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LARGE IMAGES OF REDUCIBLE GALOIS REPRESENTATIONS

AFTAB PANDE

ABSTRACT. Given a reducible Galois representation p : Gg — GL2(Fq) we
show that there exists an irreducible deformation p : Gg — GL2(W[[T1, T, ...,
Tr,...]]) of p ramified at infinitely many primes, where W denotes the ring
of Witt vectors of F;. This is a modification of Ramakrishna’s result for the
irreducible case.

1. INTRODUCTION

In [5] it was shown that one could lift a mod p representation p to a power se-
ries ring in infinitely many variables which was generalized for totally real fields
by []. In this paper, we extend these results for a reducible representation p :
Gq — GLy(Fy), where Fy is a finite field of residue characteristic p and cardinality
q = p'. We use cohomology classes which work for all lifts p,,, unlike [2] where their
cohomology classes cannot be used to lift from mod p to mod p?. This allows us to
get an irreducible deformation of a reducible representation in infinitely many vari-
ables. The case of a reducible deformation of a residually reducible representation
was addressed in [6]. The author hopes to use these methods to generalize other
lifting results of Ramakrishna for arbitrary number fields in an ongoing project.

Our main theorem is the following:

Theorem 1.1. Let 5 : Gg — GLo(F,) where p = ((Z)S >1k , and let S be the set
of primes containing p and oo and all those at which p is ramified. Suppose:

*p=>3,
e p is indecomposable,

o the IF, span of the elements in the image of ¢ is all of Fy,
[ ]

¢ # x,x !, where x is the mod p reduction of the cyclotomic character,
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e forp odd that p|c, is not unramified of the form ( (1) T ), and for p even
0 1

Then there exists an irreducible deformation p : Gg — GLo(W([[T1,T5, ..., Ty, ... ]])
of p ramified at infinitely many primes, where W denotes the ring of Witt vectors

of Fy.

We start with p : Gg — GLo(F,) and by adding primes to the ramification
we lift it successively to p, : Gg,s, = GL2(W[[T4,..., To)]/(p, Th, ..., Tn)"™), and
define p = li%n pn. If R, is the deformation ring of p, with mpg, its maximal

ideal, then we see that R, /mp = W[[T1,...,T,]]/(p,T1,...,T,)". We will add
more primes of ramification to S,, and get a new set of primes S, 1, such that the
deformation ring associated to S,41 has R,q1 /m’]%‘:il as a quotient. This gives

-1
that pla, is not ( x 0 ) or ( XO I ), where the x may be trivial.

us a surjection from R, 1/ m;?il — R, /mp, , which allows us to get the inverse
limit R = lién R, /mf% .
1

2. NOTATION

We refer the reader to the notation used in [2] but briefly outline some definitions
and notations here.

e (Gz is the Galois group over Q of its maximal extension unramified outside
a finite set of primes Z.

e Forw € Z, G, = Gal(Q,,/Q,), where Q,, is the completion of Q at w.

e For a Gg = Gal(Q/Q) module M, Q(M) is the field fixed by the subgroup
of Gg that acts trivially on M.

e The G,,-dual of M is denoted by M*.

e For f € H'(Gg, M), we denote by L¢ the field fixed by the kernel of the
homomorphism f|Ga1(@/Q(M)) .

e X = Ad°(p) is the set of trace zero 2 x 2 matrices over F, with Galois
action through p by conjugation.

o Let K = Q(X™*) which is equivalent to Q(X, ).

e For w unramified in a Galois extension L/Q we denote Frobenius at w by
Ow-

e S is the set of primes containing p, co and all those at which p is ramified.

e For a character x : Gg — F;, we denote by Fy(x) the module F; with
Galois action via k.

3. TRIVIAL PRIMES AND THE MODIFICATION OF N,

We modify the lemmas in [5] for a residually reducible representation 7 : Gg —
GLy(F,) using the language of [2] and some ideas from [I]. The following lemmas
are used in the next section to find sets of primes that we add to the ramification to
remove global obstructions, and cohomology classes associated to these new primes
which we use to overcome local obstructions to lifting at each level n. The lemmas

Rev. Un. Mat. Argentina, Vol. 58, No. 2 (2017)



LARGE IMAGES OF REDUCIBLE GALOIS REPRESENTATIONS 247

are adaptions of lemmas of Ramakrishna, so we show the modification and outline
the rest of the argument.

