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CONNECTEDNESS OF THE ALGEBRAIC SET OF VECTORS
GENERATING PLANAR NORMAL SECTIONS OF
HOMOGENEOUS ISOPARAMETRIC HYPERSURFACES

CRISTIAN U. SANCHEZ

ABSTRACT. Let M C S**!1 C R"t2 be a homogeneous isoparametric hy-
persurface and consider the algebraic set of unit tangent vectors generating
planar normal sections at a point E € M (denoted by Xg[M] C Tg(M)).
The present paper is devoted to prove that )?E [M] is connected by arcs. This
in turn proves that its projective image X[M] C RP(Tg(M)) also has this
property.

1. INTRODUCTION

Table below, includes all the homogeneous isoparametric hypersurfaces in
spheres. There are many other isoparametric hypersurfaces of spheres which are
not homogeneous but we shall not consider them here.

Our objective is to present a result concerning the manifolds in Table [I} This
property concerns their algebraic sets of unit tangent vectors generating planar
normal sections at a point E of M (denoted by Xg [M] C S(Tg (M))). Hence its
projective image X [M] C RP (T (M)) of X [M] also has this property.

Theorem 1.1. For all the homogeneous isoparametric hypersurfaces M™ C S*T1 C
R"™*2 (those in Table , the algebraic set Xg[M] C S(Tg (M)) is connected by
arcs.

The paper is organized as follows. In the next section we recall basic information
concerning the algebraic set X5 [M] and its projective image X [M].

In Section [3| we indicate, for each M in Table [I] the polynomials that define
Xp[M]. We include the necessary notations to understand their meaning but
avoid the computations required to get them. Those computations are contained
in [I1]. Section [3|has three natural subsections where the spaces M with the same
g are placed together. In Section [4] we indicate how to construct some subsets of
Xg [M] which are required in the proof of Theorem In Section |5 we mention
the subsets that may be constructed, in Xp [M], for each of the corresponding
manifolds. The properties of these subsets are used in the proof of Theorem
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54 C. U. SANCHEZ

gl M dim my, Mo
1| M =585 n n
2 = Sk x gn—k n k,(n—k)
3| Mg =S0(3)/(Zs x Zo) 3 1,1
3| Mc=SU(3)/1? 6 2,2
3| My =Sp(3)/(Sp(1))* 12 4,4
3 | Mg = F,/ Spin (8) 24 8,8
4 | Wg =80 (5) /T? 8 2,2
4| We=U(5)/(SU((2)° xTY) 18 4,5
4| Ng =S50 (m )><SO(2)/(SO (m—2) x Zs) 2m—2| 1,m—2
4| Nc=58(U (m)xU(2)/(SU(m—2)xT?) 4m —212,2m -3
4 NH=Sp(m)><5p()/(S( —2)x (Sp(1))%) | 8m —2 | 4,4m — 5
4 | N,y = Spin (10) - T/ (SU (4) - T') 30 6,9
6 | My = Go/T? 12 2,2
6 | Ms =SO (4) /Zy x Zy 6 1,1

TABLE 1. Homogeneous isoparametric hypersurfaces in spheres

given in Section @ Using a nice result from [4] we obtain in Section an interesting
consequence of Theorem

For these manifolds, g indicates the number of distinct constant principal cur-
vatures, dim is the corresponding dimension, and my, mo are their multiplicities.

2. THE ALGEBRAIC SET OF PLANAR NORMAL SECTIONS

Here we use M to indicate any of the hypersurfaces in Table [l They are orbits
of a point E (||E]| = 1) in the tangent linear representation of some symmetric
space where the indicated group is contained in the isotropy.

By definition, normal sections are the curves obtained by cutting a submanifold
M™ of R"*2 with the affine subspace generated by a unit tangent vector X €
Tr (M) and the normal space T (M), at the given point E of M. Any unit
tangent vector X € Tg (M) defines a normal section. This curve can be given
a C'* parametrization around F which is regular and can therefore be locally
parametrized by arc-length. Let us recall the following definition.

Definition 2.1. A curve v (s) parametrized by arc-length in R"** such that E =
v (0) is said to be planar at E if its first three derivatives 4’ (0), 4" (0), " (0) are
linearly dependent in T (R™*).
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CONNECTEDNESS OF THE ALGEBRAIC SET OF VECTORS ... 55

It is known that the unit vectors defining planar normal sections at the point
E € M are characterized by the following condition (see [9]).

Condition 2.2. The normal section of M defined by the unit vector X € Ty (M)
is planar at E if and only if (Wxa) (X,X)=0. O

Here « indicates the second fundamental form of M in R**2 at E and (ﬁa) its
usual covariant derivative. As in [9] we denote by

Xp [M] = {X € Tp (M) : | X]| = 1, (Vxa) (X, X) = 0} (2.1)

the algebraic set of unit vectors generating planar normal sections at F.

For isoparametric hypersurfaces in the sphere (the case considered here) this
algebraic set is determined by a single polynomial of degree three defined on
Ty (M) but restricted to the unit sphere S (Tg (M)). This polynomial is P (X) =
((Vxa) (X,X),Hy), where {E, Hy} is an orthonormal basis of Tg (M)™, because
(Vxa) (X, X) is orthogonal to E. We call P(X) the polynomial of normal sections
of M. The algebraic set Xz [M] is then defined by

Xp [M] = {X € Ty (M) : | X]| = 1, P(X) = 0}.

Since X € Xp[M] implies (—X) € Xg [M] (the antipodal map of S (T (M))
preserves Xg [M]) we may consider the quotient of X5 [M] by the antipodal map
of S (T (M)) and obtain an algebraic set X [M] C RP (T (M)).

It is necessary to describe the polynomials defining X g [M] for each M. In the
next section we indicate them and the notation required. As is clear from their
definition, the polynomials are homogeneous, have degree 3, and the variables in
each monomial have degree 1 ([9]). They are constructed in [IT].

Since our objective is to prove that Xp [M] is connected by arcs, it is enough
to prove that AX g [M] (the cone over X [M], without the verter) is connected by

arcs. This set AXp [M] C (Tg (M) — {0}) is defined by

AXp[M]={X € Ty (M) : X #£0, P(X) =0}.

3. THE POLYNOMIALS

We indicate the corresponding polynomials that define X z; [M] for each manifold
in Table [T} following the order and the notation of the table.

