45V} belong to I'(tr(T'M)). V and V' are linear connections on
M and on the vector bundle tr(T M) respectively. The second fundamental form h

is a symmetric F'(M)-bilinear form on I'(T'M) with values in I'(tr(T'M)) and the
shape operator Ay is a linear endomorphism of I'(T'M). From (2.5) and (2.6, for
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any X,Y € I(TM), N € T(ltr(TM)) and W € T'(S(TM+)), we have

VxY =VxY + A (X,Y) +h* (X,Y), (2.7)
VxN = -AyX + VYN + D*(X,N), (2.8)
VxW = —Aw X + VW + DY (X, W), (2.9)

where h(X,Y) = L(h(X,Y)), h*(X,Y) = 8 (h(X,Y)), DI(X,W) = L(V{W),
D5(X,N) = S(ViN), L and S are the projection morphisms of tr(T'M) on
ltr(TM) and S(TM+*) respectively. On the other hand, V! and V* are linear
connections on ltr(TM) and S(TM+*) called the lightlike connection and screen

transversal connection on M respectively. o

Now by using (2.5), (2.7)-(2.9) and metric connection V, we obtain

g(h*(X,Y), W) +g(Y, DY (X, W)) = g(Aw X, Y), (2.10)
g(D*(X,N),W) =g(N, Aw X). (2.11)

Denote the projection of TM on S(TM) by P. Then from the decomposition of
the tangent bundle of a lightlike submanifold, for any X,Y € T'(T'M) and & €
I'(Rad T M), we have

VxPY = V%PY + h*(X, PY), (2.12)
Vx&=—A{X + V¥, (2.13)

where { “ PY, AZX} and {h*(X, PY), V¥&} belong toT(S(T'M)) and T'(Rad T M)

respectively. It follows that V* and V*! are linear connections on S(7T'M) and
Rad T'M respectively. On the other hand, h* and A* are I'(Rad T'M)-valued and
I'(S(TM))-valued F(M)-bilinear forms on I'(T'M ) xI'(S(T'M)) and I'(Rad(T'M)) x
I'(TM), called the second fundamental forms of distributions S(T'M) and Rad(T'M)
respectively. By using the above equations, we obtain

g(h'(X,PY),&) = g(A; X, PY), (2.1
g(h*(X,PY),N) = g(AnX, PY), (2.15)
g(r'(X,€),6) =0, A =0. (2.1

It is important to note that in general V is not a metric connection. Since V is a
metric connection, by using (2.7) we get

(Vx9)(Y,2) =g(h'(X,Y), Z) + g(h'(X, Z).Y). (2.17)

An indefinite almost Hermitian manifold (M,g,.J) is a 2m-dimensional semi-
Riemannian manifold M with semi-Riemannian metric § of constant index g,
0 < ¢ < 2m, and a (1,1) tensor field J on M such that the following conditions
are satisfied:

T'X = X, (2.18)
G(TX,7Y) = g(X,Y), (2.19)
for all X,Y € T'(TM).
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An indefinite almost Hermitian manifold (M,g,J) is called an indefinite Kaehler
manifold if J is parallel with respect to V, i.e.,

(VxJ)Y =0, (2.20)

for all X,Y € I'(TM), where V is the Levi-Civita connection with respect to g.

3. SEMI-SLANT LIGHTLIKE SUBMANIFOLDS

In this section, we introduce the notion of semi-slant lightlike submanifolds of
indefinite Kaehler manifolds. At first, we state the following lemma, which helps
us to define semi-slant lightlike submanifolds of indefinite Kaehler manifolds.

Lemma 3.1. Let M be a q-lightlike submanifold of an indefinite Kaehler mani-
fold M of index 2q. Suppose there exists a screen distribution S(TM) such that
JRadTM C S(TM) and Jltx(TM) C S(TM). Then JRadTM N Jltr(TM) =
{0} and any complementary distribution to JRadTM @& Jltr(TM) in S(TM) is
Riemannian.

