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ON THE BETTI NUMBERS OF FILIFORM LIE ALGEBRAS
OVER FIELDS OF CHARACTERISTIC TWO

IOANNIS TSARTSAFLIS

ABSTRACT. An n-dimensional Lie algebra g over a field F of characteristic two
is said to be of Vergne type if there is a basis e1, ..., e such that [e1, e;] = ej41
for all 2 < i <n—1 and [e;, e;] = ¢; je;4; for some ¢; ; € F for all 4,5 > 2
with 4 4+ j < n. We define the algebra mg by its nontrivial bracket relations:
le1,e;] = €i+1, 2 <i < n—1, and the algebrama: [e1,¢;] = e;41,2<i<n—1,
le2,ej] =ejp2,3<j<n—2.

‘We show that, in contrast to the corresponding real and complex cases,
mo(n) and ma(n) have the same Betti numbers. We also prove that for any Lie
algebra of Vergne type of dimension at least 5, there exists a non-isomorphic
algebra of Vergne type with the same Betti numbers.

1. INTRODUCTION

Throughout this paper, F denotes a field of characteristic two and all cohomolo-
gies are taken with trivial coefficients. In this paper, we study a particular class of
nilpotent Lie algebras over F.

Definition 1.1. Let g be an n-dimensional nilpotent Lie algebra over F. If there
is an element = € g such that ad” ?(z) # 0, then we say that g is filiform.

Definition 1.2. Let g be an n-dimensional Lie algebra over F. We say that g is
of Vergne type if there is a basis eq,...,e, for g such that [e1,e;] = e;41 for all
2<i<n-—1and [e;,e;] = ¢ je;+; for some ¢; ; € F for all 4,5 > 2 with i + j < n.
If g is of Vergne type, we call such a basis a Vergne basts.

Lie algebras of Vergne type are filiform Lie algebras; if e;,...,e, is a Vergne
basis for a Lie algebra g, then e; is an element of maximal rank.

We define mg(n) = Span(ey, ..., e,) to be the Lie algebra with nonzero bracket
relations [e1,e;] = e;41 for 2 < ¢ < n — 1, and my(n) = Span(ey,...,e,) the
Lie algebra with nonzero bracket relations [e1,e;] = e;41, for 2 < i < n —1 and
le2, €] = ejyo for 3 < j < n —2. We keep the notation my and my for these
algebras as introduced in the classification of A. Fialowski in [5]. Note that mg(n)
and mg(n) over an arbitrary field are not isomorphic for n > 5; one can see that
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96 I. TSARTSAFLIS

by observing that mg(n) has a codimension 1 abelian ideal while there is no such
an ideal for ma(n).

Lie algebras of Vergne type are Lie algebras of maximal class, in the sense that
they have maximal nilpotency. Infinite Lie algebras of maximal class over fields of
characteristic two have been studied in [Il 2 [8]. The cohomology of Lie algebras
of maximal class have been studied extensively over a field of characteristic zero
[4, 15, 6, [12]. In [6] the authors give a full description of the cohomology with trivial
coefficients of the infinite analogues of mg(n) and my(n). The finite dimensional case
is also discussed in [6], for which we know the full description of the cohomology of
mg(n). However, for ma(n) our knowledge is limited to the first few Betti numbers
and it is known [9] that over a field of characteristic zero these two Lie algebras
have different Betti numbers in dimension n > 7. Over a field of characteristic two
we have the following theorem.

Theorem 1.3. Forn € N, the Lie algebras mg(n) and ma(n) over F have the same
Betti numbers.

In Section (4] we will prove the following theorem.

Theorem 1.4. For any nilpotent Lie algebra of Vergne type of dimension at least
5 over I, there exists a non-isomorphic Lie algebra of Vergne type having the same
Betti numbers.

Note that Definition [1.1]is not the standard definition for filiform Lie algebras.
The common usage of the term is to say that a nilpotent Lie algebra is filiform
if it is of maximal nilpotency. These two definitions are equivalent over a field of
characteristic zero as shown in [12]. Moreover, it is not hard to check that Vergne’s
proof works for any infinite field, even of finite characteristic. However, this is not
the case for algebras over Zs as there are counter-examples showing that maximal
nilpotency does not imply Definition

Throughout this paper, when we define a Lie algebra by relations, we will omit
the zero ones and also those which follow from the given ones by skew-symmetry.