Remark 3.1. The spaces corresponding to g = 1 and g = 2 are symmetric R-
spaces and by a well known result of D. Ferus [2] have parallel second fundamental
form in their corresponding ambient Euclidean spaces. So, for each of them, (if
n = dim (M)) we have Xg [M] = S™V and X [M] = RP™ Y. Therefore we do
not need to consider them in the proof of Theorem [I.1]

So we start with
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56 C. U. SANCHEZ

3.1. Spaces with g = 3. These are the so called Cartan isoparametric hypersur-
faces Mg, Mc, My, and Mg. We indicate only required facts to understand the
notation; see [I1] for details. Let F' = R, C, H, or O, and denote by M3 (F) the
3% 3 matrices with entries in F. Let Hs (F) = {u € M3 (F) : @' = u}, wherez — T
denotes conjugation in F. An element u € Hj3 (F) is of the form

&1 T3 T
u= |73 & w1 |, &ER, z; R (3.1)
T2 T1 &3

The Hj (F) are real Jordan algebras with the product wov = i (uwv + vu). The
compact groups SO (3) € SU(3) C Sp(3) C Fy act as groups of automorphisms of
the corresponding algebras. Their actions preserve the function tr (u).

Let us consider the subspaces U (F) = {u € H3 (F) : tr(u) =0} (F =R, C, H,
O) which are invariant by the corresponding groups.

Let us take the point E = diag(—1,0,1) € U (F), VF and consider the orbits
Mp of E by the mentioned groups. Let us take in each U (F') the inner product
(u,v) = Ztr(uowv). The subspaces U with these inner products are our ambient
Euclidean spaces for the manifolds Mg, Mc, My, and Mgp. Note that ||E| = 1.

Let us consider in U (F') the subspace
a = {diag (§1,&2,83) : &1 + & + &3 =0} (3.2)

The normal space to My at E is the same for all F', namely Tg (MF)J‘ =a. We
may identify the tangent space at F with the subspace of U
0 23 T3
TE(MF): x3 0 X1 ,:EjGF:R,(C,H,@
xo o7 O

The polynomials determining the algebraic sets X g [Mp] for Mg are defined on
TE (MF) (F = R7 (C, ]H[7 @)
Pp(X) =Re((z122)z3), z; € F=R,CH,O. (3.3)

In all cases, the trilinear function Re ((z122)z3) is invariant by cyclic permutation
and satisfies Re ((ab) ¢) = Re (a (bc)).

3.2. Spaces with g = 4. We have to divide these spaces in several groups.

3.2.1. Spaces Wr and W¢. The polynomials for Wr and W may be simultaneously
described. We follow [8 p. 27] and reproduce the necessary notation. Let us take
the vector space p over the field F' (F' = R or C) of skew symmetric, 5 x 5 matrices
over F, that is, p = {Z € M5 (F): Z* = —Z}. We use the notation

0 —Z1 —Zk3 —2Z5 —Z7
21 0 —24 —zg —28
Z = z3 24 0 —Z2 —Z9 €p, zj =x; +1ay;, j7=1,...,10.
zZ5 Z6 z9 0 —Z10
z7 Z8 zZ9 210 0
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CONNECTEDNESS OF THE ALGEBRAIC SET OF VECTORS ... 57

The real case (F = R) is given by the condition y; = 0, j = 1,...,10. In p we
consider the inner product defined by

10
(2,W) = — 5 Re (ir (2 () = ReY" 2w

and the subspace a = {H (£1,§2) : & € R} C p, where
H (&1,82) = &1 (B2y — E12) + & (Baz — E34), & €R

Then (£1,&2) s an orthonormal coordinate system for a.
We take the basic vector E defined by

E=H(t,ts)=H (cos (g) ,sin (g)) Bl =1.

Our manifold Wr (F = R or C) is the orbit of E by the adjoint action of the
corresponding group (SO (5) or U (5)) on p.
The normal and tangent spaces at E are

T (Wp)" =a F_RC
TE(WF):{ZGPZZE1=£E2=0} ’

We have that dimg (T (Wg)) = 8, while dimg (T (W¢)) = 18.
For F = R, we may write a tangent vector to Wg at E as X = (0,0,x3,...,210)

and the polynomial of normal sections is
Pr(X) =t1 (72974 + 721076 — T8T3T9 — TgT5T10)
+t2 (277925 — X8T9T6 + T10T3T7 + T10T4T8) -
On the other hand, on the vector Z = (0,0, z3,...,x10,¥1,.-.,Y10) tangent to W
at E the polynomial is
P (Z) =t1C 4+ t2D,
with
C = (—y23y6 — Y2Y3T6 + YoT5Yys + YoYsT4)
+ (Taz729 + T4Y7Y0 + YaTTY9 — Y4Y7T9)
+ (—378T9 — T3YsYo — Y3T8Yo + Y3YsTo)
+ (z6w7210 + T6Y7Y10 + Y6T7Y10 — Y6Y7T10)
+ (—T528T10 — T5Y8Y10 — Y5T8Y10 + Y5YsT10) 5

D = (—y173Y6 — Y1Y3T6 + Y175Y4 + Y1Y574)
+ (—25T9T7 — T5YoYr — Ys5T9Y7 + Y5Y9T7)
+ (2371077 + T3Y10Y7 + Y3T10Y7 — Y3Y1077)
+ (—T6T9Ts — T6YoYs — Y6ToYs + Y6YoTs)
+ (2471078 + TaY10Ys + YaT10Ys — YaY107s) -

Clearly P (Z) reduces to Pg (X) when the imaginary parts y;, (j = 1,...,10)
vanish.
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58 C. U. SANCHEZ

3.2.2. Spaces Ng, N¢ and Ny. These submanifolds are defined via Clifford sys-
tems. The reader interested in the construction of these Clifford systems should
consult [3]. Since our objective are the polynomials, we shall limit ourselves to
indicate the manifolds. We have three infinite families. Note that here n > 3.

The spaces where the Clifford systems act are respectively R??, R*", R3". But
since C?" ~ R4" H?" ~ R3", we may think that our system is defined on F*@F™ =
F?" (F =R, C, H)). Then we shall consider the largest case Ny in H?" = H" & H"
and explain the required reductions to get the other ones.

We write the elements of H?" = H" @ H" as

((uy,ug ... up), (V1,...Up_1,v,)) € H* (uj, v, € H).

The inner product on H?" is

<((U1,U2 ey tn) (V1 U1, 00)) ((u'l,u'2 coul), (vi, ) ..v;_l,v;)»
n
=D (ugouf) + (v, 05)
=

where <uj7u;> is the innmer product of quaternions. The manifolds are the orbits,

by the corresponding groups, of E € H?" given by
E=((t1,0,...,0),(0,...,0,t2)),  t = cos (g) |ty = sin (g) .