Proof. Let M be an m-dimensional ¢-lightlike submanifold of an (m+n)-dimensional
indefinite Kaehler manifold M of index 2¢q. Suppose JRadTM N Jltr(TM) #
{0}. Then there is an N € T'(Itr(TM)) such that JN € I'(JRadTM). Thus
g(JN,JE) = 0, for all £ € T'(RadTM), which implies g(N,&) = 0, for all £ €
['(RadTM). This is impossible. Hence JRadTM N Jltr(TM) = {0}. We denote
the complementary distribution to J Rad TM @ J ltr(TM) in S(TM) by D’. Then
we have a local quasi orthonormal frame of fields on M along M

{gi;NiajgiyjN’iaXa7Wa} I

ie{l,....q}, a € {3¢+1,....m}, a € {g+1,...,n}, where {¢} and {N;} are
lightlike bases of RadTM and ltr(T'M), respectively, and {X,} and {W,} are
orthonormal bases of D’ and S(T'M™), respectively.

Now, from the basis {fl, &gy Ny ,Nq,jﬁl, e ,qu,le, e ,qu} of
RadTM @ Itr(TM) & JRadTM @ Jltr(TM), we can construct an orthonormal
basis {U1,...,Usq, V1, ..., Vo } as follows:

Uy = (51 + Ny) (51 Ny)

%\
%\

Us = (52 + Ns) (52 N»)

%\
S\
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1
Ug—1 = ﬁ(fq +Nq) Usg = 72(&1 - Nq)
V1= %(jfl + JNy) Vo = %(jfl — JNy)
V3 = %(j& + JN3) Vy= %(jﬁz — JNs)
1 — — 1 — _
Vag1 = (J& + JNg) Vag = —=(J& — JNg).

v ¥

Hence, span {§i7Ni,j£i,7Ni} is a non-degenerate space of constant index 2q.
Thus we conclude that Rad TM @ltr(TM)®J Rad TM@J ltr(T M) is non-degenerate
and of constant index 2q on M. Since index(TM) = index(Rad TM @ ltr(TM) @
JRad TM@J ltr(TM))+index(D' @ ornS(TM™)), we have 2q = 2¢+index(D’ @ oren
S(TMH)). Thus, D' @open S(T M) is Riemannian, i.e., index(D’ ®opn S(TM™L)) =
0. Hence D’ is Riemannian. O

Definition 3.1. Let M be a g-lightlike submanifold of an indefinite Kaehler man-
ifold M of index 2¢ such that 2¢g < dim(M). Then we say that M is a semi-slant
lightlike submanifold of M if the following conditions are satisfied:

(i) JRadTM is a distribution on M such that RadTM N JRadTM = {0};
(ii) there exist non-degenerate orthogonal distributions Dy and Dy on M such
that S(TM) = (JRadTM @ J ltr(TM)) Gorth D1 Gorth D2;
(iii) the distribution D; is an invariant distribution, i.e. JD; = Dx;
(iv) the distribution Dy is slant with angle 6(# 0), i.e. for each x € M and
each non-zero vector X € (Da),, the angle § between JX and the vector

subspace (D3), is a non-zero constant, which is independent of the choice
of z € M and X € (D3),.

This constant angle @ is called the slant angle of distribution Dy. A semi-slant
lightlike submanifold is said to be proper if Dy # {0}, Dy # {0} and 0 # 7.

From the above definition, we have the following decomposition:
TM = Rad TM @oren (JRadTM @ J1tr(TM)) ©oren D1 Portn Do. (3.1)

In particular, we have

(i) if D1 =0, then M is a slant lightlike submanifold;
(i) if Dy # 0 and 0 = 7/2, then M is a CR-lightlike submanifold.

Thus the above new class of lightlike submanifolds of an indefinite Kaehler manifold
includes slant, Cauchy—Riemann lightlike submanifolds as its sub-cases which have
been studied in [6] [7].
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Let (R3",g,J) denote the manifold R3* with its usual Kaehler structure given
by

— 1 ! ) 7 7 7 % i i i i
g:Z(dem ®da' +dy' @dy' + Y da' @ da’ +dy' @ dy’),

=1 i=q+1
T (Xi0x; + Yioy:)) = > _(Yidw; — X;:0ys),
=1 i=1

where (z¢,y) are the Cartesian coordinates on R%Z]n. Now, we construct some
examples of semi-slant lightlike submanifolds of an indefinite Kaehler manifold.