2. PRELIMINARIES

Let g be a Lie algebra of Vergne type over F with basis eq,...,e,, and let
el,...,e" denote the corresponding dual basis of the dual space g* of g. One
can define a grading in the space of k-forms A*(g) = @AF (g), where the finite-
dimensional subspace A% (g) is spanned by homogeneous elements e'* A ... Ae** such
that 49 < --- < i and i1 + -+ + i, = m. We define the degree of a homogeneous
element x € A% (g) to be m and its topological degree to be k.

The differential on homogeneous elements of topological degree 1 coincides with
the dual mapping of the Lie bracket [,] : A%?g — g, and we extend it to elements of
topological degree greater than 1 by

d(p Am)=d(p) An+pAd(n).
For an arbitrary n-dimensional Lie algebra of Vergne type g with relations [eq, ¢;] =
eit1 for all 2 < ¢ < n—1 and [e;, e;] = ¢; je;4; for some ¢; ; € F for all i,j > 2
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FILIFORM LIE ALGEBRAS 97

with i 4+ j < n, the differential is:

d(e') = d(e?) =0, d(eF)y =et Akt ¢ Z cijet Nel, for k> 3.

iti=k
1<i<j

For Lie algebras of Vergne type, the grading is compatible with the differential d
and with the exterior product:

k k+1 q p q+p
m+
dAm(g) C Am (g)v Am(g) A Al (g) - A l(g)

Hence, every cocycle is a sum of homogeneous elements and we can write
kn—k(k—1)/2
H*g) = P Hi),
m=k(k+1)/2
where HF (g) is spanned by the cohomology classes of homogeneous k-cocycles of
degree m

k - k i i
H; (g) = {w €EH"(g):w= E Wiy in€P A ANER Wiy, € IB‘},
1<ii < <ix<n
i1+ tig=m

where @ is the cohomology class of w. Let us note here that the first cohomology
H' of an n-dimensional Lie algebra of Vergne type g has dimension 2; if we choose
a Vergne basis for g, then H'(g) = Span(el, e2).

3. THE SPECIAL CASE

Consider the n-dimensional vector space V' = Span(ey, ..., e,) over F. We define
the algebra mg(n) to be the vector space V' with relations [e1,e;] = e; 41 for i > 2,
and the algebra my(n) to be the same vector space V' with relations [eq, e;] = €;11,
for i > 2 and [eq, ¢;] = e;42 for j > 3.

We define the linear map Dy : Al(el,... e") — Al(el,...,e") by

Di(e') = Di(e?) =0, Di(e') =€t i >3,
and the linear map Dy : Al(el, ... e") — Al(el,...,e") by
Do(e") =0,i <4, Dy(e’)=¢€"2 i>5.

We extend the action of these maps to the linear maps D; : A*(el,...,e") —
A*(el,...,e") as derivations defined by D;(é A ¢) = D;(€) A ¢ + & A D;(¢) for
i € {1,2}. The differential dy on mg(n) is

do(e') = do(e?) =0, do(e’) =e' Ae'™!, forall 3<i <n,
and the differential da on ma(n) is

dg(el) = d2(€2) = 0, dg(ei) =

el Aeft if i = 3,4,
et nett e Aef? if i > 5.

We notice here that the operator dy = e A Dy is the differential on mg(n) and the
operator dy = e! A Dy + €2 A Dy is the differential on ma(n).
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98 I. TSARTSAFLIS

Now we are going to make some remarks on the similarity between Dy and D?.
First, we observe that D? is a derivation. Indeed, we have

D}(ENC) = Di(D1(€) ANC+END(C)) = D3(E) N+ ENDT(C).

Furthermore, it follows from the definitions that Dy acts on monomials of topolog-
ical degree one as follows:
Di(e*) +e* ifk=4
Dg(ek) _ ;(ek)—’_e 1 .7
D3 (e") otherwise.

If we take an arbitrary form w, we can write it as w = e* A w’ 4+ w”, where w’
and w” have no component in the e* direction, and then €2 A Da(w) = €2 A (e* A
Dy (w') 4+ Da(w”)) and also €2 A D3 (w) = e? A (2 AW’ + e A D} (w') + Di(w")) =
e? A (e* A D3(w') + D3(w")). The following lemma is immediate.

Lemma 3.1. For allw € A*(e!,... e"), we have € A Da(w) = €% A D3 (w).