We take the unit vector Q = ((¢2,0,...,0),(0,...,0,—t1)) orthogonal to E. The
normal space at E is Tg (M)L =RE @ RQ and the tangent space to Ny at E is

Te (Nu) = {((a,uz ..., up), (v1, ... vy_1,8)) € H™ : uj,v; € H,

a,d pure quaternions} (3.4)

To write down our polynomial we introduce the following notation:

a = ayi + asj + ask,

6 = dii + daj + dsk,
Up = bro+br1i+broj+brsk (2<r<n-1),
Vp = Crot+Crii+Craj gk (2<r<n—1),
Up, = b0 + b 17 + by 2j + by 3K,

V1 = C1,0 + €11t + €127 + ¢1 3k.
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CONNECTEDNESS OF THE ALGEBRAIC SET OF VECTORS ... 59

Then we may write the polynomial defining X [N):
Qu(X) = (t1c1,0 + tabno) (@111 + agcr 2 + ascr g + diby 1 + daby 2 + dsby 3)

n—1
+ (tlcl,o + thn,o) Z (br,ocr,o + br,lcr,l + br,QCr,Q + br,SCT,S)
r=2
+ (—t1ic11 + tabn,1) (c1,001 — 1,302 + ¢1,2a3 — diby, o — dabp 2 + doby, 3)
n—1

+ (—tici1 +taby 1) (=¢rabro + crobr1 — ¢r3br2 + ¢ 20y 3)

||
N

— 3

+ (—ticr2 + tabp2) (c1,301 + c1 002 — 1,103 — daby o + d3bp1 — diby 3)

3
|
—

+ (_tlcl,2 + t2bn,2> (_Cr,2br7o + C’l‘,3b’l‘,1 + C'r7obr,2 - Cr,lbr,S)

—c1,2a1 + ¢1,102 + ¢1,0a3 + dibp 2 — daby 1 — d3by o)

[ V)

+ (—tic1,3 + taby 3)

3 — 3

|
—

+ (—tic1,3 + taby3) (—¢r3bro — Crabr1 + Cr1bro + Crobrs) .

r=

[ V)

For the other two spaces Ng and Ng, we notice that, for FF = R, we have
a=0=0,us =bs,0, Vs =Cs,0 €R, while for F =C, o = a1% and § = dyi are pure
imaginary and u, = by, + by 1%, vy = Cr o + ¢r1% € C. Then we have for Ng:

n—1

QR(X) = (tlcl,o + t2bn,0) Z br,ocr,ov

r=2
and for N¢:
Q(C(X) = (tcho + t2bn7o) (alcl,l + dlbn,l)

n—1

+ (tlcl,o + thn,o) Z (br,ocr,o + br,lcr,l)

r=2
+ (—tic1,1 +tabn1) (c1,001 — dibno)

n—1

+ (_tlcl,l + t2bn,1) Z (_Cr,lbr,o + Cr,obr,l) .

r=2

3.2.3. The space N ). This space has dimension 30 and m; = mz = 9, ma =
my4 = 6. The ambient is the tangent space of the symmetric space EIII of dimension
32. We adopt the following notation for the ambient space R32, which we identify

with HS:
o a; az b5 b6
am=([2 ][5 ]). wen

We set the inner product on H® as

4 8
<(AvB) ) (CvD» = Z <a5765> + Z <bk7dk> )

s=1 k=5
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60 C. U. SANCHEZ

where (as, ¢s) is the inner product of quaternions.
We take

=[5 a1 [0 6] o= ([ 3118 <))

where, as before, t; = cos (%), tg = sin (E) Clearly | E|| = 1 and the normal space
1
e

- 8
to Nig,6) at E is the subspace Tg (N(gﬁ)) = RE® RS). In turn the tangent space

at F is
T (Nos)) = {[ aa3 Zi ] , { Z‘: 58 ]} (3.6)

with a,.,bs € H and «, § pure quaternions.
To present the polynomial, we require the following refined notation:
s = Us,0 + Z.us,l + jus,Z + kus,3a s = 27 37 43
b, = Ur,0 + Z.7}7",1 + jvr,Q + kUT,Sa r=25,7,8,
a =1io1 + jas + kas,

B=1ipf1+ jB2+ kpBs.
Then the expression of the polynomial for X € T (N(g,ﬁ)) is

Pio,6)(X) = (t1vs,0 + teuz,0) [(a, bs) + (a2, B) + (a3, br) + (a4, bs)]

+ (—t1vs,1 + teuz1) [(a, ibs) + (az,i8) — (as,ibr) — (a4, ibs)]

+ (—tivs,2 +teuz,2) [{o, jbs) + (a2, jB) — (as, jbr) — (a4, jbs)]
(—t1vs,3 + teuz,s) [(a, kbs) + (a2, kB) — (as, kbz) — (a4, kbs)]
(tivs,0 — teus,o) [(a, bg) + (a2, br) — (a3, B) — (a4, bs)]
(—t1v71 + teua1) [{a, bri) + (az, bgi) + (as, bsi) + (a4, 5i)]
(—t1vr2 +teua2) [(, brj) + (a2, bsj) + (as, bsj) + (as, Bj)]
(—t1vr,3 + teua,z) [(a, brk) + (a2, bsk) + (a3, bsk) + (a4, Bk)]
(—t1v7,0 — teuao) [— (, b7) + (a2, bs) + (a3, bs) — (a4, B)] -
3.3. Spaces with g = 6. These are My and Ms. The complex simple Lie algebra
g5 , of type G, has only two real forms, namely the compact one go and the split

(or normal) real form g. The real algebra g has a Cartan decomposition g = £ @ p.
That is, the subalgebra ¢ and the complementary subspace p satisfy

e, €] Ct, [&,p] Cp, [p,p] C &,

and € @ ip = g, is the compact real form. As in [§] we identify p with p,, :=ip by
the map

iX e X, (3.8)

which in turn identifies go and g. Furthermore we have ¢ ~ so (4).
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CONNECTEDNESS OF THE ALGEBRAIC SET OF VECTORS ... 61

As in [5] and [6], it is possible to choose a convenient orthonormal basis for g,

{H; :1 < j <14}, such that
SpanR {Hg, .H'47 H5, H6, I’I77 Hg} =¢t~so (4) s
Spang { H1, Ha, Hy, H19, H11, H12, H13, Hi4} = p,
a= SpanR {Hl, HQ} .

a is a Cartan subalgebra of go (and hence a maximal abelian subspace of p). Since
the Cartan subalgebra a is contained in p, the restricted roots coincide with the
roots of g5. We take the point E = H;, which happens to be a regular element in

a; then the orbits of E by the compact groups Go and SO (4) are both principal
orbits.

Mg = Go/T? = G5 (E) C ga,
Ms=S0(4) /(Z3 x Z3) =SSO (4) (E) C p C ga,
Mg C S(g2) =S¥Ms c S(p) =S".

‘We have
T (Mp) = [g2, ]_SpanR{[ i, B]:3<j <14},
TE (Ms) = [, E] = Spang {[H;, E] : 3 < j <8},
T (Mg) = Ti (Ms) = Spang {Hl, Hy} =a.

