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AN INTERPOLATION THEOREM BETWEEN
CALDERON-HARDY SPACES

SHELDY OMBROSI, ALEJANDRA PERINI, AND RICARDO TESTONI

ABSTRACT. We obtain a complex interpolation theorem between weighted
Calderén-Hardy spaces for weights in a Sawyer class. The technique used
is based on the method obtained by J.-O. Stromberg and A. Torchinsky; how-
ever, we must overcome several technical difficulties associated with consid-
ering one-sided Calderén—Hardy spaces. Interpolation results of this type are
useful in the study of weighted weak type inequalities of strongly singular
integral operators.

1. INTRODUCTION

The aim of this paper is to prove an interpolation theorem between one-sided
Calder6n-Hardy spaces HET(w), that we will define below. Complex interpola-
tion theory started with the so celebrated paper due to A. Calderén [I]; we also
recommend to see the paper by A. Calderén and A. Torchinsky [4]. In that line,
in [I8] J.-O. Stréomberg and A. Torchinsky obtained a complex interpolation the-
orem between weighted Hardy spaces and in [I4] the authors obtained a general-
ization of that result. On the other hand, E. Gatto, J. Jiménez and C. Segovia
([6]) studied the Calderén-Hardy spaces in order to characterize the solutions of
A™F = f,m € N for distributions f in the Hardy spaces HP. They proved that
the operator A™ is a bijective application from the Calderén—Hardy spaces onto
HP. A more general weighted version of these spaces was studied in [I1]. It turns
out that, when « is a positive integer, the spaces HE T (w) can be identified with the
one-sided Hardy space HY (w) defined in [I5]. Thus, it is natural to think that, in
the case that the parameter « is a natural number, it will be possible to obtain an
interpolation theorem between weighted Calderén—Hardy spaces. However, if the
parameter « is not an integer number that identification fails (a counterexample is
obtained in [I1]). So, this fact motivated us to think about the question of whether
it is possible to obtain an interpolation theorem between weighted Calderén—Hardy
spaces even in those cases where we do not have such identification. The main result
of this paper (Theorem [1.1)) gives a positive answer to that question.
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2 S. OMBROSI, A. PERINI, AND R. TESTONI

In order to state the main results we introduce the following notations and
definitions which will be used throughout this paper.

A weight w is a measurable and non-negative function. If £ C R is a Lebesgue
measurable set, we denote its w-measure by w(E) = [, w(t)dt. A function f(z)

1/
belongs to LP(w), 0 < p < 00, if || f[|1s(,) = (ffooo |f(m)|pw(m)dm> " is finite.

The classes A}, 1 < s < oo, were defined by E. Sawyer in [16](see also [10]). A
weight w belongs to the class AT, 1 < s < oo, if there exists a constant C' such

that
1 (e 1 [oth SN
— — T s—1 <
<h /th(t)dt> h/a: w(t) dt <C,

for almost all real numbers x.
In the limit case of s = 1 it is said that w belongs to the class A if M~ w(z) <

Cw(x) a.e. z € R, where M~ f(z) = sup %/ |f(#)] dt. Also we consider AY =
h>0 x—h

Us>1 AF. The properties of the one-sided weights which we will use in this paper

can be seen in [§], [12] and [16].

Let us fix w € A;‘. Then there exist x_o, and Too, —00 < T_ o < Too < 00,
such that w(z) = 0if ¢ < 2_, w(x) = 00 if & > Zeo, and 0 < w(x) < oo if
Tooo < T < Too. Also w is locally integrable in (—o0, z) (see [II] for the details).
We denote by L (7_c,00) the space of complex valued functions f(z) on R that
belong locally to L? for compact subsets of (2_o,00). We endow L (2_o0, 00)
with the topology generated by the seminorms

£l = (m‘l / |f(y>|2dy)1/2,

where I = (a,b) is an interval in (2_,00) and |I| = b — a.
Let f € L2 (2_x,0) and let a be a real positive number. We define the

loc
maximal function nt (f;z) by

nt(f;x) =supp .

Let N > 0 be an integer, and Py the subspace of L2 _(_x, 00) of all polynomials
of degree at most IN. This subspace is of finite dimension and therefore a closed
subspace of L, (2 —o0,00). We denote by Ey the quotient space L2 (2o, 0)/Pn-.

loc
If F € En, we define the seminorms

1#)ly = ok {17173

The family of all these seminorms induces on En the quotient topology.
For F' € Ey, we define the maximal function N} (F;x) as

NJ(F;w)Z}gg{ni(f;w)}-
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INTERPOLATION THEOREM BETWEEN CALDERON-HARDY SPACES 3

This type of maximal function was introduced by Calderén in [2]. It can be shown
that if NJ(F,z) is finite for some z then there exists a unique f € F such that
nt(f;x) < oo and, therefore, NI (F;x) = nt(f; ).

For F € Ey, we say that F belongs to HE T (w), 0 < p < 1, if the maximal
function N (F;x) € LP(w). That is

/ NI(F;z)Pw(x) dr < oo.