Definition 3.2. Let n, k € N with 2 < k < n. We define the map

ARl et) = AR eM)
by
et Az +e? Ay+z2)=e ' Ax+e® A(y+ Di()) + 2,
where z € A¥=1(e2,... e"), y € AF71(e3,. .. e") and z € A¥(e3,... e).

For brevity, we will refer to f; just by f unless a clarification is needed. Note
that f is an involution; indeed, f(f(e! Az +e2Ay+2)) =e'Az+e?A(y+ Di(z)+
Di(z))+z=elAx+e2 Ay + 2z

Proposition 3.3. Let n > 5 and let doy, d2 be the differentials of my(n), ma(n)
respectively. Then for all £ > 2, the following diagram commutes:

f

AF(mp(n)) ———— A¥(ma(n))

do d2
f

A (mg (n)) ——— AFFI(ma(n))

Proof. Let h = e* Nz +e2 ANy + 2z € AF(el,...,e") with 2 € AF~1(e2 ... e"),
ye AF1(e3, ... em) and z € A¥(e3,..., em). We calculate

do(h) = e' Ae* A Dy(x) +e' Ae? A Di(y) + e ADy(2) + €2 A Do(2)
and
f(da(h)) = e Ne? ADy(z) +e* Ae? ADy(y) +e' ADy(2) +e* ADa(2) +e* AD3(2)
which, by Lemma [3.1] gives
f(da(h)) = e' Ae* A Dy(x) +e* Ae? A Di(y) +e! A Di(2).
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FILIFORM LIE ALGEBRAS 99

We also have:
do(f(h)) = do(e' A& +e* A (y + Di(x)) + 2)
=e' Ne? ADo(x) + et Ae? ADy(y) + e ADi(2),
and the claim follows. O

Theorem is an immediate application of Proposition [3.3

Proof of Theorem[I.3 The k-th Betti number for an n-dimensional Lie algebra g
is given by

k—1
where Z(g) denotes the space of k-cocycles. From Proposition the fact that
f is an involution and dim(Z;(mg(n))) = dim(Z1(ma(n))) = 2, it follows that
dim(Zx(mp(n))) = dim(Zx(ma(n))) for 1 < k < n. O

by = dim(Zi(@)) + dim(Zi1(g)) - ( " )

The explicit computation of these Betti numbers is much harder than in the case
of zero characteristic. We have already seen that by = 2, and one can show that
b = [3(n+1)]. Moreover, the second cohomology space H?(mg(n)) is the span
of e Ae", e Attt 47t AeTP e Ae? T for 2 < i < $(n+ 1), which
is shown in [I1]. The computation of b3 is already quite technically involved [I1]
(see [7] for related results).

4. THE GENERAL CASE

A Lie algebra, in general, has several central extensions as described in [10] or
[13]. In our next lemma we give a condition for a central extension of a Lie algebra
of Vergne type to be also of Vergne type.

Given a Lie algebra of Vergne type g with Vergne basis e, ..., e, and a 2-cocycle
w of g, we define the central extension g(w) = g@®TF of g to be the Lie algebra with
relations

eis €jlg(w) = leir ej]g +wles, e5)entts

where e, 41 is a basis for F.

Lemma 4.1.

(a) Let g be a Lie algebra of Vergne type with Vergne basis e, ..., e, and let w be
a homogeneous 2-cocycle with a nonzero e A e™ component. Then g(w) is a
Lie algebra of Vergne type.

(b) Let g’ be a Lie algebra of Vergne type with Vergne basis eq,...,e,y1. For
the Lie algebra of Vergne type g = ¢'/Span(e,11), which we identify with
Span(ey, ..., ey), there exists a homogeneous 2-cocycle with a nonzero e! A e"
component w, such that g’ = g(w).

Proof. (a) This follows from the definition of an extension and the choice of w.
(b) Consider the homogeneous 2-form w defined by w = d(e"*!). The projection
of w to A?(g) is a homogeneous 2-cocycle with a nonzero e! A e” component. [
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100 I. TSARTSAFLIS

Let g be a Lie algebra of Vergne type with Vergne basis ey, ..., e, and bracket
relations [eq, ex] = ext1 and [e;, e;] = ¢; jeiyqj, for some ¢; ; € F where k > 2 and
i,j > 2. As in the previous section, we define the map D; : Al(e!,... e") —
Al(et,...,e") by

Di(e') = Di(e?) =0, Di(e') =€t i>3,
and we extend this map to Dy : A*(el, ... e") — A*(e!,...,e") as a derivation by
Di(§ N Q) = D1(§) NG+ E A D1(Q).
Next, we define the operator R = e!' A D, + d, where d is the differential of g.