On X = ZJ _47j [Hj, E] € Tg (Mg), the polynomial for Xg [Mg)] is of the form
Py (X) = rarsry + r3rers + r3riiris + r3riaria
+ rqri2r13 + 1779711 + 78TO 12
+ (—=rar6r7 — T5T9T13 — T6T10T13 — T6TOT14 — TTT10712) (3.9)
+ g\/§ (—rarer7 — r3T12113 — T6T9T13 + T7T9T12)
+ 3 (rarsrs + r5710714 + r8TI0TIL — TAT11714) 5
and the polynomial defining X £ [Ms] is obtained by restricting Pg (X) to Tg (Ms)
(i.e., vanishing r;, 9 < j < 14). We get

2
Ps(X) = r3rsry + rarers + (—rarery) + 7 (—rarery) + 3 (rarsrs) . (3.10)

4. PRO-SETS

As in Section [2] we use M to indicate any of the hypersurfaces in Table
The polynomials of normal sections of our isoparametric hypersurfaces M are de-
fined in Ty (M) where we have (in all cases) an orthogonal system of coordinates
{z1,...,2m} and the polynomials are written is terms of these variables. As we
mentioned above, the polynomials P(X) defining Xg [M] have degree 3 and the
variables in each monomial have degree 1.
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62 C. U. SANCHEZ

We want to indicate the presence of certain subsets of each set of variables
which are (when they exist) particularly important to our objective of proving
Theorem [[11

Definition 4.1. We shall say that a subset A C {z1,...,2,,} is a pro-set for the
polynomial P(X) if each of its monomials has one and only one variable in the
subset A.

In the next section we describe pro-sets for each P(X) where they exist. Each
pro-set A defines, obviously, a corresponding companion “subspace” V (A) C
(Tr (M) — {0}) by vanishing the variables included in A:

V(A) = {X £0€Tg(M):2;(X)=0, Va; € A} (4.1)

Note that we are excluding {0} and we call them “subspaces” of (Tg (M) — {0}).
It is obvious that V (4) C AXg [M].

5. DESCRIPTION OF PRO-SETS

We shall indicate only two pro-sets (when they exist) for each space even if there
are others. As mentioned above, we have a companion “subspace” for each of them.

5.1. In the spaces with g = 3. By (3.3)) for each ' = R,C,H, O we have two
obvious pro-sets, namely Ay = {zr}, & = 1,2. Notice that Aj contains one real
variable for F' = R, two for F' = C, four for F' = H], and eight for F' = Q. We have
the associated “subspaces” which are denoted by Vi (M) for k = 1,2. Clearly
dimVy (Mp) = 2,4,8,16, k = 1,2, for F =R, C, H, O, respectively.

Let us denote by S (Vi (Mp)) the unit sphere in Vi (Mp). We notice that

S(Vi (Mr)) NS (Vo (Mr)) D {X € T (Mp) : |las]” = 1} = S(F) # 0,
and dim (S (F)) =0,1,3,7 (F =R,C,H, O).

We must observe also that

Vi(Mp)+ V2 (Mp) = (Tp (Mp) —{0}),  F=R,CH,O. (5.1)
5.2. In the spaces with g = 4.

5.2.1. Spaces Wg and We. For Wg = SO (5) /T? we have the polynomial Pg(X)
with variables {x3,...,z10}. We find the pro-sets
Ay (W) = {z7, 28}, Az (Wr) = {x9, 10},

and the associated “subspaces” Vi (Wg) and Vo (Wg). Here the dimension of
Vi (Wr) and Vo (Wg) is 6. Then dim (V3 (Wgr)NVa(Wr)) = 4. Therefore
S(Vi(Wr)) NS(Va(Wr)) ~ S3.
Similarly for W¢ (recalling that z; = x; + iy;) we find pro-sets
Al (W(C) = {yla Y2,%7,Y7, T8, yS} 5
Ay (We) = {x3,Y3, 5,5, T9, Y9, T10, Y10} »
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CONNECTEDNESS OF THE ALGEBRAIC SET OF VECTORS ... 63

and the corresponding “subspaces” are Vi (W¢) and Vo (W¢). Then the dimension
of V1 (We) is 12 and that of V, (W¢) is 10. Again dim (V4 (W) NVa (We)) = 4 and
S (V1 (W(C)) ns (VQ (W((;)) ~ S3.

We must observe also that, in both cases,

Vi (Wp) + Vo (Wr) = (Tg (MFr) — {0}), F=R,C. (5.2)

5.2.2. Spaces Ng, N¢, Ny. Note that here n > 3.

e For Ng. Recalling (3.5)) we see that for Ng we have « = 8 = 0 and the
whole set of variables is {¢; 0,050, T=1,...,n—1, s=2,...,n}. Two
pro-sets for Qgr(X) are

A1 (Nr) ={c1,0,bn.0}

A (NJR) = {br,o}zgrgn—l ’
and associated to them we have V; (Ng) and V5 (Ng). Let us observe that
dim V4 (Ng) = 2n — 4 and dim V5 (Ng) = n. Also notice that

S (Vi (N&)) NS (Vs (Ne)) > {X € T (Na) : S0y, =1} =87, (5.3)
Vi (Nr) + V2 (Nr) = (Te (Nr) — {0}). (5.4)
e For N¢. We have the set of variables
a=ayt, O=di,
Us =bs o+ 517, Vs=cCs0+Cs11 s=1,...,n,
and two pro-sets for Q¢(X) are
A1 (Ne) ={e1,1, 001,00 ey 1
Az (Ne) = {a1, d17“r}2§r5n71 :
The associated “subspaces” are V; (N¢) and V5 (N¢). We have
S (Vi (Ne)) NS (Va (Ng)) {X € T (Ne) : lerol® + bnol® = 1} ~ st
Vi (Ne) + V2 (Ne) = (Te (Nc) —{0}). (5.5)
e For Ny. Looking at Qu(X) and we find
A1 (Nu) = {e, 0, v”‘}2§r§n—l )
Az (Nu) = {a, 9, Ur}zgrgnq .

They are pro-sets, but we notice that here we have a situation different
from previous cases, that is

Ay (Nu) N Az (Nu) = {a,d} . (5.7)

The corresponding “subspaces” are Vi (Ng) and V2 (Ng) and we observe
that

S(Vi (Nu)) NS (Va (Nig)) O {X € Tp (Nu) : o1 + un|? = 1} ~S7.  (5.8)

(5.6)

We have here another difference with the previous cases. Namely,
Vi (Nu) + Va (Nu) & (T (Mr) —{0}). (5.9)
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This situation is responsible for the need of an ad hoc proof for this space.

e For N(g ). The polynomial P ) (X), when expanded in its real variables,
has 252 monomials and a patient search into them shows that there are no
pro-sets among its 30 variables.