Definition. Let p be as in the hypothesis of Theorem [I.1] For v unramified in p we
say v is a trivial prime if:
e v is unramified in Q(p) and p(o,) is trivial, and
e v =1 mod p.
Since p is reducible, the Galois module X = Ad’(p) has a filtration of Ga-

lois stable IF,-subspaces of the form U; = ( 8 8 >, U, = ( 8 _ba >, Us =

< (cl _ba >, while the Galois module X* has a filtration of the IF,-subspaces

Vi = (X/U2)*, Vo = (X/Up)*, V3 = X*. For a subquotient M of X or X*,
the ¢, trivial, o=, xo, ¢, x¢ ' eigenspaces are the eigenspaces under the prime
to p action of Gal(Q(¢, 11p)/Q) under a splitting of the long exact sequence

1 — Gal(K/Q(¢, pp)) = Gal(K/Q) — Gal(Q(¢, 1p)/Q) — 1.

Definition. For any M € {Uy,Usy,Us, V1, V5, V3} and Z a finite set of primes con-
taining S we define I1I%, (M) to be the kernel of the map

HY Gy, M) = ®yez H(Gy, M).

Definition. Let N, be a subgroup of H'(G\,, M) and let N} be its annihilator in
H'(G,, M*) under local Tate duality. Let N = {Ny,}wez,. The Selmer group
H}(Gz, M) is the kernel of the restriction map
Hl(GZ7M) — @wEZHl(GwaM)/NuP
Let N* = {N}}wez,. We define the dual Selmer group Hy.(Gz, M*) as the
kernel of the other restriction map:

Hl(GZ7M*) — @weZHl(GwyM*)/N{Z'

Definition. We say an element f € H'(Gz, X) (resp. » € H'(Gz, X*)) has rank
d if d is the smallest number such that f (resp. v) is in the image of the map
HY(Gz,Uy) — HY(Gz,X) (resp. H'(Gz,Vy) = HY(Gz, X*)).

Lemma 3.1. Let M be any of the subspaces {Uy,Us,Us, Vi, Va, V3}, then there
exists a finite set Q1 of trivial primes such that ngUQl(M) =0.

Proof. We mimic the proof of [2, Proposition 13] and outline the argument.

Let 1 € H'(Gg, X) and Ly be the field fixed by the kernel of 1. Let P be the
subgroup of Gg that acts trivially on M and H = Gal(L,/Q). By [2| Proposi-
tion 8], we can assume that H*(Gal(Q(M)/Q), M) is trivial. We have the inflation-
restriction sequence

0— HY(H/P,X") - H'(H, M) — H*(P,M)"/?.

Now, H/P = Gal(Q(M)/Q) and P acts trivially on X, so H'(H/P, M) =
H'(Gal(Q(M)/Q), M), which was assumed to be trivial. So a non-trivial ¢ €
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H'(H,M) gives rise to a non-trivial element of H'(P,M)"/P which is
Hom(P, M)H/? as P acts trivially on M. This shows that L, is a non-trivial
extension of Q(M). If ¢ € IIIL (M), then we choose a trivial prime ¢ such that it
splits completely from Q to Q(M) but not from Q(M) to L, which means that
Ylg, # 0,80 ¢ ¢ Hl}gu{q} (M). As HY(Ggs, M) is finite, we repeat this procedure
and get a finite set of trivial primes Q; such that IITg, (M) = 0. O

Let (20)vesug, & Bvesug: No @ Ysug, (H (Gsug,, X)) be a set of cohomology
classes which we will use eventually to overcome obstructions to lifting in the next
section.

Lemma 3.2. Let Q1 be as in Lemma (3.1, There exists a Cebotarev class L of
trivial primes such that

e Blg, =0 for all B € H (Gsug,,U;) fori=1,2 and for all
6 S Hl(GSUQl,X).

e There exists an Fy-basis {1, ¢1,..., ¢, } of HY(Gsug,, X*) such that
{t1,...,9} is a basis of wgagl(Ann(zw)wequl), Y|, #0 and
Yilg, =0 for alli > 1.