The “norm” of F in HL* (w) is given by [|[F[|yp.+ ) = NS (F32)]| 1r(o) -

Usually the parameter o will be written as &« = N+ 3, where N is a non negative
integer and 0 < 8 < 1. We say that the class F' € En belongs to A, (2_ s, 0), or
simply F € A,, if every f € F is a o Lipschitz function, that is f € OV (z_o, 00),
and there exists a constant C such that the derivative D f satisfies for every
x, 2" € (T_s0,00) the Lipschitz condition

|DN f(a) = DN f(2')| < C |o—a'|” .
We shall denote by €2 the following strip in the complex plane: Q@ = {z € C:

0 <Re(z) < 1}. For 0 < pg,p1 <1 and z € Q we define p(z) as
1 1-2z =z
= +

p(z)  po i

For 0 < u <1 we define p(u) = uz;(l ),

Let w and v € AY. We shall assume that w(z) < 7 and v(z) < 7 for some
7 > 0. Also we will consider that they have the same x_, and z.,. We define the

weight

p(u)(x) = w(a) =y ().
In the same way we consider r(z) and ji(u), for 0 < rg,71 <1 and w,v € AL.
Let ¢ be a fixed real number 0 < ¢ < 1; we shall write p = p(¢), r = r(¥),
p=p(l) and fi = [i(£).
In order to give an interpolation theorem between Calderén—Hardy spaces HE ()
on parameter p, we fix the parameter «; in particular we consider « such that
(a+3)pu) >s>1or (a+ L)p(u) > 1if s =1.

With the notation and definitions given above we can state the main results of
this paper.

Theorem 1.1 (An interpolation theorem between Calderén-Hardy spaces). Let
z € Qand T, : HPOT(w) + HEV T (v) — HIOH (@) + HILH (D) be a family of
linear operators. Let g.(z,.) be the representative of T, F such that N} (T, F;x) =
nt (gz(z,); 1) < co. Assume that for x € (v_o,00) and p > 0

1 otp
0.2 =z [ (o) dy

1$ a measurable function with respect to the x variable, continuous and bounded for
z € Q and analytic in the interior of Q for each fized (z,p) in (s, 00) X (0,00),
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4 S. OMBROSI, A. PERINI, AND R. TESTONI

and such that g.(z,y) takes real values when z is real. If, in addition, for some
constants ¢, 3 > 0,

HTitFHHgo#(@) < Ceﬁlt‘||F||H50v+(w)

Bl (1.1)

and ||T1+itFHHgl’+(,;) < ce ||F||H§1=+(y)a

then, for 0 < £ < 1, there exists a constant C > 0 such that for, any F € HPT(p),
||T£FHHQ+(,1) < C||F||Hgv+(u)-

As we mentioned before, this kind of results in complex interpolation theory
were introduced by A. P. Calder6n in [I] and A. P. Calderén and A. Torchinsky
in [4]. Applications of these results to study strongly singular operators in the
context of weighted Hardy spaces can be found in [5] and [I4]. Theorem is a
consequence of the following theorem.

Theorem 1.2.

(1) Let F(z) be a function of a complex variable z € Q which takes values
in HPOT(w) + HEY T (v), and for each z € Q we consider f.(z,-) the
representative of F(z) such that nt(f.(z,-);x) < oco. Let F(z,p,z) =

1
p20¢+1
variable, continuous and bounded for z € Q0 and analytic in the interior of
Q for each fived (z,p) in (£_c0,00) X (0,00) and such that f.(z,y) takes
real values when z is real. If F(it) € HE> T (w), sup, ||F(it)||Hp0,+(w) < 00,
F(1+it) € HP1* (v) and sup, HF(I—&—it)HHPl,Jr(V < 00, then for 0 < £ <1,
F(6) € HE T (w), po < p < p1 and

x+p
/ (fgg(z,y))2 dy be a measurable function with respect to the x
xr

)

1—¢ l
HF(E)”Hgv*(M) <C <Slip ||F(it)7_t£0,+(w)) (Sltlp F(1+ it)|yg1*+(y)> - (12)

(2) If F € D then there exists a function F(z) such that F(z,p,z) has the
properties stated in (1), F({) = F and

|7 (u + it [P < C|F|

2O () = (1.3)

P
HET (1)
holds for z = u+ it € Q and C does not depend on F. Here D is a dense
subset of HPO T (). (See Section 3 for the definition of D.)

Remark 1.3. A version of Theorem without assuming the weights to be
bounded, can be obtained by considering w,(z) = min{w(z),7} and v () =
min{v(x), 7} for given 7 > 0 and with the aditional hypothesis that the constants
C in do not depend on 7.

Remark 1.4. It is worth to point out that these results can be obtained in the
context of Muckenhoupt weights with a simpler proof. In fact, it is not necessary
to assume that the weights are bounded.
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INTERPOLATION THEOREM BETWEEN CALDERON-HARDY SPACES 5

This paper is organized as follows. In Section 2 we present some auxiliary lemmas
that will be needed later in Section 4. In Section 3, we give a particular atomic
decomposition of the space H2 1 (), with some additional useful properties. The
main result of this paper, Theorem is proved in Section 4. This result is the
principal tool to obtain Theorem

2. AUXILIARY LEMMAS

In the following lemma we resume several properties of the maximal function
N} (F,z) and the spaces HP:F (w).

Lemma 2.1 ([6l 111, 12]).

(1) Let f1, fa be two representatives of F' € En and P = f1 — fa. There exists
a constant ¢y, such that for every x1, xa andy in (x_,00) the inequality

(2)' o

holds.

(2) Let F € En. If NI (F,x) is finite for some zq then there exists a unique

[ € F such that n} (f;z0) < oo and, therefore, N} (F;xo) = nt(f;xo).

(3) Let F € Ex. If NI (F;x) is finite, f is a representative of F and we
denote by P(xz,y) the unique polynomial of degree at most N such that
nt (f(y) — P(z,y);x) = NI (F;z), then f(z) = P(z,z) for almost every
such that NI (F;x) is finite.