5.3. In the spaces with g = 6. In Mg, whose polynomial is (3.9)), we have the
pro-sets
Ay (Mg) = {rs,ra,79,710}, A2 (Mp) = {rs,76,711, 712}
and corresponding “subspaces” Vi (Mp) and Vs (Mp). Clearly,
S(Vi (Mg)) NS (Va (Mg)) D {X € T (Mg) : 72 + 15 + 175 +71y =1} =~ S
Furthermore,
Vi (Mg) + V2 (Mg) = (T (Ms) — {0}) -
Similarly for Ms:
Ay (Ms) = {r3,ra}, Az (Ms)={rs,76},
with “subspaces” Vi (Mg) and Vo (Mp). We have here
S(Vi (Ms)) NS (Vo (Ms)) D {X € Tg (Ms) : r5 + 15 =1} ~S',
and also
Vi (Ms) + Va2 (Ms) = (T (Ms) —{0}).
6. PROOF OF THE THEOREM
This section contains the proof of Theorem

6.1. General case. We shall do first the proof for the spaces in Table [1] differ-
ent from Ny and Ng ). We use the generic notation M for our manifold and let
{z1,...,2,} be the orthogonal coordinates in T (M) in which the polynomial
Py (X) is written. We have determined two pro-sets A; (M) (j = 1,2) and corre-
sponding “subspaces” V; (M). In all cases considered (those in Table [1] except Ny
and N9 ¢y) we have

A (M)NAg (M) =10
Vi (M) + V5 (M) = (Tr (M) - {0}) (6.1)
S(Vi (M) NS (V2 (M)) # 0.
Let us take now an arbitrary point X in AX [M]. We write it in terms of the

coordinates as X = (x1,...,%,) # 0; it satisfies Pp(X) = 0. Now, with the

coordinates of X, we construct two new points in T (M), namely
Y: coodinates of X that are in Ay (M), others 0; 69
Z: coodinates of X that are not in A; (M), others 0. (62)

We have now three alternatives, namely
(1)) Y#0and Z #0,
((2) Y=0=Z=X#0, (6.3)
((3) Z=0=Y=X=#0.
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(The alternative Y = 0 = Z is ruled out since X € AX [M 1)

Let us assume first that we have the situation ( in (6.3). We must observe
that by definition and we have Z € V1 (M) and Y eV (M) and also (Y, Z) =
0. Let us take now the points

X(t)=(tY)+ZeTg (M), vtelo1].

Of course X( ) =X € A)?[ M] and X (0) = Z € Vi (M) C AX[M]. Also, by
assumption ((1)) (6.3), X (¢) # 0, V¢t € (0,1].

Since A; (M) is a pro- set in every monomial of Py(X) there is one and only
one variable in A; (M) and we see that

PM(X(t)):tPM(X):O, VtE(O,l].

Then we have that

X () e AX[M], Vtelo1],
and therefore we have a continuous curve X (t) € AXg [M], ¥t € [0, 1], which joins
the starting point X € AXg [M] to the point Z € V; (M) C A)?[ M].

So we have proved that any X € A)/(:E[ M] for which ((1)) of (6.3) holds can
be joined, by a continuous curve contained in AXp [M], to a point in V4 (M) C
AX [M].

We have to consider now the cases ((2)) and ((3)) in (6.3).

Assume ((2)). If X = Z € V4 (M) then it obviously can be joined (by a contin-
uous curve contained in Vi (M)) to any other point in V3 (M) € AX [M].

Assume ((3)). We have X =Y € V5 (M), then (as was shown for all the
hypersurfaces M # Nu, N(g)) we have that S (V1 (M))NS (V2 (M)) D SP for some
p > 0. Then we have two sets, connected by arcs, namely V; (M) and Va (M), with
at least a point in common. Therefore any point X € V5 (M) can be joined (by a
continuous curve in AXg [M]) to any other in Vi (M). This shows that AXp [M]
is connected by arcs, and in turn so are X [M] and X [M].

We present now a somewhat different proof for Ng.

6.2. Proof for Ny. The reasons for taking this case separately are (5.7]) and (5.9)).
We take an arbitrary point X in AX [Ng]; then
Qu(X)=0, X #0, (6.4)
and write it in coordinates as
X = ((a7u27 s aun) ) (U17 s avn—176)) €Tg (NH) )
uj,vj € H, «,d pure quaternions.

Now (with the coordinates of X) we construct two new points in Tg (M) as in
(6.2) but with A; (Ng) (5.6) instead of A; (M). Then Z and Y are respectively of
the form

((0,u2, . .. Un—1,tn) , (v1,0...,0,0)) € Vi (Ng) C AX [Ng],
((«,0,...,0,0),(0,v2...,0,-1,0)).

Z =
Y
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We may write X as X =Y 4 Z and have again the three alternatives ((1)), ((2))
and ((3)) in (6.3).
Let us assume first that ((1)) holds. Then Z € Vi (Ng) C AXg [Ng] but Y is

neither in Vi (Ng) nor Vi (Ng) (so it may not even be in A)A(E [Nm]). However
v, 2) = 0.
Let us take again

X (t)=(@Y)+ Z, vt € [0,1],

which in this case takes the form

X (@)= ((tayuz...,up), (v1,tve, ..., tvy_1,t0)), te0,1].
X(1) = X € AXg [Ng] and X(0) = Z € V4 (Ng) C AX g [Ng).
Again, since A; (Ng) is a pro-set, we see that
Qu (X (t) =tQu (X) =0, vt € (0,1].

Then X (t) € AXg [Ny, Vt € [0,1], and we we have a continuous curve

X (t) € AXg[Ng],  Vtel0,1]

which joins the starting point X € AXg [Ng] to the point Z € Vi (N) C AXp [N
Also Z € V1 (Ng) can be joined to any other point in V; (Ng) (by a continuous
curve contained there). So we have proved that any X € AXg [Ng| such that
Y # 0 # Z can be joined, by a continuous curve contained in AXE [Ny, to any
point in Vi (Ng).

Now we have to study the other alternatives in .

Assume ((2)), i.e., Y =0, Z = X # 0. Then there is nothing to prove since we
already have X € V4 (Ng) and so it can be joined, by a curve in V; (Ny), to any
other point there.

Assume ((3)), i.e., Z =0. Then we have Y = X € AXg [Ng). In this situation
the above procedure (multiplying by t¢) leads to 0. So we have to use a different
approach.

Let us recall that we are assuming now

Yy=X= ((a,O, . .,0,0) ) (0,’02 s 7vn—1a§)) € A)/(\VE' [NH] (65)
and

n—1
2 2 2 2
V1% = lled® + [1611% + D llos]I*-
s=2

Under assumption ((3)) we have a new alternative, namely
2 2
B0 lal™ + ol = o,
(3:2) ol +16]* # 0.