Observe that R is a derivation of the exterior algebra as it is the sum of two
derivations. Moreover, we have that R(e') = R(e?) = R(e) = R(e*) = 0 and

R(€°) = caze® Ned ..., R(e") = Z cijet Nel.

i+j=n

1<i<y
Finally, we observe that the image of R lies in A*(e?,...,e").
Lemma 4.2. Let g be a Lie algebra of Vergne type with Vergne basis eq, ..., e, and
let e? Nz +e2 Ay + 2z € AF(g*), where x € AF~1(e2,... e"), y € AF=1(e3,... e"),
zeAF(e3,...,e") and k> 2. Ife! Aoz +e2 Ay + 2z is a cocycle, then

2 _ 2
e“ AN Dy(z) = e A R(x).
Proof. If we assume that e! Az + e? Ay + 2 is a cocycle, then
O=de' Az +e* Ay +2)
=e' AR(z) + e Ae2 ADy(y) + e A R(y) +e' A Dy(2) + R(2).

Hence, we have e2AR(y)+R(z) = 0 and e! A(R(x)+e2AD;(y)+D1(z)) = 0. Taking
the exterior product of the second equation with e?, we obtain the claim. O

Proposition 4.3. Let g1, g> be n-dimensional Lie algebras of Vergne type with
Vergne bases eq,...,e,. Let w be a homogeneous 2-cocycle of g; with a nonzero
el Ae™ component and denote by f the involution from Definition If for £ > 2
the diagram

A¥(g1) ————— A¥(g2)
dl d2

A gr) ————— A" (g2)
commutes, then the following diagram also commutes:
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FILIFORM LIE ALGEBRAS 101

(g1 () — T A (@7 (@)
Ci 1 dAQ
f

A (g1 (w)) —— A (g2(f5' (w)),

where d;, d; denote the corresponding differentials.

Proof. First, we observe that the degree of a homogeneous k-form is preserved
by f. The assumption is that dyf = fds, where d; and dy are the differentials of
g1 and go respectively. We are going to prove that the differential d; of g1 (w) and
the differential dy of go(f(w)) are conjugate by f.

Let h = "' Ax+y € Zi(gi(w)), where z € AF~1(el,...,e") and y €
AF(el, ... em). Furthermore, let x = e' Az +e?Azo+asz and y = el Ay +e2Aya+ys,
where x1 € AF=2(e2,... e"), zo € AF72(e3,... e"), z3 € AF71(e3,... ") and
y1 € A2, en), yo € AFT(E3, . eM), y3 € AF(e?,...,e"). The cocy-
cle w has degree n + 1 and has nonzero e! A e” component, hence we write
w=¢e' Ne" +e* Aws + ws, where wy € Span(e™ ') and w3 € A2 (e3,... ).

The image of h is

f(h) = fle' Az Ae™™ +y1) + e A(za Ae™ ™ 4 g0) + 23 Ae™ T £ y3)
=e' A Ae™ Fy) F e A (o Ae™ 4 yo 4+ Dy(xg AT 4 91))
+az A 4ys

="M A f(2) + f(y) 2 Axy Ae™

The differential of h is

di(h) =e" ' Ady(z) +di(y) +wAx

and the image of this is

F(di(h)) = €™ A f(di (@) + flw A ) + f(di(y) + e A (Ri(z1) + Di(xs)) Ae™

Using the assumption that d; and ds are conjugate by f we can rewrite the last
equation as follows:

Fldi(h)) = " Ada(f(2)) + flw A )+ do(f(y) + € A (Ri(a1) + Dilas)) Ae”

Now let us calculate the differential of the image of h:

do(f(M) = f(@) A f(@) + e N do(f(2)) + da(f(y)) + € Ada(a1 A e™)
If we manage to show that