(4) Let {F;} be a sequence of elements in Ey, such that Y, N (F;;x) is finite
for almost every x € (x_o,00). Then

(i) The series Y., F; converges in Ex to some F. Moreover N (F;x) <
Yo NI (Fi;x) for all x € (200, 00).

(i) Let g be such that >, NI (F;;x0) < oo; if fi is the unique representa-
tive of the class F; such that NI (F;,z0) = n}t(fi,zo), then the series
> fi converge in Lloc(m_oo,oo) to a functwn f that is the unique
representative of F such that N} (F,zo) = nt(f,xo).

(5) If {F;} is a sequence in En such that converges to F' in HEV (w) then {F;}
converges to F' in Ey.

(6) Let 0 < p <1 and w € A} where (a+3)p>s>1or (a+3)p>11if

s = 1. The space HE: T (w) is complete.

(7) F belongs to A, if and only if there exists a finite constant C such that
NI (F,z) < C for all z € (x_o0,00).

(8) The maximal function N} (F,x) associated with a class F € Ey is lower
semicontinuous.

(9) Let 0 < p <1 and w € AL, where (a+ )p>s> Lor(a+; Lp>1
if s =1, and let A € En such that there erists a representatwe a €A
with compact support contained in an interval I and such that N} (A;z) <

w(I)_% for all v € (x_oo,00). Then ||A||HP+( ) < Cy, where C,, does not
depend on A.

< e (nE(fuz) +nd(faiza)) (lzy — gl + |22 —y))* "
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6 S. OMBROSI, A. PERINI, AND R. TESTONI

A proof of (1) is obtained in [I1} Lemma 3.3]. The proof of (2) is similar to the
one of [6, Lemma 3]. Proofs of (3), (4) and (5) can be seen in [12] Lemma 3.4.5],
[[2, Lemma 3.2.6] and [I2] Corollary 3.2.4], respectively. The proof of (6) is similar
to that of [6, Corollary 2]; see also [12], Corollary 3.2.7]. Part (7) is Lemma 3.10 in
[11]. Finally, proofs of (8) and (9) are in Lemma 3.2.9 and Lemma 3.2.12 in [12],
respectively.

Remark 2.2. Let F € A, and f € F. ThenfGCNandDNf GAg,af
1d+f
« k! dak
Taylor polynomial of f in . We claim that f(y)—P, ( x, y) is the representatlve of F

that realizes the maximal function N} (F;z) (see items (2) and (7) in Lemma-.
In fact, for some 0 < 6 < 1, we have
1 avNf

100 = Pt = |70 = Pyston) = o S @0 =)

N N
¥ |G oty ) - T )

< Cnly— 2Ny — =|?

N+35,0<8<1. Forx € (£_00,0), let Py(z,y) = (x)(y — a:)k be the

1
= ﬁ|y—$|

= Cle - CU|a>
which implies n} (f — Py (z,-);7) < oo.

To prove the first part of Theorem we shall need the following results that
can be found in [I8, Chapter XII].

Lemma 2.3 ([18]). Let g : @ — C be a continuous function on Q and analytic in
the interior of Q0 such that

9(2)] < ¢ exp(A(exp(al Im(2)])))
for some constants ¢ >0, A€ R and 0 < a < w. Then, for 0 < ¢ < 1, we have

oo

In(|g(0)]) < / " (g Pole, 1) dt + / In(lg(1 + it) )Py (6, 1) dt,

— 00 —0o0

where Py and Py are the Poisson kernel for §Q.

Corollary 2.4 ([I8]). Under the assumptions of Lemmam 2.5 we have

(1_4/ 2 Py, t)dt)l (2/2 g(1+it>|’“21P1<at>dt)“,

where p = p(¢) and p = u(L).

s

l9(0)]

For the second part of Theorem we shall need the following three lemmas
that can be found in [14] and [9].

Lemma 2.5 ([14]). Letw e Af, ve A, 0<d <1andn>0. Ifs =p(1-0)+q¢d
then
w(x)70u(z)’ € AT,

Rev. Un. Mat. Argentina, Vol. 58, No. 1 (2017)



INTERPOLATION THEOREM BETWEEN CALDERON-HARDY SPACES 7

and there exists a constant C = C(n,d,w,v) such that

(11 /7 w(z) dg;>15 (II / u(z) daz>6 <c (11+ /I+ w(ﬂc)l_éy(m)‘sdaz>

holds for every pair of intervals I~ = (a,b) and I = (b,c) with b —a = n(c — b).

Lemma 2.6 ([14]). Given 0 < p < oo andn > 0 there exists a constant C = C(p,n)
such that if 6 is a weight on the real line then

HZ)‘WU’C L) <C HZ AkXEy

holds for every Ax, > 0 and for all intervals I, and all § measurable Ey, Ey C Iy

Lr(6)

Lemma 2.7 ([9]). Let 6 € AL.
(1) There exists B > 0 such that the following implication holds: given A > 0
and an interval (a,b) such that A < % for all x € (a,b), then

[{x € (a,b) : 6(x) > BA}| > %(b —a).

(2) There exists v > 0 such that the following implication holds: given A > 0

and an interval (a,b) such that A < ?lgf’ig for all x € (a,b), then

{z € (a,b) : 5(z) < A} > %5(1) _a).

Finally we state some properties of the A weights that are easy to prove.

Lemma 2.8. Let w € Aj, 1 <s< oo andlet I and Iy, be bounded intervals such

that I, C I C (X0, 0); then there exists C = C(w, I, s) not depending on I, such
that
[Zn®
w(/n)

If, in addition, w(z) < T for some T > 0, then

[l < |In|®
T w(Ip)

<C.