If we have (3.1) then clearly Y = X € V5 (Ny) and, since (5.8) holds, we can
join Y = X to any point in V; (Vg).

(6.6)
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We may assume from now on that (3.2) holds. Then we have a new alternative:

n—1
(321) D llvdll* #0,
o2 (6.7)

n—1
2
(322) Y vl =0,
s=2

and study, separately, both situations.
Let us assume first (3.2.1). Since Y = X, we have Qg (Y) = Qu (X) = 0 and

by and , for our Y, we have
by s =0, 2<r<nand0<s<3.
Then we may eliminate, from the polynomial Qy, the terms containing these vari-
ables. By doing this we get
0=Qu(Y) = (tic1,0) (a1c1,1 + azc1 2 + azci 3)

+ (—tic11) (e1,0a1 — 1,302 + €1,203)

+ (—tic1,2) (c1,301 + €100 — €1,103)

+ (—t1ic1,3) (—c1,2a1 + ¢11a2 + ¢1,0a3) -

Now we take
Y (t) = (((ta) ,0,...,0,0),(0,v3...,0,-1, (t5))), vt € [0,1].
Then, considering , we see that
Qu(Y (1) =t(Qu(Y))=0,  Vtel0,1].

Then, in the same way as before, we can join Y = X € AXp [Ny, by a continuous
curve contained in AXg [Ny, to a point of the form

H = ((0,0,...,0,0),(0,v2...,0,-1,0)).
This H is not zero, due to (3.2.1) in (6.7)), and H € V5 (Ng) but is not contained
in Vi (Ng) N V2 (Ng). However (by (5.8))) we can, in turn, join H to any point in
V1 (Vi) by a continuous curve contained in AXg [Ng].

It remains to consider the case (3.2.2) in (6.7) (we still have Y = X € AX g [Ng)).
If (3.2.2) holds then Y is of the form

Y =X = ((a,0,...,0,0),(0,0...,0,8)) € AXp [Ng]. (6.9)

We must show that also in this case we can find a continuous curve in AXp [ V]
joining Y to one point in V5 (Np).
Let us consider an extra point C' of the form
C =((0,0,...,0,un), (v1,0,...,0,0)) € Vi (Nu) N V2 (Nm)

defined as follows. Recalling the notation (3.5)), we may take u,, and vy real. That
is,
Up, = bn 0, U1 = C1,0, bng=0=crq, 2<qg<3.
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Furthermore, calling A2 = ||a]|* 4 [|6]|* = ||Y||* (we may take A > 0 since we are in
(3.2.2)) we take

[or* + Jun|* = ], + 0, = A%
Then (C,Y) = 0 and by definition

1
3O €8V (V) NS (V2 (Vi) -
Let us consider now in S (Tg (Ng)) the curve

Q(6) = cos (6) % + sin (6) %, VNS [O, g}
AQ(0) = ((sin (0) ,0,...,0,cos (0) bp.o) , (cos () ¢1,0,0,...,0,sin(0)9)) .

Now, a glance at Qg shows that we have
Qz(02(0) =0, welo,7],

and so any point of the form can be joined to a point in the intersection
Vi (Ng) N V4 (Ng) by a continuous curve in AX [Ny|. This finally proves that

~

AX [Ny] is connected by arcs.

6.3. The case N(g ). We can compute the shape operator Ag on Tk (N(Q’G)) and
obtain the eigenspaces. There are two of dimension 9 and two of dimension 6.
It is now convenient to set the following notation: we write a quaternion ¢ =
qo +1q1 + jg2 + kqs as

q=q+1q, Iqg=iq+jq + kgs. (6.10)

The eigenspaces are:

Q1 ={X € T (N,6)) : —ua,0 = V7,0, —U2,0 = V5,0, U3,0 = Us,0,
lay = Ib;, Ias = Ibs, others = O}7

Q2 ={X € T (N(9,6)) : Ua,0 = v7,0,U2,0 = V5,0, —U3,0 = V8,0,
— Iaq = Ib7, —Ias = Ibs, others = 0}
Wy = {X eTg (N(gﬁﬁ)) : a, Tagz,others = 0} , (6.11)
Wy = {X € Tg (N(9,6)) : B, Ibs,others =0} . (6.12)
Clearly we have dim@; =9 and dimW; =6 for j = 1,2.
Our interest in these subspaces comes from the fact that they vanish the poly-
nomial Pg gy (X). This is a general fact [9, Proposition 4.1] but can be checked

directly with Pg ) (X) and is obvious for the subspaces Wy and W,. We consider
their direct sums, which are:

space dimension
Q10 Q2 18
Wi @ W 12
QreW,, 1<r,5<2 15
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because they also vanish the polynomial Py gy (X) [9, Corollary 4.2] (again this can
be verified by direct computation). We shall use A (W7 & W3), A (Q1 @ Q2) and
A (Q, ® W) to indicate the set of non-zero vectors in these subspaces.
The subspace Q1 @ Q2 consists of the nine 2-dimensional planes (the other
variables zero)
(vs.ksu2 k), 0<Kk<3
(’U7,ha u4,h) ) 0<h S 3 (613)

(’Us,o, Us,o) .

As indicated in the Appendix, the polynomial P g) (X) splits as a sum (8.1
Let us note that Qg6 (X) = Poe) (X)|(Q169Q2)' Note also that we may consider

Q9,6) (X) defined in the whole space Tg (N(Q,G)) since the other 12 variables do
not appear in this polynomial. But since Pg ) (X) vanishes on X € A (Q1 @ Q2)
we have the following important fact:

9(9,6) =0 on TE (N(g,ﬁ)) .

Therefore the polynomial Pg ) (X) reduces to © g6 (X) on the tangent space
TE (N(g}ﬁ)), that iS,

Po,6)(X) = O(9,6)(X)-

Let us consider now the 2-dimensional plane

(vs,0, u3,0) (6.14)

and take new orthogonal coordinates in it. We have a line that vanishes the factor
(tl’l)&o — t6U370), that is

t6 t6
(t1vg,0 — teus,) =0 <= vg o = 7 Us.0 <> (v8,0,u3,0) = U3s0 (t’ 1) ,
1 1

and by taking the orthogonal vector (1, fi—f) we may set new orthogonal coordi-
nates in the plane (6.14) as follows:

'U870 _ % 1t Yy —. %tﬁyl‘F X .
R 1 —ﬁ T Yy — Htﬁx

By replacing the new variables in the factor (¢t1vso — tus,0) (which is the only
place in ©g ) (X) where the variables (vg,us3,0) appear) we obtain

1 1 1 5 9
(t11}870 — t6u370) =\t | —tey+z) —ts|y— —1sT = — (tl + tﬁ) T
31 3] 31
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and we may replace this into © g 6)(X) getting

O(9,6)(X) = (t1vs,0 + teuz,0) P1 + (—t1vs,1 + teuz,1) Po
+ (—t1vs,2 + teug,2) Pg + (—t1vs 3 + teua,s) Py

1
Tt [(cv, bs) — {as, B)] (6.15)
+ (—t1vr,1 + teta,) P + (—t1v7,2 + teua2) Pr
+ (—t1v7,3 + teuaz) Ps + (—t1v7,0 — teuao) o.

