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GEOMETRIC INEQUALITIES FOR EINSTEIN TOTALLY REAL
SUBMANIFOLDS IN A COMPLEX SPACE FORM

PAN ZHANG, LIANG ZHANG, AND MUKUT MANI TRIPATHI

ABSTRACT. Two geometric inequalities are established for Einstein totally
real submanifolds in a complex space form. As immediate applications of
these inequalities, some non-existence results are obtained.

1. INTRODUCTION

According to Chen’s cornerstone work [1]], the following problem is fundamen-
tal: to establish simple relationships between the main intrinsic invariants and the
main extrinsic invariants of Riemannian submanifolds. The basic relationships
discovered until now are inequalities and the study of this topic has attracted a lot
of attention during the last two decades. Roughly speaking, there are three main
aspects of the study of this topic, one looking at the new Riemannian invariants
introduced by Chen [2] B}, 4 6, 10, 1T, 17, 18] 20} 21}, 23], the other looking at the
DDVYV inequalities [7, 9] 14} 15, [16], and the last looking at the Casorati curvatures
[8, M2, 13, 19, 22]. In this paper, we are interested in obtaining characterizations
of the relationships by Chen’s invariants.

Let M be a Riemannian n-manifold and p a point in M. Suppose that K () is
the sectional curvature of M with respect to a plane section m C T,M. For each
unit tangent vector X of M at p, the Ricci curvature Ric(X) is defined by

Ric(X) = zn:K(X Nej),

where {e1,e2,...,€,} is an orthonormal basis of T, M with e; = X.

In general, an n-dimensional manifold M whose Ricci tensor has an eigenvalue
of multiplicity at least n — 1 is called quasi-Einstein. For instance, the Robertson—
Walker spacetimes are quasi-Einstein manifolds. Further, we say that M is an
Einstein manifold if Ric(X) is independent of the choice of the unit vector X.
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Then for any unit tangent vector X of M at p, one has
Rie(X) = 2 (p),
where 7(p) is the scalar curvature at p defined by
7(p) = Z K(e; Nej).
1<i<j<n

For a given point p in M, let 7y, ..., 7, be ¢ mutually orthogonal plane sections
in T, M, where ¢ is a positive integer < 7. Following [2], we define

- . K(m)+ -+ K(mg)
inf
K%(p)= inf i,

mp Ll Lmg q
where mq,...,m, Tun over all mutually orthogonal ¢ plane sections in T, M. For
each positive integer ¢ < 7, define the invariant (5};‘“ on M by
2q

(5?10 = sup Ric(X)—-—
XeTM n
where X runs over all unit vectors in T) M :={X € T,M : || X|| = 1}.

In [2], Chen established two inequalities in terms of the Riemannian invariant
(551‘3 for Einstein submanifolds in a real space form. As a natural prolongation, in
this paper, we obtain two inequalities for Einstein totally real submanifolds in a
complex space form. Unlike [2], we do not need the algebraic lemma from [3]. Our
algebraic techniques also provide new approaches to establish inequalities obtained
in [2].

inf
K" (p),

2. PRELIMINARIES

Let N™ be a complex m-dimensional Kéhler manifold, i.e. N is endowed with
an almost complex structure J and with a J-Hermitian metric g. By a complex
space form N™(4c¢) we mean an m-dimensional Kéhler manifold with constant holo-
morphic sectional curvature 4c. A complete simply connected complex space form
N™(4c) is holomorphically isometric to the complex Euclidean m-plane C™, the
complex projective m-space CP™(4c), or a complex hyperbolic m-space CH™ (4c)
according to ¢ = 0, ¢ > 0 or ¢ < 0, respectively. Denote by V its Levi-Civita
connection. The Riemannian curvature tensor field R with respect to V has the
expression

—(JX,WWJY,Z) +2(X,JYNZ,JW)),

for any vector fields X,Y, Z, W on N™(4c).

Let M be a totally real submanifold in N™(4c¢). According to the behavior of
the tangent spaces under the action of J, a submanifold M in N™(4c) is called
totally real if the complex structure J of N™(4c) carries each tangent space T, M
of M into its corresponding normal space T, Zf‘M [5]. We denote the Levi-Civita
connection of M by V and by R the curvature tensor on M with respect to V.
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The formulas of Gauss and Weingarten are given respectively by
VxY = VxV +h(X,Y), Vx€=—AcX +Vie,

for tangent vector fields X and Y and normal vector field ¢, where V+ is the normal
connection and A is the shape operator. The second fundamental form A is related
to A¢ by

(h(X,Y),§) = (AeX,Y).

The mean curvature vector ﬁ of M is defined by

ﬁ = 1 trace h,
n

and we set H = Hﬁ” for convenience.

A submanifold M is called pseudo-umbilical if ﬁ is nonzero and the shape
operator Aﬁ at ﬁ is proportional to the identity map. If ﬁ = 0, we say M is
minimal. Besides, M is called totally geodesic if h = 0.