3. A PARTICULAR ATOMIC DECOMPOSITION OF HET (w)

In this section we give an atomic decomposition of a class F € HET(w) with
additional properties which are used to prove (1.3)).

Definition 3.1. We say that a class A € Ey is an atom in HE T (w) if there exists
a representative a(y) of A and an interval I such that

(i) supp(a) C I C (#-oc,00), w(l) < 00;
(i) NF(4;2) <1forall z € (£_n,00).
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8 S. OMBROSI, A. PERINI, AND R. TESTONI

For w € A}, the condition w(I) < oo does not imply that I is bounded. However,
from the properties of one-sided weights, I can not be of the form (b, 00). So if T
is not bounded then we have that x_., = —o0 and I = (—o0,b), b < 0.

The following lemma shows how large the norm of an atom in the space H2 T (w)
is. The proof is inmediate from Lemma item (9).

Lemma 3.2. Let w € AT, 0 < p <1 and (oz—l—%)pz s>1 or(a+%)p> 1f
s = 1. There exists a constant C,, > 0 such that for any atom A in HET (w) with
associated interval I as in Definition[3.1] the following inequality holds:

IA|l ) < Cuw(I). (3.1)

P
HE T (w

With the ideas of the proof of the second part of Theorem 1 in [I8, Chapter
VIII], we obtain the following analogous result for Calderén-Hardy spaces.

Theorem 3.3 ([18]). Letw € Af and0 <p <1, (a+1/2)p > s> 1 or (a+1/2)p >
1ifs=1. Let {\;} be a sequence of positive numbers and {A;} a sequence of atoms
with associated bounded intervals {1;} respectively such that || 32,51 Ajx1; |l ze(w) <
0o. Then 2]21 A;jA; converges unconditionally, in the HE T (w) norm, to some
F € HPt(w). Moreover, there exists a constant C' such that

1Pl o) < €| D i,
J

Lr(w)

Theorem 3.4 (Decomposition into atoms, [11]). Let w € A and 0 < p < 1,
such that (a« +1/2)p > s> 1 or (a+1/2)p > 1ifs=1. If F € HET(w) then
there exist a sequence {\;} of positive coefficients and a sequence {A;} of atoms
with associated bounded intervals {I;} respectively, such that Zj>1 AjA; converges
unconditionally to F in Ex and in the HEV (w) norm. Moreover there exist two
absolute constants C1 and Cy such that

Cl” ZAjXIj Lo (w) < HF||H§+(UJ) < CQH Zijlj
jz1 jz1

Also, forr >0,

L (w)

Z Njxr, () < Cr [N (F; )]

for almost every x € (x_q0,00), where C,. does not depend on F.

To prove Theorem we follow the proof of the atomic decomposition of
HP+(w) given in [T, Theorem 2.1], making the small modifications necessary to
adapt it to our definition of atom.

We shall denote by D the set of all finite lineal combinations, with positive
coefficients, of atoms A; supported in bounded intervals I;. As a consequence of
Theorem we have that D is dense in H2 T (w).

Our aim is to show that for a given F' € H21(w) there exists an atomic de-
composition as stated in Theorem such that for each atom Ay with associated
interval I}, as in Definition 3.1} there is another atom Aj in the decomposition with
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INTERPOLATION THEOREM BETWEEN CALDERON-HARDY SPACES 9

associated interval I; following I;, and such that |I;| < |I),| < 4|I;]. We say that
an interval J follows the interval I if I = [¢,d] and J = [d,e]. We proceed as in
[14]. The next lemma is Lemma 7 in [14].

Lemma 3.5 ([14]). Letr > 0. There exists a sequence {n}5>
such that

o0
(1) 0<n, <1 and Z Tlh(x) = X(foo,r)('r)'
h=—o00
(2) supp(ny) C I, = [r — 27 "r,r — 2777 2¢].
(3) If we denote ry, = g5 and x € I, then irh <r—xz<r,.
(4) Fach x belongs to at most three intervals I,.
(5) For every non negative integer i there exists a positive constant ¢; such that
| D'nn ()| < ey,

of C§° functions

— 00

For more details see also [I5, Theorem 2.1]. This lemma allows us to break up
an atom as it is done in [I4, Lemma 7).

Theorem 3.6. Let A be an atom in HET (w) with associated bounded interval I.
Then there exists a sequence {Ap} of atoms with associated bounded intervals {Ip,}
such that
A=C > Ay in HY (),

h>—1
where C' does not depend on A. In addition, I = J,~_; In, and no point x € I
belongs to more than three intervals Ij,. Moreover, for every h the interval Iy o
follows I, and |Ip42| < |In| < 4|Ip12].

Proof. Without loss of generality we supose that I = [0,7], » > 0. Let a(y) be the
representative of A supported in I that fulfills the definition of atom.