It is important to observe that the polynomial O ) does not depend on the

variable y. However this variable must be considered.

6.4. Proof for Ny ). We have in (3.6) and (3.7) the variables that we considered
in the expression of Py ¢)(X). Now we may use the new set of variables

{l‘7yaaaﬂ7a27la37a'47b57b7,1b8}7 (616>
where we use ([6.10]), the new variables (z, y) and the old variables retain its meaning

in .

We divide the new set of variables into the disjoint sets
(ZE, Y, 07 07 az, Oa Gy, b57 b77 O) S Ql 5] Q27
(0,@,6,071043,0,0,0,.[(78) S Wl @ WQ»

Q1EQrdW, @ W, =Tg (Ng)) -

Let us take now an arbitrary point X, € AX [N(Q’G)] (then X # 0), which we
may write, using the new variables, as

Xo = (x,y,a,ﬁ,ag,lag,,a4,b5,b7,lb8) : @(9,6)(X0) =0.
As before, we may write Xo =Y + Z, where
Y = (xaya0707a2707a'47b57b770) € Ql S QQ;
Z = (O,0,a,5,0,[a3,0,0,0,1b8) e Wy & Wy,

and we have again the alternative (|6.3)).
We assume first ((1)) of (6.3), that is, Y # 0 # Z. Under this assumption we
divide our considerations into two possible cases, namely x = 0 and x # 0.
First case, z = 0. If the point Xy € AX [N(gﬁ)] has the form
Xo = (07 Y, a, ﬁa az, Ia37 Qay, b57 b77 Ibg) s 6(9,6) (XO) = 07
then © g 6)(Xo) reduces to

O(9,6) (X0) = (t1vs,0 + teuz,0) P1 + (—t1vs,1 + teuz,1) o
+ (—t1vs,2 + teug,2) P3 + (—t1vs 3 + teua,s) Pa
+ (—tivr1 + teua1) Po + (—t1vr2 + teuas) P7
+ (=t1v7,3 + teua3) Ps + (—t1v7,0 — teuao) Po,
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and we consider the points
X (s) = (0,y, s, 88, as, slas, ag, bs, by, sIbg), s € [0,1].
Since all the factors ®; are linear in the variables {c, 8, Ias, Ibs} we see that, for
every s € (0, 1], we have the equality
O (9,6) (X (8)) = 5096y (X0) =0
and hence (since Y € A (Q1 & Q) C AX [N9,6)]) we have that
X (s) € AX [Ngg], Vselo1].
Second case, x # 0. In this case the point X € X [N(g’g)] has the form
Xo = (z,y,0,B,a2,Iaz,as,bs,b7,Ibg), = #0, Og) (Xo)=0.
We take now the points
X (s) = ((82) x,y,a,ﬂ,sag,lag,sa4,sb5,sb7,lbg) , s€]0,1],

and we see that each one of the nine terms of ©g ) (X(s)) in has a factor

s? (because each term that does not contain x has two factors, a parenthesis and

a bracket and each one of these is linear in the variables multiplied by s; on the

other hand, the variables in the factor companion of  are not multiplied by s).
Hence we have

6(9,6) (X (S)) = (82) 9(976) (X()) = O, CES (O, 1] s
which again yields
X (8) e AX [N(g)ﬁ)] s Vs € (0, 1],
and in turn (since Z = X (0) € A (W @ Wa) € AX [N9,6)]) we have again
X (s) € AX [N ], Vsel0,1].

Now we have to consider the other two possibilities, namely ((2)) and ((3)) of
(6.3). Then X, is a point in either A (Wy @ W) or A(Q1 @ Q2). But now by
means of

A(QT@Ws)a 1<r,s<2,
we can go between any point in A (Q1 ® Q2) and any other in A (W; @& W) by a
continuous curve in AX [N(976)}. This completes the proof of Theorem O

7. CONSEQUENCE FOR E(M)

Given a point p in the isoparametric submanifold M we have the algebraic set
)?p [M] and by considering (as in [9]) this set for each point in M we obtain a
subset of the unit tangent bundle of M which we have denoted by Z(M). The
topology of = (M) is the one induced from the unit tangent bundle S(T'(M)) of M.

The objective of this section is to show that for the submanifolds M in Table
the set = (M) is also connected by arcs.

Theorem 7.1. For all the homogeneous isoparametric hypersurfaces M™ C St C
R"*2 (those in Table , the set Z(M) C S(T'(M)) is connected by arcs.
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Proof. Let M be such a submanifold. Then the tangent bundle splits as a direct
sum

TM)=D1&---@&D,
of the simultaneous eigenspaces of the shape operators (which commute because the
normal bundle is flat). The distributions D; are autoparallel and hence integrable
with totally geodesic leaves which are round spheres.

To prove that = (M) is connected by arcs we use Theorem D in [4], which says
that any two points, say p and ¢, in M can be joined by a piecewise differentiable
curve in M whose differentiable pieces are tangent to one of the D;. In Theorem D
we take I = {1,...,g}; then the ¢; (i € I') generate W, which is the hypothesis of
that theorem (see [12] for details).

We take two arbitrary points p and ¢ in M. The piecewise differentiable curve
~ in M joining points p and ¢ in M given by Theorem D in [4], can be taken to be

v:[0,0] — M,  ~v(0)=p, v(b) =g,
and the interval [0, b] has a partition
0<s1 <8< -+ <8sp_1<8,=>b

such that 7|[5j7sj+1] is a geodesic in one of the spheres integrating one of the distri-
butions Dy, for each 7 = 0,...,h — 1, and we may assume that the images of two
consecutive subintervals [s;, s;+1] belong to different spheres (otherwise we may
take a single geodesic joining the initial point of the first piece and the final point
of the second one).

At each point 7 (s;), j = 1,...,h—1, we have two vectors in T,y (M), the left
and right derivatives of v at s; which are orthogonal (since they belong to different
D; at y(s;)). Let us denote these two derivatives by

v (s; (=) and A/ (s;(+)), j=1,....,h—1.

We have also the derivatives at the two extremes of the interval [0, b], that is
Y (0(+) and 5 (b(-)).

Let us take now two arbitrary points v, € )?p [M] and wy € )A(q [M] in 2(M)
for some p and ¢ in M. Let v be the curve described above (joining p and ¢q) given
by Theorem D.