Example 1. Let (Ri2,G,.J) be an indefinite Kaehler manifold, where g is of
signature (—,+,+,+,+,+,—,+,+,+,+,+) with respect to the canonical basis
{8%1, aan 8%3, 81'47 61'5, ava 53/1, ayQa ay?n ay47 8y5, ayﬁ}

Suppose M is a submanifold of Ri? given by —a! = 4% = uy, 22 = ug, y' = us,

23 = ugcos B, 4P = —uscos B, * = ussinf, y* = uysinB, 2° = ugsinur, y° =

ug cos uy, 8 = sinwug, ¥ = cos ug.

The local frame of T'M is given by {Z1, Zs, Z3, Z4, Z5, Zg, Z7}, where
Z1 =2(—0x1 + 0y2), Zo =20x9, Z3=20y,
Z4y = 2(cos B0x3 + sin S0ys),
Z5 = 2(sin B0z4 — cos S0ys),
Zg = 2(sinuy0x5 + cos urdys + cos ugOxe — sin ugdys ),
Z7 = 2(ug cos ur0rs — ug sin u7dys ).
Hence Rad TM = span{Z,} and S(T'M) = span{Zs, Z3, Z4, Zs, Zs, Z7}.
Now ltr(T M) is spanned by N = dz; + dys and S(T M) is spanned by
W1 = 2(sin f0x3 — cos BOy,),
Wy = 2(cos fOx4 + sin f0ys),
W5 = 2(sin uz0xs + cos u70ys — cos ugdrg + sin ugdys),
Wy = 2(ug sin ugdxg + ug cos uglys)-
It follows that JZy = Zy+ Z3 and JN = 1/2(Zy — Z3), which implies that
JRadTM and J1ltr(TM) are distributions on M. On the other hand, we can see

that Dy = span {Z4, Z5} such that JZ, = Zs, JZ5 = —Z,, which implies that D;
is invariant with respect to J and Do = span {Zs, Z7} is a slant distribution with
slant angle 7. Hence M is a semi-slant 2-lightlike submanifold of R32.
Example 2. Let (R}%,g,J) be an indefinite Kaehler manifold, where g is of
signature (—,+,+,+,+,+,—,+,+,+,+,+) with respect to the canonical basis
{8331’ 81‘2, 81‘3; 63747 61'5, 8'1:67 ayh ay27 8y3a 82/47 8:957 ayﬁ}

Suppose M is a submanifold of R3? given by 2! = y? = uy, 22 = ua, y' = us,
23 =yt = uy, 2t = —y® = us, 2° = ug, ¥° = ur, 2% = kcosur, y® = ksinur,
where k is any constant.
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The local frame of T'M is given by {Z1, Zs, Z3, Z4, Z5, Zs, Z7}, where
Zy = 2(0x1 4 0y2), Zp =20x2, Z3= 20y,
Zy =2(0x3+ 0ys), Zs=2(0xq4 — Jy3),
Zg = 2(81’5),
Z7 = 2(0ys — ksinuy0xg + k cos uz0ys).
Hence Rad TM = span{Z,} and S(T'M) = span{Zs, Z3, Z4, Zs, Zs, Z7}.
Now ltr(T'M) is spanned by N = —9x1 + dy, and S(T'M~) is spanned by
Wy = 2(8%3 — 8y4), Wy = 2(8%4 + 8y3),
W5 = 2(k cos uz0xs + k sin urdyg),
Wy = 2(k*0ys + ksinurdxg — k cos urdys).
It follows that JZ; = Zy—Z3 and JN = 1/2(Zy+Z3), which implies that J Rad TM
and Jltr(TM) are distributions on M. On the other hand, we can see that Dy =
span {Zy, Zs} such that JZ, = Zs, JZs = —Z,, which implies that D; is invariant
with respect to J and Dy = span {Zs, Z7} is a slant distribution with slant angle
6 = arccos(1/+/1 + k2). Hence M is a semi-slant 2-lightlike submanifold of R32.
Now, for any vector field X tangent to M, we put JX = PX 4+ FX, where
PX and FX are tangential and transversal parts of JX respectively. We denote
the projections on RadTM, JRadTM, Jltr(TM), D1 and Do in TM by Py, P,
P, Py, and Ps respectively. Similarly, we denote the projections of tr(T'M) on