Furthermore, there is for each v € L, a rank 3 element h¥ € Hl(GSUQIU{U},X)
and a decomposition group above v such that h'|q, = (zw)wesug, and h'(t,) =

0 0 .
(s O)wzthsyéo,

Proof. The difference between the above lemma and [2] Proposition 34] is that
we have added the additional condition of B|g, = 0 for all 8 € H'(Gsug,,X),
where X corresponds to Us in the notation above. This means that we need
the prime v to split completely in the ¢, ¢! and identity eigenspaces which are
disjoint from the x/¢ eigenspace of Uy and the x/¢ and x eigenspaces of Uj.
The modified definition of trivial primes imposes only splitting conditions and the
only non-splitting condition in the hypothesis above is in the x¢ eigenspace of
Gal(Ky/K), none of which are in Uf,Us and X. Now, following the argument of
[2, Proposition 34] we see that v comes from a Cebotarev condition. O

As h(1,) = ( (5) 8 ) with s # 0, we define the sets C,, and N, of [I] to be the

conjugates by the matrix for the primes v that we add.

0 1
1 0

We cannot control the behavior of hY at o,, so we add a pair of primes vy, vy
such that h = —h"* + 2h"2 has the appropriate image of Frobenius and h|g, = 2z,
for w € SU Q. Altering the definition of trivial primes still allows us to use the

same techniques of [2] so we can use the following result ([2, Theorem 41]).

Theorem 3.3. There is a set of two primes {v1,v2} coming from the Cebotarev
class L in the previous lemma such that for h = —h"* + 2h"2 we can choose the
values of h(oy,) arbitrarily for i =1,2.

Rev. Un. Mat. Argentina, Vol. 58, No. 2 (2017)



LARGE IMAGES OF REDUCIBLE GALOIS REPRESENTATIONS 249

4. MAIN THEOREM AND ITS PROOF

Let C) be the set of deformation classes of p to W satisfying p(o;) = ( (l) (1) )

1
and p(7;) = ( 0 1( >
We define ui,us € H*(Gy, X) by:

Ul(Ul)Z(g é) and ul(n):<8 8)
Uz(Gl)—(g 8) and uz(n)—<8 é)

Note that these two cohomology classes are the same as in [2]. We refer the
reader to the calculations of [I, Lemma 4.1] to produce the third cohomology class
us to get a three dimensional subspace N; which preserves Cj.

Recall that R, is the deformation ring of p, with mpg, its maximal ideal.
We assume that there exists p, : Gs, — GLa(Rn/m}, ), I (X) = 0 and
dim H}(Gs,, X) = n. By Theorem we can find a set of primes B such that
dim H},(Gs,up, X) = n+ 1 (we simply choose the a; € C,, in the proof of Theo-
rem . Let U be the deformation ring and py be the deformation associated to
the augmented set S,, U B, with the deformation conditions (N,, C,). If B consists
of primes such that p,|g, € C, for v € B, we have a surjection ¢ : U — Rn/m%n
and we follow the argument as in [5] or [4].

If pn|a, ¢ C, for v € B, then we choose a set of cohomology classes (2, )ves, uB
such that the action of z, on p,|c, overcomes the local obstructions at v € S,, U B.
By Theorem we can find a set A of two primes and a cohomology class i such
that:

e pp = +p"h)pnla, € Cy4 for g € A (no new obstructions at A),
e h|g, = zy, for v € S,, U B (h overcomes local obstructions at S,, U B).

We now show that adding this set of primes A does not alter the dimension of
the Selmer groups, hence does not add more variables to the ring of power series.

Lemma 4.1. For a set A = {v1,v2} of two primes chosen as in Theorem and
(20)ves,uB & Dves,uBNy & ¥s,up(H' (Gs,up, X)) we have Hjlv(GS,LUB;X) =
Hy(Gs,upuas X).

Proof. We adapt the argument of [5, Proposition 4.1].

Recall that in Lemma [3.2) the trivial primes v were chosen so that
B € HY (Gr,X) = Blg, = 0. As N, is a three dimensional subspace including
the zero cocyle ug, we see that 8|g, = 0 = 8 € N,. Thus, Hx(Gs,up, X) C
H(Gs,uBua, X).