Let us consider the sequence of functions {n,}7> __ given in Lemma|3.5[associ-
ated with the interval (—oo,), such that supp(n) C I, = [r — 27w, r — 270=2p].
Then, by Lemma part (1), we have

@)= 3 a@m@) = > Oua). (3.2)
h=—o00 h=—o00

For each h, we denote by O, the class in Ex of 0,(z) = np(x)a(x). Considering
arguments similar to those given in [I1, Lemma 4.5] and using Lemma we can
prove that there exist a constant C' such that

NI(©y;r)<C (3.3)

for each h € Z and for all x € (z_s,00).
For each h > —1 we define

an(y) = C~'0n(y),
where C is the constant in (3.3, and denote by A;, the class of ay(y) in E. Then

by (3.3) we have
NI (Ap;2) =C NS (Op;2) < 1.
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10 S. OMBROSI, A. PERINI, AND R. TESTONI

Since supp(ap) C I, = [r — 27 "r,r — 27"=2¢], the class Ay, is an atom in HE T (w)
with associated interval Ij,.
We claim that

A:OZ Ah inEN.

h>—1

In order to prove this, first we will see that C Z Ay, converges in HE T (w). In

h>—1
fact, by (3.1)), we have

||Ah||;g1+(w) S wa(lh)7

where C,, does not depend on h. Then, using item (4) in Lemma[3.5] we have that

Z |‘Ah||§[§,+(w) S Cw Z W(Ih) < 00,

h>—1 h>—1

and, since H2 " (w) is complete (see Lemma[2.1|item (6)), we have that C Z Ap,
h>—1
converges in HE " (w) to some F. Also, by Lemmaitem (5), the series converges
to F'in Ey.
Next we shall see that F' = A. If we prove that

Z NI (Op;7) < oo, for almost every x € (7_ s, 0), (3.4)
h>—1

then, taking into account that N (6;7) = nt (0),(y);r) = 0, we have by Lemma/2.1]
part (4) (ii) that the series Z 0, converges in L (7_o,00) to some f € F. But,
h>—1
by (3.2), f(z) = a(x), which implies that F' = A.
Finally we will prove (3.4). For x > r, Z NI (On;2) = 0. Let € (7_o0,7)-
h>—1

We choose hg such that z is at the left of I, that is @ < x5, = r — 27"0r. For
each h > hy + 1, we shall estimate

1 vre )
;@g;fj/ 10 (y)|” dy
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INTERPOLATION THEOREM BETWEEN CALDERON-HARDY SPACES 11

We consider p > |1, | = %Z_hor, otherwise the integral above vanishes. Denoting
by P(xp,-) the N-th order Taylor’s polynomial of a at xj, we can estimate

1 a+3 z+p ) 3
(p) ( [ 0w dy)
2h0 O‘Jr% zp+|1n] ) %
< [4— d
<(¢%F) ([ e
2ho a+% 1 "H‘% xn+|In| 5 %
< | = — a(y) — P(xp, d
(%) (@) ([ - e
c, a+3 zh+| 1| 3
+< T“) / |P(xn,y)Pdy
T

= (I) + (IT).
By Remark [2.2] and Definition we have

(1 < (zh‘))a+é nE(a — Plan, )i an) = (2ho)a+2 N (Aran) <

Cho,a
2h(a+%) ’

Let k=0, fi = a(-) = P(zn,-), fo = a(-) = P(r,"), 1 = @, and 2 = r. Then
by Lemma [2.1| part (1) we have

|P(zn,y)l = [P(xn,y) — Pr,y)]
< C(ng(a—P(zn,-);n) + ng (a = P(r,-);r))(|zn — yl + |r —y)*
< C(27hr)e.

Then we can estimate,

Oy \ 2 ] :
< 0 — [e% < ) .
(II)_C< " ) /zh (27"r)**dy < St

From (3.5)) and (3.6) we obtain

1\*F2 / pote z ,
() (/ |eh(y>2dy) < Cpy a2 HHD),
P z

Thus, taking supremum over p > 0 and using Lemma [2.1] item (2), we get
NI(On;2) =nt(0n;2) < C’;LU’O(Z*h(O‘JF%),

for h > hy+1. Finally, using this estimation and taking into account that a+% > 0,
we obtain ([3.4) as follows:

=
Q
>
=)
Q

ho+1
> NfOnx) =Y Ni©wz)+ Y Ni(Onz)
R>—1 h=-1 h>ho+1 (3.7)
< Dhpia+ Choa . 27M0FD) <00,

h>ho+1
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O

Remark 3.7. From the proof of Theorem [3.6] and with the same notation, it

follows that C' Z ay, is a representative of C Z A, = A.
h>—1 h>—1

From Theorem [3.4]and Theorem [3.6| we have the following atomic decomposition
in HE T (w).

Theorem 3.8. Let w € A and 0 < p < 1, such that (a +1/2)p > s > 1 or

(a+1/2)p>1ifs=1. If F € HET(w) then there exist a sequence {\;} of posi-

tive coefficients and a sequence {A;} of atoms with associated bounded intervals

{I;n} respectively, such that I;pio follows I, |Ijnte] < |Iinl < 4|1 hy2| and
Z A\;jAjn converges unconditionally to F in Ex and in the HE ' (w) norm.

j>1,h>—1

Moreover there exist two constants Cy and Cs, both not depending on F, such that

ClH » Z AjXI; Lr(w) < HF||HQ’+(Q;) < C2H Z AiXI; 0
J>Lh>—1 F>1,h>—1

Lr(w)

Also, forr >0,

Y Nxp.(2) < CING(F;2))
j21h>-1

for almost every x € (r_q0,00), with C' not depending on F'.