ltr(TM) and S(TM+*) by Q1 and Q2 respectively. Thus, for any X € T(TM), we
get

X=PX+PRX+FPBRX+PX+PFPX (3.2)
Now applying J to , we have
JX = JPX +JPX +JP;X + JP,X + JPs X, (3.3)
which gives
JX =JP X +JP,X+JP;X +JPX + fPsX + FP; X, (3.4)

where fPsX (resp. FPsX) denotes the tangential (resp. transversal) component
of JPsX. Thus we get JP,X € I'(JRadTM), JP,X € T(RadTM), JP3X €
L(ltr(TM)), JPyX € T(Dy), fPsX € T(Dy) and FPsX € T'(S(TM™)). Also, for
any W e I'(tr(T'M)), we have

W =Q1W + Q2 W. (3.5)
Applying J to (3.5), we obtain
TW = TQuW + TQuW, (3.6)
which gives B B
TW = TO1W + BQoW + CQ.W, (3.7)

where BQ2W (resp. CQ2W) denotes the tangential (resp. transversal) component
of JQ2W. Thus we get JQ1W € I'(Jltr(TM)), BQ2W € I'(D3) and CQW €
L(S(TM+)).
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Now, by using (2.20), (3.4), (3.7) and (2.7)-(2.9) and identifying the components
on RadTM, JRadTM, Jltr(TM), Dy, Dy, Itr(TM) and S(T M), we obtain
P, (ijP1Y) + P (VXjPQY) + P (ijP4Y) + P, (fopg)Y)
=P (AFp5yX) + P (AngYX) + jPQVXY, (38)

PQ(VXjPlY) + PQ(VXjPQY) + P2(VXjP4Y) + PQ(VXfP5Y)
— Po(Appy X) + Po(Agpy X) + TPV XY, (3.9)

P3(VxJPY)+ P3(VxJPY) + P3(VxJPY) + P3(Vx fPsY)
= P3(App,y X) + P3(Agp  X) + JRY(X,Y), (3.10)

P4(V)(jP1Y) + P4(ijP2Y) + P4(ijP4Y) + P4(foP5Y)
= P4(AFp5yX) + P4(A7P3YX) +jP4VXY, (311)

P5(ijP1Y) + P5(ijP2Y) + P5(ijP4Y) + P5(foP5Y)
= P5(AFp5yX) + P5(A7P3YX) + fPsVxY + B}LS(AX,Y)7 (312)

RY(X,TJPY) 4+ h(X,TJPY) + h' (X, JP,Y) + h (X, fP5Y)
= JPVxY - VL JIPY — DY(X,FPsY), (3.13)

h* (X, JPY) + h* (X, JPY) + h*(X, JP,Y) + h* (X, fP5Y)
=Ch*(X,Y) - V5% FPY — D*(X,JPsY) + FP;sVxY. (3.14)
Theorem 3.2. Let M be a g-lightlike submanifold of an indefinite Kaehler manifold
M of index 2q. Then M is a semi-slant lightlike submanifold if and only if
(i) JRadTM is a distribution on M such that RadTM N JRadTM = {0};
(i) the screen distribution S(TM) can be split as a direct sum

S(TM) = (j RadTM & 7ltr(TM)) @Dorth D1 Borth D2

such that Dy is an invariant distribution on M, i.e. JDy = Ds;
(iii) there exists a constant X € [0,1) such that P>X = —\X, for all X € T'(Dy).
In that case, \ = cos? 8, where 0 is the slant angle of D>.

Proof. Let M be a semi-slant lightlike submanifold of an indefinite Kaehler mani-
fold M. Then the distribution D; is invariant with respect to J and JRadTM is
a distribution on M such that Rad TM N JRad TM = {0}.