F)Af(@) + flwnz)+e* Ada(zy Ae™) +e* A(Ry(z1) + Di(x3)) Ae™ =0, (4.1)
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102 I. TSARTSAFLIS

then the proof is complete. We will break this expression into pieces and observe
its validity. In more detail, we calculate

f@AFfl@)y=e' A A(zaAe™ +Di(x) Ae™ + a1 Awy + 21 Ae™ )
+x3Ae” + a1 Aws) + €2 A (wo Az 4 T2 Aws
+x3/\e"_1+D1(x1)/\oJ3)+x3 A w3,
flwnz)=e A A (za Ae™ + 21 Aws) + 23 Ae™ + 71 Aws)
+e2 A (wa Axg 42 Aws 4+ Di(z3 Ae™ + 21 Aws)) + 23 A ws,
and thus we have
FAf@)+ flwunz)=e' Ae2 ADy(z) Ae™ +et Ae2 Axp Ae™ !
+e2/\D1(z3)/\e”+62/\x1 A Dy (w3).
Using Lemma [£.2] for the cocycle w, we obtain
2 Nda(zy Ae™) =2 A fldy(f(zy Ae™))) = e A fdy(zy Ae™
262/\f(l‘1/\d1( ")+ € A fdi(z1) Ae™)
=e' N2 Az Ae™ el Ae? A Dq(z1) Ne™
+e* A (w1 ARy(e™) + Ry(zy) Ne™)
=e' N2 Az Ae” el Ae? A Dy(z1) A
+e2 A (Ry(x1) Ae™ + 21 A Dy(ws)).

)

Substituting the above expressions into the left-hand side of we get
e AN AD () ANe" et Ae2 Az Ae™t + e ADy(23) Ae”
+e2 Az A Dy (ws) + ez A Ri(z1)Ne™ + e AN Az AeTt
+e' N2 ADy(z1) Ae™ +e* Axy ADy(ws) + e ARy(z1) Ae”
+e2 ADy(x3) Ae™ =0,

which is obviously true. Thus, we have d f=f d» and the diagram commutes. [J

Proof of Theorem[14] Let g be a Lie algebra of Vergne type of dimension n. The
only nilpotent Lie algebras of Vergne type of dimension 5 over any field are mg(5)
and my(5) according to [3], so if n = 5, the required result follows from Theorem
Assume that n > 6 and choose a Vergne basis ey, es,...,e, for g. Then, by
Lemma there exists an (n — 1)-dimensional Lie algebra of Vergne type g' and
a homogeneous 2-cocycle w; of g' with nonzero e' A e”~! component such that
g = g'(wy). In the same way, there exists an (n — 2)-dimensional Lie algebra
of Vergne type g? and a homogeneous 2-cocycle wo of g? with nonzero e! A e?~2
component such that gt = g?(wy). If we keep going backwards like this, we will
reach a point where there exists a homogeneous 2-cocycle w,,_5 of a Lie algebra
¢" % with nonzero e! Ae® component such that g" ¢ = g"~%(w,,_5). This sequence
of 2-cocyles (w1, wa,...,w,—5) characterizes g.
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Now we construct a non-isomorphic algebra of Vergne type which has the same
Betti numbers as g. In order to do so, note that g”~° is isomorphic to either
mo(5) or ma(5). Let h° be the other of the two algebras. We start with h~5 and
extend it by f(wn—5), where f is the involution from Deﬁnition Denote h % =
h = (f(wn—iy1)) for i = 5,...,n. After applying n — 5 times Proposition [4.3 we
come to the conclusion that h° and g have the same Betti numbers. These algebras
are not isomorphic, because the algebras that we started with, mg(5) and ma(5),
are not isomorphic. O

5. FINAL REMARKS

Figure [1] gives all the Lie algebras of Vergne type over Zs up to dimension 12.
The edges of this tree connect two algebras where the algebra on the bottom end is
a central extension of the algebra on the upper end. The first number in the label
of an algebra is its dimension and the second one is an increasing index.

Each of them is a 1-dimensional central extension of a Lie algebra of Vergne type
as described in Lemmal[4.1} According to Theorem [I.3] for any n > 5, we have that
mg(n) and mo(n) have the same Betti numbers and the corresponding diagram
commutes. Moreover, according to Proposition the diagram of ¢(7,1) and
h(7,1) also commutes, hence these algebras have the same Betti numbers; this is
because they are central extensions of mg(6) and mo(6) for which the corresponding
diagram commutes.