Any element of H(Gs,upua,X) \ Hx(Gs,up, X) necessarily looks like f +
a1h®t + agh?, where f € H'(Gg,up, X) and h¥i are as in Theorem Since
a1 h"' +agh™?|q, = (a1 +az2)z, € f+ N, for v € S, UBUA, we see that a; +az = 0.
We know that oy (h** —h"?)|g, = 0 for all ¢ € S,,U B, which means that f|q, € N,
forall ¢ € S, UB = f € H\(Gs,up,X). We also know that f\gvi = 0 for
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i =1,2,80 f € Hjl\/‘(GSnUBUAvX)- Thus, al(hvl - hﬂ2) € Hjl\/‘(GSnUBUA7X) =
ar(h* — h*?)|g, € Ny, for i =1,2. We now look at the construction of the A%
in the proof of the previous lemma to get a contradiction.

If pula,, ¢ Cu,, we choose hlg, = —h" +2h"> ¢ N,, for i =1,2. This implies
that —A + 2E ¢ N,,, while we have that A"t — h*?|g, € Ny, = A —E € N,,.
Combining these two conditions we get that A,E ¢ N, so a3 = 0 and f €
H}(Gs,uBua, X), which is a contradiction. A similar argument works for N,, .

If pnlg, € Cu, and h¥(oy,) & Ny, ie, A &€ N,,, then using the fact that
A—-FEe€eN, and —A+2F € N,,, we get that A € N,,, which is a contradiction.

(Note that if A consists of only one prime, then the proof is exactly the same as
in the first part of [5, Proposition 4.1].) O

Let W be the deformation ring and Py associated to the augmented prob-
lem with deformation conditions (N,,C,). As pn|g, € Cq for ¢ € A we have a
surjection ¢ : W — R, /m}%n, which means that for some I;, we have W/11 =
R, /mp . As dim HY(Gs,up, X) = dim Hy(Gs,upua, X) = n + 1, we see that
as a ring W consists of power series of (n + 1) variables. Thus, for some I,
W/ly =F,[[Th, ..., Tnia]]/(Th, .. Tny1)? Let I = I, N5, and define Wy = W /1.

Our goal is to get a deformation ring which has R, 1/m/5" as a quotient. If

Rpy1
Wy is such a deformation ring, we are done. If not, we get a sequence

1
Rpga/mipgil == Wi — W

where the kernel at each stage has order p. We add more primes of ramification to
S, UBUA so that the augmented deformation ring has Wi as a quotient and keep
iterating to get our required deformation ring.

As W, is a quotient of W, we let pw, be the deformation induced by py;,. As
pwola, € Cy for v € S, UBUA we can lift py, to Wi. Let us call this deformation
pw,. lterating the same argument as for p, we can lift py, to Wy by adding a
suitable set of primes A; to the set of ramification allowing us to eventually find a
deformation that has R,y1/m%™" = W([Ty,...,Tns1]l/(0, T, .- s Tny1)" ! as a

Ryt
quotient. Now we are in a position to state the final theorem.

Theorem 4.2. There exists an irreducible deformation of p, ramified at infinitely
many primes, p: Go — GL2(W[[T1,Ta, ..., Ty, ...]]).

Proof. We let p = li%n prn and see that at each stage n,

Imp, 2 GLy(W[[TY,...,Tu)l/(p, T1, ..., Tn)"™).
Hence, we get our desired deformation. By [2, Corollary 43], the deformation is
irreducible. O
5. CONCLUDING REMARKS

e In [4], one could not generalize the results of [5] for all number fields. One
of the problems in using our definition of trivial primes is that when one
adds them to the ramification set to solve the local condition property
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(finding an A" such that h"|g, = (zw)wez), the behavior at inertia is hard
to control. In the reducible case one can use the subspaces U; to find a
suitable hY, but in the irreducible case it is hard to guarantee the behavior
of hV at inertia.
o In [5], the image of the deformation is full, i.e., p contains SLq(Z,[[T1, T2,
T, ...]]) but requires that the image of the residual representation p
contains SLo(Z/pZ), which is not true in our case. Hence, we do not get
that the image of our deformation is full.
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