For any X € I'(D3) we have |PX| = |JX|cos¥, i.e.

cosf = —=—. (3.15)

Rev. Un. Mat. Argentina, Vol. 56, No. 2 (2015)



SEMI-SLANT LIGHTLIKE SUBMANIFOLDS OF KAEHLER MANIFOLDS 29

. PX|? PX,PX X,P?X . .
In view of (3.15]), we get cos? ) = |‘7X||2 = i((jxjx)) = Z((X)?X)), which gives

g(X, P*X) = cos? Gg(X,jzX). (3.16)
Since M is a semi-slant lightlike submanifold, cos?# = X(constant) € [0,1) and

therefore from (3.16) we get g(X, P?X) = )\g(X,jQX) = g(X, )\72X), for all
X € T'(D2), which implies

g(X, (P2 — XTHX) = 0. (3.17)

Since (P?— )\jQ)X € I'(D3) and the induced metric g = ¢|p, x p, is non-degenerate
(positive definite), from (3.17) we have (P? — )\jz)X = 0, which implies

P2X = \T°X = —\X, VX eI(Dy). (3.18)

This proves (iii).

Conversely suppose that conditions (i), (ii) and (iii) are satisfied. From (iii) we
have P?X = )\jZX, for all X € I'(Ds), where A(constant) € [0,1).
9(TX.PX) _ _g(X.JPX) _ _g(X.P2X) _ _\a(X.J°X) _ y g(JXJX)
[JX||PX| —  |[JX||IPX| = |[JX||PX] [JX||PX| — T [JX||PX|"
From the above equation, we obtain

Now cosf =

[JX]|
0=A——. 1
cos PX| (3.19)
Therefore (3.15) and (3.19) give cos? § = \(constant).
Hence M is a semi-slant lightlike submanifold. ]

Theorem 3.3. Let M be a g-lightlike submanifold of an indefinite Kaehler manifold
M of index 2q. Then M is a semi-slant lightlike submanifold if and only if

(i) JRadTM is a distribution on M such that RadTM N JRadTM = {0};
(i) the screen distribution S(TM) can be split as a direct sum

S(TM) = (JRadTM & J1tr(TM)) Sorth D1 Bortn Do

such that Dy is an invariant distribution on M, i.e. JD1 = Dy;
(iil) there exists a constant p € (0,1] such that BFX = —pX, for oll X €
['(Ds). In that case, pn = sin® @, where 6 is the slant angle of Ds.

Proof. Let M be a semi-slant lightlike submanifold of an indefinite Kaehler mani-
fold M. Then the distribution D; is invariant with respect to J and JRad T M is
a distribution on M such that Rad TM N JRad TM = {0}.

Now, for any vector field X € I'(Ds) , we have

JX = PX + FX, (3.20)

where PX and F'X are the tangential and transversal parts of JX respectively.
Applying J to (3.20) and taking the tangential component, we get

— X =P?X + BFX, VX cT(Dy). (3.21)
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Since M is a semi-slant lightlike submanifold, P2X = —\X, VX € I'(D,), where
A(constant) € [0,1) and therefore from (3.21) we get

BFX = —puX, VX €T(Ds), (3.22)
where 1 — A = p(constant) € (0, 1].
This proves (iii).
Conversely suppose that conditions (i), (ii) and (iii) are satisfied. From (3.21))
we get

- X =P’X —uX, VX eTl(Dy), (3.23)
which implies
P2X = -)\X, VX eT(Dy), (3.24)
where 1 — i = A(constant) € [0, 1).
Now the proof follows from Theorem [3.2] O

Corollary 3.1. Let M be a semi-slant lightlike submanifold of an indefinite Kaehler
manifold M with slant angle 6; then, for any X,Y € I'(Ds), we have

g(PX,PY) = cos’ 0 g(X,Y), (3.25)
g(FX,FY) =sin?0 g(X,Y). (3.26)
The proof of the above corollary follows by using similar steps as in the proof of
Corollary 3.1 of [I3].
Theorem 3.4. Let M be a semi-slant lightlike submanifold of an indefinite Kaehler
manifold M. Then Rad T M is integrable if and only if
(1) P1(VXzY) == P1 (VyZX) and P4(V§jY) = P4(V7ij),
(i) P5(VxJY) = P5(VyJX) and RY(Y,JX) = hY(X,JY);
(iil) A(Y,JX) = h*(X,JY), for all X, Y € T(RadTM).