For totally real submanifolds, we have [5]

VyxJY = JVxY, AjxY = —Jh(X,Y) = Ay X.

The above formulas immediately imply that (h(X,Y),JZ) is totally symmetric.
Moreover, the Gauss equation is given by [5]

R(X,Y,Z,W) = c((X, Z)(Y,W) — (X, W)Y, Z))
+ (WX, Z), h(Y,W)) = (W(X,W),h(Y, Z))

for all vector fields X, Y, Z, W on M.
Choosing a local frame

€1y 9€nyEnt1,---3,CEm,
Cm+1 = J(el)7 oy Cmdn = J(en)7 Cm+4n+1 = J(en+1)7 ey E2m = J(em)
in N™(4¢) in such a way that, restricted to M, ey, es,..., e, are tangent to M.

With respect to the local frame of N™(4c) chosen above, we denote the coefficients
of the second fundamental form h by {hj;}, 1 <i<j<n;n+1<r<2m.

3. THE FIRST INEQUALITY

Theorem 3.1. For any integer k > 2, let M be a 2k-dimensional Einstein totally
real submanifold of an m-dimensional complex space form N™(4c) of constant holo-
morphic sectional curvature 4c. Then we have

SPiC < 2(k — 1) (c+ H?). (3.1)

The equality case of (3.1)) holds if and only if one of the following two cases occurs:
(i) M is a minimal and Einstein totally real submanifold, such that, with respect
to suitable orthonormal frames {e1, ..., ek, €apt1,--.,€am}, the shape operators of
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M take the following form:

: . , r=2k+1,...,2m,
0 ... A

T A
where A7, i = 1,...,

k, are symmetric 2 x 2 submatrices satisfying trace(A]) =
-+ = trace(4}) = 0.

(i) M is a pseudo-umbilical and Einstein totally real submanifold, such that
with respect to suitable orthonormal frames {eq,

<5 €2k, €241, - - -y e?nL}; the ’Sha’pe
operators of M take the following form

AY 0
A, = L , r=2k+2,...,2m,
0 ... Aj
where AL, i = 1,.

i
ce= trace( )=

k, are symmetric 2 x 2 submatrices satisfying trace(A]) =

Proof. For a given point p in M, let mq,

..., T, be k mutually orthogonal plane
sections at p. We choose an orthonormal basis {e;,

., ea } of T,M such that

., T, = Span{eag 1, €k }-

Since M is a 2k-dimensional Einstein manifold, we have 7 = k Ric(X). From the
definition of 6,13“ and the Gauss equation, we have

m1 = Span{ey, es},

k‘(SElCZT— [K(W1)+K(7T2)+"'+K(7Tk)]

=k(@2k—1c+Y > [k, -

@' Tj)z] - {C + Z[h{thQ — (hi5)?]
T 1<i<j<2k r

+eete+ Z[hgkq,quhgk,zk — (hag_1 21@)2}}

<2%k(k—1)c+ > [ D hphy

T T
'] (h11h22+
T 1<l<j<2k)

%(k — 1)+ = Z{Zh

+ (hog_12k—1 + hgk,Qk)z]}

o h;k—l,Qk—lhgk,Qk)]

(3.2)
h11 + h22> DRy

Using the Cauchy inequality, we obtain that

i I I T 1 I
(hiy + hb)? +- (hgg—12K-1 + h2k,2k)2 > %(Z hi;)?
with the equality case of (3.3]) holds if and only if

hiy +hyy = -

(3.3)

T r
~=hog_1 9k—1 t R ok
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Plunging (3.3) into (3.2), we have
1 2k PEL
RO < 2k — Vet 3 {0 mE? - (00 m?)
T i=1 i=1

k 1 2k
_ o h—- Y
= 2h(k = e+ 5 (3

kE—1
=2k(k—1 2 TAK?H?
(k= De+ —7

=2k(k — 1)(c + H?),
which implies
SRIC < 2(k — 1) (c + H?).
Next, we will discuss the equality case. The equality case of (3.1) at a point

p € M holds if and only if we have the equality in (3.2) and (3.3]), i.e. with respect
to suitable orthonormal frames, the shape operators take the following form:

AT ... 0
A, = oo, , r=2k+1,...,2m,
0 ... A
where A7 i =1,...,k, are symmetric 2 X 2 submatrices satisfying
trace(A]) = -+ - = trace(Ay}).
The rest of the discussion is similar to that of the proof of Theorem 1 in [2]. O

4. THE SECOND INEQUALITY

Theorem 4.1. Let M be an n-dimensional Einstein totally real submanifold of an
m-dimensional complex space form N (4c). Then for every positive integer g < %,

we have
; 2 —q—1
sRie < (n—l—q>c—|— nn=a=1 o (4.1)
n n—gq
The equality case of (4.1)) holds if and only if M is a totally geodesic submanifold.