4. PROOF OF THEOREM

Proof of the first part of Theorem For each z € Q, F(z) € HEOT (w) +
HPT(v), then F(z) = Fy(z) + Fi(z), where Fi(z) € HP»T(u(k)) and so
NI (Fi(2);x) € LPx(u(k)) for k = 0,1. Then N} (Fy(z);2) < oo for almost ev-
ery & € (T_oo,00) with respect to the measure p(k), k& = 0,1. Moreover, since
w(k)(x) >0 for z € (x_o0,00) and k = 0,1, NS (Fi(2);z) < oo almost everywhere
with respect to the Lebesgue measure. Also, as N (F(z);z) < NI (Fy(2);z) +
NI (Fy(z);x) then N (F(z);z) < oo for almost every x € (Z_o,00). Then, by
Lemma [2.1| part (2), there exists a unique f;(2,-) € F(z) such that n} (f.(2);z) <
oo and

A@(F%nuwn:ugwfxx>sup]'<1m£$ﬂ]ﬁxay»2@05_

p>0 PY\ P

Given 0 < £ < 1 and p(x) a positive and measurable function, we consider
1 z+p(z) 9
Flp@) )=~z [ (falt)) dy,
p(x) @
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Then applying Corollary Holder’s inequality and Fubini’s theorem, we have

/ " (Flap(@), 0)} p(a) du

< (116 / Z ( / @ e i) w(m)dx> Po(£.1) dt) (4.1)

[eS)

X (2 /jo </°° |]:(:E,P(:U),1+it)|p21y(x)dx> Pl(&t)dt> ,

If £k =0,1 we have

2

) % 1 1 z+p(x) . 9
P pla). ki) < (p(x) / [Fo((k + it), ) dy>

<nt(fo(k+it);x) = NI (F(k +it); z).

Taking into account that [* Py(¢,t)dt =1—¢, [* Py(¢,t)dt = {, upy = {p and
po(l — ) = (1 — £)p, the last term in inequality (4.1]) can be estimated by

1 ) 1—p 1 [e'e) 14
— F(it)|[2 P - F(14it)||” P
(1= [P0, o) (G [ IR0 0y, ., Ao )

(1-0)p lp
< (sgp ||F<it>||ﬂgo,+(w)) (sgp 1P +z‘t>||,{gl,+(y>>

So, for 0 < £ < 1 and p(x) a positive and measurable function, we have proved that

Lp

(1-0p
| (FCap(),0) 22 < (sgp F(it)IIng(w)) (sgp IP(+ it)llﬂgw(v))

Then the first part of Theorem .2 follows at once from the fact that given € > 0,
there exists a positive measurable function p(z) defined on (z_,00) such that,
forall0 </ <1,

1
INEE©: My < I FC ), 0) HE gy + e
Proof of the second part of Theorem Let F € D, that is
F =Y X\A;,
jeJ
where J is a finite set, A\; > 0, and A; are atoms. Let a; € A; and let I; be a

bounded interval such that supp(a;) C I; as in Definition We decompose each
A; as in Theorem [3.6] to obtain a decomposition of F' as in Theorem that is

F=CY X ) Ajn in HET(n),
jeJ  h>—1

where A; = C Z Ajn, with C not depending on A;. Let a;, € A; ) and I,
h>—1
as in the proof of Theorem [3.6 Thus supp(a; ) C I, C I; and for each = € I,
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x belongs to at most three I; ;. Also I; 1o follows I; ), and | pyo| < |Ljn] <
4|Ij,h+2‘-

We shall define F'(z) in the same fashion as in [I8, Theorem 3, Chapter XII]. In
order to do that we consider Z Z Njn(2)A; 1, where

jeJh>—1
(z—0p
)\j,h(z) = )\j p(pz) (W) POP1 .
v(Ijn+2)

Using the special properties of the atomic decomposition and following the argu-
ments given in [I4] to prove an analogous inequality for one-sided Hardy spaces,
we can obtain

p(u
< p
HZ > Nwlutit)x,, oo iy = CIF Iy (4.2)
je€J h>—1
Then, by Theorem Z Z |\jn(u+it)|Bj p converges in Hﬁ(“)’+(u(u)) for
je€J h>—1

all sequences of atoms {B; 1} in Hg(u)’Jr(u(u)) with associated bounded intervals
{I; 1} respectively. In particular, taking B; = e'%» A, 1, where 0, ), = Arg(\; ),

we can define
2) = Z Z Non(2)Ajn 0 HPOF (u(u)).
jETh>—1

Also by Theorem [3.3] we have that
p(u)

1 (u + it) 25 < cr) :
L2 (u(u))

HE ™ ()

Z Z |/\jh U+Zt ‘X[]h

jeJ h>—1
Finally, combining inequalities (4.2)) and ( -7 we get

||F<u+zt>||’;;2u) gy S CTONEI

Next we shall prove that F(z) and F(x,p,z) satisfy the properties stated in
Theorem [L.2}

To see that F(z) € HP> T (w) +HELF(v) we use the fact that at least [A; 5 (2)] <
A n(0) or |Ajn(2)] < )\j h(l) hold, and write F(z) = Fy(2) + F1(z), where

Z Z )\jﬁ(Z)Aj’h.

h>—1
I/\.7 n(2)[<A;.1(0)
Then we can prove that Fy(z) € H2 T (u(k)), k = 0,1, as it is done in the proof of
the second part of [I8, Theorem 3, Chapter XII] for weighted Hardy spaces.
We claim that, for almost every = € (z_o0, 00), there exists a unique f,(z,-) €
F(2) such that

(4.3)

fHP+( )

NI(F(2);2) = nf(fa(z,);2) < o0, (4.4)
where
=D D> Nl (an(y) = Pinle,y)),
jeJ h>—1
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with P; j,(z,-) the N-th order Taylor’s polynomial of a; , at z. In fact, by the same
argument that led to (3.7)), we have

ho+1

Z Z N;r()\jv Jvh’ Z Z N J7h7 )

JEJh>—1 JEJ h=—1

T2 D NEunAmia)

j€J h>ho+1

<Dh00¢J+Ch0,O[JZ Z |2 h(()é+ )
jE€J h>ho+1

By Lemma we have that [A;,(2)] < CAwtm ohls= ORToY , and taking into ac-

count that (s — 1)% —(a+ %) < 0, we see that the last series converges. Also,
by Remark we have that \; 5 (2) (a;n(y) — Pjn(x,y)) is the unique represen-
tative in the class Aj 5 (2)A;, such that NJ (A (2)Ajn, ) = nt (N n(2)(a)n(y) —
Pjn(x,y),x)). Then, (4.4)) follows from Lemmapart (4) (ii).