Proof. Let M be a semi-slant lightlike submanifold of an indefinite Kaehler mani-
fold M. From (3.8)), for any X,Y € T'(Rad T M), we have

P (VxJY)=JPVxY. (3.27)
By interchanging X and Y in we get
P (VyJX)=JP,VyX. (3.28)
From and , we obtain
P (VxJY)— P (VyJX) = JP[X,Y]. (3.29)
From (3.11)), for any X,Y € I'(Rad TM), we have
Py(VxJY)=JPVxY. (3.30)
By interchanging X and Y in we get
Py(VyJX)=JP,VyX. (3.31)
In view of and we get
Py(VxJY)— Py(VyJX) = JP[X,Y]. (3.32)
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From (3.12)), for any X,Y € I'(Rad T M), we have

Ps(VxJY) = fPsVxY + Bh*(X,Y). (3.33)
By interchanging X and Y in we get
Ps(VyJX) = fPsVy X + BR*(Y, X). (3.34)
From and (3.34), we obtain
Ps(VxJY) — Ps(VyJX) = fPs[X,Y]. (3.35)
From (3.13), for any X,Y € I'(Rad TM), we have
RH(X,TY) = JP3VyY. (3.36)
Interchanging X and Y in we get
A(Y,JX)=JP3VyX. (3.37)
From and we get
RU(X,TY) — (Y, JX) = JPs[X,Y]. (3.38)
From , for any X,Y € I'(Rad T M), we have
h¥(X,JY)=Ch*(X,Y)+ FPsVxY. (3.39)
Interchanging X and Y in we get
h*(Y,JX) =Ch*(Y,X) + FPsVy X. (3.40)
From and (.40, we obtain
h5(X,JY) —h3(Y,JX) = FPs5|X,Y]. (3.41)
Now the proof follows from (3.29), (3.32), (3.35), (3.38)) and (3.41). O

Theorem 3.5. Let M be a semi-slant lightlike submanifold of an indefinite Kaehler
manifold M. Then Dy is integrable if and only if
(i) P1 (VXZY) = Pl(VyZX) and PQ(VEjY) == Pg(ijX),
(i) P5(VxJY) = P5(VyJX) and (Y, JX) = (X, JY);
(iil) A%(Y,JX) = h*(X,JY), for all X, Y € T'(Dy).

Proof. Let M be a semi-slant lightlike submanifold of an indefinite Kaehler mani-
fold M. From (3.8), for any X,Y € I'(D;), we have

P (VxJY)=JPVxY. (3.42)
By interchanging X and Y in we get
P (VyJX)=JPVyX. (3.43)
From and we obtain
P (VxJY)— P (VyJX) = JP[X,Y]. (3.44)
From , for any X,Y € I'(D;), we have
Py (VxJY)=JPVxY. (3.45)
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By interchanging X and Y in we get
Py(VyJX)=JPVyX.
From and we obtain
Py(VxJY) - P(VyJX) = JP[X,Y].
From (3.12)), for any X,Y € I'(D;), we have
Ps(VxJY)= fPVxY + Bh*(X,Y).
By interchanging X and Y in we get
Ps(VyJX) = fP;VyX + Bh*(Y, X).
In view of and we obtain
Ps(VxJY) — Ps(VyJX) = fP5[X,Y].
From (3.13), for any X,Y € I'(D;), we have
R{(X,TY) = JP3VxY.
Interchanging X and Y in we get
R(Y,JX) = JP;Vy X.
From and we obtain
RY(X,JY) — (Y, JX) = JPs[X,Y].
From , for any X,Y € I'(D;), we have
h¥(X,JY)=Ch*(X,Y)+ FPsVxY.
Interchanging X and Y in we get
(Y, JX)=Ch*(Y,X) + FPsVyX.
Also from and we obtain
h5(X,JY) —h3(Y,JX) = FPs5|X,Y].

Now the proof follows from (|3.44)), (3.47)), (3.50)), (3.53) and (3.56f.