In general, to find the pairs of these algebras that have the same Betti numbers,
we follow the same steps as in the proof of Theorem For example, my(8) has
two central extensions which are Lie algebras of Vergne type. If we choose the
cocycle which has zero e? A e” component, then we pair this extension with the
extension of my(8) with the cocycle of degree 9 and nonzero e? A €7 component;
this follows from Proposition 2 and the definition of f. Based on this, we labelled
them in such a way that g(n, %) has the same Betti numbers as h(n,1).

Also, observe that because f is a homogeneous isomorphism, we have that
dim H2 ., (g(n,i)) = dim H2_ (h(n,7)). Moreover, if w is a homogeneous 2-cocycle
of g with a nonzero e! A €™ component, then f(w) also has nonzero e! A e com-
ponent. From this it follows that the number of edges from g(n,?) to g(n + 1,-)
must be the same with the number of edges from h(n, ) to h(n+1, ), which is also
evident in Figure

From the computational point of view, however, it is more efficient to define
the algebras by structure constants c¢; ; as introduced in Section El In fact, we
only need the structure constants cy; with 3 <7 < n — 2, which we represent by
a vector [02’37 C2 4y 02$n,2]. One can obtain the remaining structure constants
from the Jacobi identities on the triples e1, e;,e; with 2 < ¢4 j <n — 1, which are
equivalent to Cij = Ci+1,5 tCij+1- Then C3,j = C2,j+C25+1,C4,5j = C3,j+C3,j+1 and
so on. For example, the algebra ¢(8,1) defined by the vector [0,0,1,0] is the Lie
algebra of Vergne type with relations [eq, e;] = €;41, for 2 <i < 7 and [eq, e5] = ez,
[63,65] = €g, [63,64] = er.
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m_0(4)
/ \
m_0(5) m_2(5)
m_0(6) m_2(6)
a(7,1) m_0(7) h(7,1) m_2(7)
a(8,1) m_0(8) h(8,1) m_2(8)
/\ /N
a(9,1) a(9,2) m_0(9) h(9,1) h(9,2) m_2(9)
g(10,1) 9(10,2) m_0(10) h(10,1) h(10,2) m_2(10)

g(11,1) g(11,3) g(11,2) g(11,4) m_0(11) h(11,1) h(11,3) h(11,2) h(11,4) m_2(11)

9(12,1) 9(12,3) 9¢(12,2) g(12,4) m_0(12) h(12,1) h(12,3) h(12,2) h(12,4) m_2(12)

FiGURE 1. Lie algebras of Vergne type of dimension n < 12.

The constants cy ; must satisfy additional quadratic relations which follow from
the Jacobi identities on triples e;, e, ex for 1 <4, j, k. We analysed these relations
using the software Maple and the results are given in the following table.

9(7,1) : [0,0,1] h(7,1) : [1,1,0]
9(8,1):[0,0,1,0] h(8,1) : [1,1,0,1]
9(9,1):[0,0,1,0,0] h(9,1):[1,1,0,1,1]
9(9,2) : [0,0,0,0,1] h(9,2) :[1,1,1,1,0]
¢(10,1) : [0,0,1,0,0,1] h(10,1) : [1,1,0,1,1,0]
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FILIFORM LIE ALGEBRAS 105

9(10,2) : [0,0,0,0,1, 1] h(10,2) : [1,1,1,1,0,0]
g(11,1) : [0,0,1,0,0,1,0] h(11,1):[1,1,0,1,1,0,1]
g(11,2) :[0,0,0,0,1,1,0] h(11,2): [1,1,1,1,0,0,1]
g(11,3) :[0,0,1,0,0,1,1] h(11,3):[1,1,0,1,1,0,0]
g(11,4) : [0,0,0,0,0,0,1] h(11,4):[1,1,1,1,1,1,0]
9(12,1) : [0,0,1,0,0,1,0,0] h(12,1):[1,1,0,1,1,0,1,1]
9(12,2):10,0,0,0,1,1,0,0] h(12,2):[1,1,1,1,0,0,1,1]
9(12,3) :[0,0,1,0,0,1,1,0] h(12,3):[1,1,0,1,1,0,0,1]
9(12,4) : [0,0,0,0,0,0,1,0] h(12,4):[1,1,1,1,1,1,0,1]

An algebra of dimension n+1 given by the vector [c23,¢24,...,C2.0n—2,C2 n—1] 18
the central extension of the algebra of dimension n given by [c23,¢24, ..., Can—2].
From this, we obtain the tree in Figure
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