Proof. Given a point p in M and a positive integer ¢ < 3, let m,...,m; be ¢

mutually orthogonal plane sections of M at p. We choose an orthonormal basis of
T, M such that

m = Span{ey, es},...,my = Span{ezq_1, €24 }-
Then from the definition of (5?1'3 we have
o (p) = nRic(X) — 2[K (m1) + -+ + K ()]
= 2qRic(X) — 2[K(m) + - - + K(mg)] + (n — 2¢) Ric(X).
For convenience, we set

I =2¢qRic(X) —2[K(m)+ -+ K(mg)], IT = (n — 2¢) Ric(X).

(4.2)
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Now we compute I and II separately. First, we rewrite I as

q
Z RIC 621 1,€2]— 1) -+ Rlc(egl, 621) — QK(TFI)]
=1

which together with the Gauss equation gives

1< 2q(n—2)e+ ) [(Q ARG, + Y hbohfy +-+ D Bhya0hi))

T A 2 for s
— 2(hi1hoy + highiy + -+ hog_q 00 1Py 2(1)}

=2q(n—2)c+ )y | > hLhG +2 0 ) hLh

T 1<i<2q, 2¢+1<j<n 1<i<j<2q (4 3)

— 2( T. + hr3h44 -+ hgqfl,qulhgng)}
— 2)6 + Z { Z hihi; + (hiy + -+ hy, 2!1)

v 102, 2¢+1<5<n

— [y + Rg)? + -+ (g1 g1 + Rg20)] -
On the other hand, we can rewrite II as
IT = Ric(eaq+1, €2g+1) + Ric(eagt2, e2g4+2) + - - - + Ric(en, en),
which together with the Gauss equation gives

II=(n—2g¢)(n—1)c+ Z Z [g41,2g4175; = (hogy1 )]

T j#2q+1
-+ Z Z nn j] 3)2]
roaFn (4.4)
<(n=2q)(n=D)c+Y (D hbgirsgeahfy ++ > hiahi;)
T j#2g+1 j#Fn
r 2q+1<i<j<n 1<i<2q, 2¢+1<j<n
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Plunging (4.3) and . into , we obtain that

n5§ic( ) < (n* —n—2q) C+Z hiy + - +h2q2q) _Z[( 11+ hiy)?
+oe ( 2q—1,2¢—1 + h2q,2q +2 Z Z h:zhgj

r 2q+1<i<j<n
T
LED DR DI
r 1<i<2q, 2q+1<j<n

=(n®—n—2q)c+ Z (hiy 4+ hby00)° — Z[(hgl + hiyy)?

o (Bhg12g-1 T+ Pog2g)?1 +2 Z hiih; (4.5)

r 2q+1<i<j<n

+ [n*H? - Z( 11+ 4 hy, 2q) - Z( Sg+1.2g41 T+ b )?]

T T

= (n®—n—2q)c+n*H* — Z [(B1y + hia)? + (R + hipy)?

T

+eet (hgq—l,Qq—l + hgq,Qq)Q + (hgq+1,2q+1)2 Tt (hrzn)2] .

From the Cauchy inequality, we know that

(hiy +hia)® + -+ ( 5g—1.2¢—1 T h’gq,Qq)Q + (h£q+1,2q+1)2 + e (B,)°

> %_q(hh +hby + -+ hn)%, (4.6)
with the equality case of holds if and only if
hiy+hoy =+ =hog 1941+ hg0q = hogy12941 = = h-
Then we plunge into , namely,

nd};‘ic(p) < (n? —n—2¢)c+n’H? -

> (W) + by -+ B,

n—q%
2
—qg—1
:(n2_n_2q)c+w}[27
n—q
which means
. 2 —qg—1
5(1}103( 7177(]) +7L(7L q )H2
n n—gq

Next, we will discuss the equality case. The equality case of (4.1) at a point p € M
holds if and only if we have the equality in (4.3]), (4.4) and (4.6), i.e. with respect
to suitable orthonormal frames, the shape operators take the following form:
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Ay 0 0

A, = oo : , r=n+1,...,2m,
0 ... AT 0
o ... 0 pupFE

where E is the (n—2q) x (n—2q) identity matrix and A7, 7 = 1,..., k, are symmetric
2 x 2 submatrices satisfying

trace(A]) = - -+ = trace(4}) = p.

The rest of the discussion is similar to that of the proof of Theorem 2 in [2]. O

5. IMMEDIATE APPLICATIONS
From Theorems [3.1] and [.1] we obtain immediately the following.
Corollary 5.1. If a Riemannian n-manifold M admits a totally real isometric
immersion into a complex Euclidean space which satisfies
nn—q—1)
n—q
Jor some positive integer ¢ < % at some point, then M is not an Einstein manifold.

Theorems [3.1] and 1] also imply the following.

Ri 2
oRic > H?,

Corollary 5.2. If an FEinstein n-manifold satisfies
R
8> (n—1- W)c,
for some positive integer ¢ < 5 at some point, then it admits no totally real minimal
isometric immersion into a complex space form of constant holomorphic sectional

curvature 4c regardless of codimension.

Besides, from Theorems and we can also get Corollary 3 in [2].
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