For any non-negative integer M we consider

M
2)=> > Nn(2)Ajn,

JEJ h=—1

me Z y Z Z )\]h a]h ) Pj,h(xvy))

Jj€J h=-1
and

1 wtp 2
Faep2) = s [ (i) d.

It is not difficult to prove that Fys(z, p, z) is a measurable function of x, and that
for each (z,p) it is a bounded and continuous function in 2, and analytic in the
interior of Q. To prove that F(z, p, z) has also these properties it will be enough
to show that, for every (x,p), Fa(z, p, z) converges uniformly to F(z,p, z) in Q.
In order to see that, we decompose F(z) — Far(2) = FM(2) + FM(z), where

= > Ajn(2)Aj

JjeJ  h>M+1
[Xj,n(2)|<A;5,n(0)

and FM(2) = F(z) — Fa(z) — FM(2). Using inequalities (4.3) and . with
F(z) — Fp(z) instead of F(z), it can be shown that given € > 0 there exists M
not depending on z € () such that for M > M,
||Fl£\/[(z)‘|7.[1;k’+(”(k)) <k¢, (45)
for k=0,1.
Also, if

fo(z,y) Z Z Ajn(2) (ajn(y) — Pin(z,y))
jeJ  h>M+1
[Xjn (2)|<A;,0(0)
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16 S. OMBROSI, A. PERINI, AND R. TESTONI

we have that f,(z,)—fem(2,) = fo%(z, )+ f% (2, ), where fM (z,-) is the unique
representative of F}M(z) such that ng(féww(z, -);z) < oo for k = 0,1. The proof of
the last assertion is analogous to the one given to prove (4.4)). Then,

\]:(J;,p,z) - IM(Jjapa Z)'

1 e
< W/ |fo(2,y) = fomt (2 01 (f2(2,9) + fa,m (2, y) | dy

1 z+p ) %
patl </ |fa(2,y) = fam(2,9)] dy)
%

z+p
y ( JrerE fm,M<z,y>|2dy)

1

11‘"'”+PM2%11“ij25
pa(p JA dy) +pa<p J dy>

To Ta

z+p %
X i (1/ ‘fz(z,y) +fm,M(Z>y)|2dy>

pPr AP

T2

In order to estimate 7y, we will use how the atoms are supported in the atomic
decomposition. For the sake of simplicity we shall assume that F' is just one atom
with associated interval I = [0,r] and, so, the j subindex shall not be written.
Since for z > r, Ty = 0, we consider x < r and choose § > 0 such that x +§ < r
and M* = M*(z,J) so that for every h > M™* the support of aj and [z, z + J] are
disjoint. Note that, since M* does not depend on €, we can choose it first, and
then take My as in such that My > M*. Also note that, for h > M, and
§ €z, x4+ 0], Pn(§y) =0 and thus

f(;é(zvy) = Z An(2)an(y).
h>M+1
[An (2)|<AR(0)

Then, we have that

ﬂ

0 <
Therefore,
-+ % [e%) %
( / 76"°w(£)d€> é( / (NJ(FW(@;&))%(&M&)

and, by (4.5)),
To < w([z, x4 0])~/Poe.
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A similar argument gives
Ti < vz, x4 68]) " Yrre

Now we shall estimate 7.

z+p
To = L C)/x | foni(2,9) = fo(2,9) + 2(fo(2,y)

[V

- fm,M* (Z7y) + fat,M* (Z,y))|2dy>

1 (1 [=te . \?
< I <p/ | fonr(z,y) — fo(2,y)| dy>
Ts
2 (1 [*FP . \?
+ o (p/ |[f2(2,y) = fo+(2,9)] dy)
Ta
1
2 1 T+p 2
+p7°‘ <p/ |f:c,]%*(zay)|2 dy) .

Ts

We proceed as above to get
Ts < e(@((z, 2 +6) 77 + v([z, +3])75).

In the same way we can estimate Ty, but instead of using (4.5) we use that

||FJ£M*(Z')HH%+(N(;€)) < C, where C' does not depend on z, to obtain

Ta < C (w([z,x +6)) 770 + v([w,z + ) 7).
Finally, by Lemma [2.8
(z=0)p

w(Ij o POP1 p 1) lu=tp
(V&h*)) < Cpur NPV <y,
h+2

An(2)] = A

and thus,

N

2

2 e [
< | art | 3" Chsprillan(y) — Pulz, ) | dy| <0,

h=—1

where C' does not depend on z.

Rev. Un. Mat. Argentina, Vol. 58, No. 1 (2017)



18

(1]
2]
(3]
(4]
(5]

[6]

17
8]
9]
[10]
[11]
[12]
[13
[14]

(15]

(16]
(17]
(18]

(19]

S. OMBROSI, A. PERINI, AND R. TESTONI

REFERENCES

A. P. Calderén, Intermediate spaces and interpolation, the complexr method, Studia Math.
24 (1964), 113-190. MR 0167830.

A. P. Calderdén, Estimates for singular integral operators in terms of mazimal functions,
Studia Math. 44 (1972), 563-582. MR 0348555,

A. P. Calderén and A. Torchinsky, Parabolic mazimal functions associated with a distribu-
tion, Advances in Math. 16 (1975), 1-64. MR 0417687,

A. P. Calderén and A. Torchinsky, Parabolic mazimal functions associated with a distribu-
tion, II, Advances in Math. 24 (1977), 101-171. MR 0450888,

S. Chanillo, Weighted norm inequalities for strongly singular convolution operators, Trans.
Amer. Soc. 281 (1984), 77-107. MR 0719660.