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)
O

Theorem 3.6. Let M be a semi-slant lightlike submanifold of an indefinite Kaehler

manifold M. Then Dy is integrable if and only if
(l) Pl(VXfY — Vny) = Pl(AFyX — AFXy),'
(11) PQ(foY — Vny) = PQ(AFyX — AFXy),'
(ill) Pu(VxfY —=VyfX)=Pi(Apy X — ApxY);
(iv) h'(X, fY) — B(Y. fX) = D\(Y,FX) — D/(X, FY),
for all X, Y € T'(Dy).
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Proof. Let m be a semi-slant lightlike submanifold of an indefinite Kaehler manifold
m. From (3.8), for any z,y € y(dz2) we have

P (VxfY) = Py (Apy X) = TP,V xY. (3.57)

Interchanging X and Y in (3.57) we get

Pi(VyfX) = Pi(ApxY) = TP, Vy X. (3.58)
From (3.57) and (3.58) we obtain
Pi(VxfY —VyfX) - Pi(Apy X — ApxY) = TP,[X,Y]. (3.59)

From (3.9), for any X,Y € I'(D3) we have
Py(VxfY)— Po(Apy X) = JPVxY. (3.60)

Interchanging X and Y in (3.60) we get

Py(Vy fX) = Py(ApxY) = TP Vy X. (3.61)
In view of ([3.60) and (3.61) we obtain
Py(VxfY —VyfX)— Py(Apy X — ApxY) = JP[X,Y]. (3.62)

From (3.11)), for any X,Y € I'(D3) we have
Py(VxfY) — Py(Apy X) = TPV Y. (3.63)

Interchanging X and Y in (3.63) we get

Py(Vy fX) — Py(ApxY) = TP Vy X. (3.64)
From (3.63) and (3.64) we obtain
Py(VxfY —VyfX)— Py(Apy X — ApxY) = JP,[X,Y]. (3.65)

From (3.13)), for any X,Y € I'(D3) we have
R{(X, fY)+ DY(X,FY) = JP;VxY. (3.66)

Interchanging X and Y in (3.66) we get

RI(Y, fX) + DYY, FX) = JPsVy X. (3.67)

Also from and we obtain
(X, fY) - h (Y, fX)+ DX, FY) - D(Y,FX) = JP3[X,Y]. (3.68)
The proof follows from (3.59), (3.62)), (3.65) and (3.68). O
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4. FOLIATIONS DETERMINED BY DISTRIBUTIONS

In this section, we obtain necessary and sufficient conditions for foliations de-
termined by distributions on a semi-slant lightlike submanifold of an indefinite
Kaehler manifold to be totally geodesic.

Definition 4.1. A semi-slant lightlike submanifold M of an indefinite Kaehler
manifold M is said to be mixed geodesic if its second fundamental form h satisfies
h(X,Y)=0,forall X e '(D;) and Y € T'(D3). Thus M is a mixed geodesic semi-
slant lightlike submanifold if h'(X,Y) = 0 and h*(X,Y) = 0, for all X € T'(D;)
and Y € F(DQ)

Theorem 4.1. Let M be a semi-slant lightlike submanifold of an indefinite Kaehler
manifold M. Then RadTM defines a totally geodesic foliation if and only if

?(ijPQZ + VX7P4Z + foPg)Z,jY) = g(Ajp;;ZX + AFp5zX,jY),
for all X e T(RadTM) and Z € T'(S(TM)).
Proof. Let M be a semi-slant lightlike submanifold of an indefinite Kaehler mani-
fold M. To prove that RadT'M defines a totally geodesic foliation, it is sufficient
to show that VxY € RadTM, for all X,V € I'(RadTM). Since V is a metric

connection, using (2.7) and (2.19)), for any X, Y € I'(RadTM) and Z € I'(S(T'M)),
we get

9(VxY,2)=9((VxJ)Z —VxJZ,JY). (4.1)