Since X, [M] is arc-wise connected, we can join v, to 7' (0(+)) by a con-
tinuous curve in )?p [M]. Outside the singular set, that is, if a point ¢ is in
([0,0) — {s1,82,.--,8h-1}), then v (¢) € )?v(t) [M]. Now at each {s1,82,...,8h—-1}
we have the two orthogonal derivatives 7' (s; (—)) and 7' (s; (+)), 7 =1,...,h —1,
and they satisfy

v (sj (=) € S(Dy (v(sj))), forsomel<r<g,
Y (55 (+)) € S(Du(v(s5))), forsomel<u<g,
u T,
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Since, by [9] p. 45, Cor. 4.2], we have that

~

S(Dr (v(s3)) ® Du (v (s5))) € Xy(s) [M],
we can join 7'(s;(—)) and 7'(s;(+)) by a continuous curve in Xv(s]-) [M].
When we reach the final point y(b) we may join v/(b(—)) € )A(q [M] to w, € )?q [M]

by a continuous curve in X [M].
Then we can join v, to w, by a continuous curve in = (M). 0

8. APPENDIX

With the coordinates in the expression of the polynomial Py (X) is
given under (3.7). It has nine terms and each of them consists of two factors (one
between parentheses and the other between brackets). We want to split each factor
between brackets into two terms, placing in the first one the terms containing u3 o
and vg o and lumping the rest of them into ®;. We write the bracket from each
term (indicated by the order in the polynomial) as follows.

The first bracket is

(01)  [{a, bs) + (a2, B) + (a3, b7) + (a4, bs)] = [us,0v7,0 + ua,0Vs,0] + P1,
where, as indicated above,
Oy = (a, b5) + (az, B) + (us,1v7,1 + u3 2072 + Uz 307 3)
+ (u4,1V8,1 + U4 2V8,2 + Ua 38 3) .
We continue similarly with the brackets in the other eight terms:
(02)  [{a,ibs) + {(az2,i8) — (a3, ib7) — (a4, ibs)]
= [~ (u3,0 (—v7,1)) — (ug,1 (v8,0))] + P2,

Oy = (v, ibs) + (az2,i) — (u3,1v7,0 — uz,2v7,3 + U3 307,2)

— (—U4,0v8,1 + Us,3U8 2 — U4 2V8.3) ;
(03)  [{a, jbs) + (a2, jB) — (a3, jbr) — (a4, jbs)]
= [— (u3,0 (—vr,2)) — (us,2 (v80))] + P,
O3 = (o, jbs) + (a2, jB) — (u3,1v7,3 + u3 2070 — U3 ,3V7,1)
— (—U4,3V8,1 — Us,0U8,2 + Ua,108,3) ;
(b4) [<O&, kb5> + <(12, k’5> — <CL3, kb7> — <CL4, kbg>]
= [— (u3,0 (—v7,3)) — (ua,3 (v8,0))] + P4,
Oy = (o, kbs) + (a2, kB) —us1 (—vr2) +us 2 (vr1) + us 3 (vr)

— (ua,0 (—v8,3) +ua1 (—vs2) + a2 (vs1)) .
The fifth term

(b5) U = (tl’U&o — t6U370) [<Oé, bs> + <a2, b7> — <Cl3, ﬁ> - <CL4, b5>]
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does not contain u3z ¢ and vg o in the bracket so we split this one as
U = (tivs,o — teus,o) [(az, br) — (a4, bs)] + (t1vs0 — teus,o) [(a, bsg) — (as, B)].

We continue the splitting with the previous procedure:

(b6)  [{cv, bri) + (az, bgi) + (as, bsi) + (as, ()]
= [+ (u2,1v8,0) + (u3,0 (—vs,1))] + P,
O = (v, bri) + (aa, Bi) + (us,1 (vs,0) +us2 (vs3) + usz (—vs2))
+ (ug,0 (—v8,1) + u2,2 (vs,3) + u2,3 (—v82));

(b7)  [{o,brj) + (a2, b)) + (a3, bsj) + (as, Bj)]
= [+ (u2,2 (v8,0)) + (uz,0 (—vs5.2))] + P7,
O7 = (a,brj) + (aa, B7) + (uz1 (—vs,3) + us2 (vs,0) + u33 (v5,1))
+ ((u2,0 (—vs,2) + u2,1 (—vs3) + u2,3 (vs,1)));

(08)  [{a,brk) + (a2, bsk) + (as, bsk) + (aa, Bk)]
= [+ (u2,3 (v8,0)) + (us,0 (—vs3))] + Ps,

Py = (o, brk) + (aa, Bk) + (u31 (vs,2) + us2 (—vs,1) + us,3 (vs0))
+ (ug,0 (—vs,3) + u2,1 (vs,2) + u2,2 (—v8,1));

(09) [ {a,b7) + (az,bs) + (as, bs) — {as, B)]
= [+ (u2,008,0) + (u3,0 (v5,0))] + Po,
Qg = — (v, b7) — (aa, B) + (uz,1 (v5,1) + uz,2 (v5,2) +u3,3(v53))
+ (u2,1 (vs,1) + u2,2 (Vs,2) + u2,3 (vs 3)) -
With this procedure we may write
Pro.6) (X) = Qo6) (X) + O 9,6 (X) , (8.1)
where
Qo,6) (X) = (t1vs,0 + teuz,0) [uz,0v7,0 + ta,008,0]
+ (—t1v5,1 + teuz,1) [— (us,o (—v7,1)) — (ua1 (vs,0))]
[— (us,0 (=v7.2)) = (ua,2 (v8,0))]
[- ) — (ua3 (vs,0))]
(

+ (—t1vs,2 + teuz2)
(—t1vs,3 + teuz,3) [~ (u30 (—v7.3

(tivs,0 — teus,o) [(az, br) — (aa, bs)]
(—tiv7,1 + teta,1) [(U2 108,0) + (us,0 (—vs,1))]

(—t1vr,2 + teua,2) [(u2,2 (v8,0)) + (us0 (—v5,2))]
(= ) [(u2,3 (vs,0)) + (us,0 (—vs,3))]
(— ) (

u2,0V8,0) + (u3,0 (%,0))] .

t1v7,3 + teug,3

+ o+ o+ o+ o+t

t1vr,0 — teUa,o
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and
O (9,6) (X) = (t1vs,0 + teuz,0) P1 + (—t1vs1 + teuz,1) o
+ (—tivs,2 + tug,2) P + (—t1vs 3 + teus,3) Pa
t1vg,0 — teus,o) [(@, bg) — (as, 3)]
t1v7.1 + teua1) Po + (—t1v7,2 + teua2) D7
)

—t1v7.3 + teua3) P + (—t1v7,0 — tea ) Po.

+(
+(
+
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