A. Gatto, C. Segovia and J. R. Jiménez, On the solution of the equation A™F = f for
f € HP, Conference on harmonic analysis in honor of Antoni Zygmund, Vol. I, II (Chicago,
1., 1981), 394-415, Wadsworth Math. Ser., Wadsworth, Belmont, CA, 1983. MR 730081,

L. Grafakos, Classical and modern Fourier analysis, Pearson Education, Upper Saddle River,
NJ, 2004. MR 2449250,

F. J. Martin-Reyes, New proofs of weighted inequalities for the one-sided Hardy—Littlewood
mazimal functions, Proc. Amer. Math. Soc. 117 (1993), 691-698. MR 1111435,

F. J. Martin-Reyes, L. Pick and A. de la Torre, A, condition, Canad. J. Math. 45 (1993),
1231-1244. MR, 1247544.

F. J. Martin-Reyes, P. Ortega Salvador and A. de la Torre, Weighted inequalities for one-
sided mazimal functions, Trans. Amer. Math. Soc. 319 (1990), 517-534. MR 0986694.

S. Ombrosi, On spaces associated with primitives of distributions in one-sided Hardy spaces,
Rev. Un. Mat. Argentina 42 (2001), 81-102. MR 1969626.

S. Ombrosi, Sobre espacios asociados a primitivas de distribuciones en espacios de Hardy
laterales, Ph.D. thesis, Universidad Buenos Aires, 2002.

S. Ombrosi and C. Segovia, One-sided singular integral operators on Calderén—Hardy spaces,
Rev. Un. Mat. Argentina 44 (2003), 17-32. MR 2051035,

S. Ombrosi, C. Segovia and R. Testoni, An interpolation theorem between one-sided Hardy
spaces, Ark. Mat. 44 (2006), 335-348. MR 2292726,

L. de Rosa and C. Segovia, Weighted HP spaces for one sided mazimal functions, Harmonic
analysis and operator theory (Caracas, 1994), 161-183, Contemp. Math., 189, Amer. Math.
Soc., Providence, RI, 1995. MR 1347012\

E. Sawyer, Weighted inequalities for the one-sided Hardy-Littlewood maximal functions,
Trans. Amer. Math. Soc. 297 (1986), 53—61. MR 0849466.

E. Stein, Singular integrals and differentiability properties of functions, Princeton University
Press, Princeton, NJ, 1970. MR 0290095/

J.-O. Stromberg and A. Torchinsky, Weighted Hardy spaces, Lectures Notes in Mathematics
1381, Springer-Verlag, Berlin, 1989. MR 1011673

A. Zygmund, Trigonometric Series, Vol. 2, Cambridge University Press, 1959. MR 0107776.

Rev. Un. Mat. Argentina, Vol. 58, No. 1 (2017)


http://www.ams.org/mathscinet-getitem?mr=0167830
http://www.ams.org/mathscinet-getitem?mr=0348555
http://www.ams.org/mathscinet-getitem?mr=0417687
http://www.ams.org/mathscinet-getitem?mr=0450888
http://www.ams.org/mathscinet-getitem?mr=0719660
http://www.ams.org/mathscinet-getitem?mr=730081
http://www.ams.org/mathscinet-getitem?mr=2449250
http://www.ams.org/mathscinet-getitem?mr=1111435
http://www.ams.org/mathscinet-getitem?mr=1247544
http://www.ams.org/mathscinet-getitem?mr=0986694
http://www.ams.org/mathscinet-getitem?mr=1969626
http://www.ams.org/mathscinet-getitem?mr=2051035
http://www.ams.org/mathscinet-getitem?mr=2292726
http://www.ams.org/mathscinet-getitem?mr=1347012
http://www.ams.org/mathscinet-getitem?mr=0849466
http://www.ams.org/mathscinet-getitem?mr=0290095
http://www.ams.org/mathscinet-getitem?mr=1011673
http://www.ams.org/mathscinet-getitem?mr=0107776

INTERPOLATION THEOREM BETWEEN CALDERON-HARDY SPACES 19

S. Ombrosi ™

Departamento de Matematica, Universidad Nacional del Sur
Av. Alem 1253, 8000 Bahia Blanca, Argentina
sombrosiQuns.edu.ar

A. Perini

Departamento de Matematica, Facultad de Economia y Administracion,
Universidad Nacional del Comahue

Buenos Aires 1400, 8300 Neuquén, Argentina
alejandraperini@gmail.com

R. Testoni

Departamento de Matematica, Universidad Nacional del Sur
Av. Alem 1253, 8000 Bahia Blanca, Argentina
ricardo.testoniQuns.edu.ar

Received: June 25, 2015
Accepted: September 7, 2016

Rev. Un. Mat. Argentina, Vol. 58, No. 1 (2017)



	1. Introduction
	2. Auxiliary lemmas
	3. A particular atomic decomposition of Hp,+(w)
	4. Proof of Theorem 1.2
	Proof of the first part of Theorem 1.2
	Proof of the second part of Theorem 1.2

	References