Now from , and we get
9(VxY,Z) = —g(Vx(JP2Z + JPsZ + JP,Z + fPsZ + FPsZ),JY).  (4.2)
In view of (2.7)-([2.9) and (.2), for any X,Y € I'(RadTM) and Z € I'(S(TM))

we obtain
9(VxY,Z) =G(Agp, ;X + App,zX — VxJPZ (43)
—VxJPyZ —VxfPsZ,JY), '

which completes the proof. O

Theorem 4.2. Let M be a semi-slant lightlike submanifold of an indefinite Kaehler
manifold M. Then D1 defines a totally geodesic foliation if and only if

(ii) Az, X and VxJN have no component in Dy,
for all X,Y € T(Dy), Z € (D), W € I(J ltr(TM)) and N € T'(itxr(TM)).
Proof. Let M be a semi-slant lightlike submanifold of an indefinite Kaehler man-

ifold M. The distribution D; defines a totally geodesic foliation if and only if
VxY € Dy, for all X,Y € I'(D;). Since V is a metric connection, from ,

(2.19) and (2.20), for any X,Y € I'(D;) and Z € I'(D3) we get
9(VxY, 2) = g(ﬁij, jZ) = —?(vsz, jY) (4.4)
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In view of (2.7)), (2.9) and (4.4) we obtain

9(VxY,Z2)=g(ApzX —VxfZ,JY). (4.5)
Now, from (2.7), and (2.20)), for any X,Y € I'(D;) and N € I(1tx(TM)) we
have
3(VxY,N)=g(VxJY,JN) = —g(JY,VxJN). (4.6)
From and we get
g(VxY,N)=—g(JY,VxJN). (4.7
Also, from (2.7), and (2:20), for any X,Y € I'(D;) and W € T'(J ltr(TM))
we have
FVXY, W) = gV x TY, TW) = —g(TY, T x TW). (4.8)
In view of and we obtain
G(VxY, W) =g(JY, Az, X), (4.9)
which completes the proof. O

Theorem 4.3. Let M be a semi-slant lightlike submanifold of an indefinite Kaehler
manifold M. Then Dy defines a totally geodesic foliation if and only if

(ii) g(fY,VxJN) = —g(FY,h*(X, JN)),

(iii) g(fY, Az X) = g(FY, D*(X, JW)),
for all XY € T(Dy), Z € T(Dy), W € T(J Itr(TM)) and N € T'(Itx(TM)).

Proof. Let M be a semi-slant lightlike submanifold of an indefinite Kaehler man-
ifold M. The distribution D, defines a totally geodesic foliation if and only if
VxY € Ds, for all X,Y € I'(D3). Since V is a metric connection, from ,
and (2.20)), for any X,Y € I'(D,) and Z € I'(D;) we obtain

9(VxY,2)=g9(VxJY,JZ) = -g(VxJZ,JY). (4.10)
From and we get
9(VxY,2) = -g(VxJZ,fY) - g(h*(X,JZ),FY). (4.11)
Now, from (2.7), and ([2:20), for any X,Y € I'(D;) and N € I'(1tr(TM)) we
have
9(VxY,N)=g(VxJY,JN) = —g(JY,VxJN). (4.12)
From and we get
§(VxY,N) = —g(fY,VxJN) = g(FY,h*(X, JN)). (4.13)

Also, from (2.7), (2.19) and (2.20), for any X,Y € I'(Ds) and W € T'(J ltr(T'M))

we have

g(VxY, W) = ?(vij, jW) = —?(jY, V;JW) (4.14)
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In view of (2.8) and (4.14)) we obtain
VXY, W) = §(fY, Az X) — G(FY, D*(X, TW), (4.15)
which completes the proof. O

Theorem 4.4. Let M be a mized geodesic semi-slant lightlike submanifold of an
indefinite Kaehler manifold M. Then Do defines a totally geodesic foliation if and
only if
(i) VxJZ has no component in Dy,
(ii) g(fY,VxJN) = —g(FY,h*(X, JN)),
(iii) g(fY, A7, X) = g(FY, D*(X,JW)),
for all X, Y € T'(Ds), Z € T(Dy), W € T(J Itx(TM)) and N € T'(Itr(TM)).

Proof. Since M is a mixed geodesic semi-slant lightlike submanifold of an indefinite
Kaehler manifold M, we have h*(Z,X) = 0, for all Z € T'(D;) and X € I'(Dy).
Now, the proof follows from Theorem O
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