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A NOTE ON WEIGHTED INEQUALITIES FOR A ONE-SIDED
MAXIMAL OPERATOR IN R"

MARIA LORENTE AND FRANCISCO J. MARTIN-REYES

ABSTRACT. We introduce a new dyadic one-sided maximal operator M;Jr
in R™ that allows us to obtain good weights for the LP-boundedness of a
one-sided maximal operator N1+ in R™, which is equivalent to the classical
one-sided Hardy—Littlewood maximal operator in the case n = 1, but not in
the case n > 1. In order to do this, we characterize the good pairs of weights
for the weak and strong type inequalities for M;“‘*' and we use a Fefferman—

Stein type inequality which gives that, in a certain sense, M;r+ controls

1. INTRODUCTION

For f locally integrable on R, the one-sided Hardy—Littlewood maximal functions
are

1 x+h 1 x
M) =swpy [ 1@ldy and M f@) =swpr [ 1Fw)]dy,
h>0 T h>0 z—h
These operators are interesting because they control some one-sided operators such
as singular integrals with kernels supported in (—o0,0) or (0,00). Sawyer charac-
terized the LP-weighted inequalities for M in [10] (see other proofs in [I], [7], [8]
and [5]).

In [5] we introduced an appropriate dyadic one-sided maximal operator M; inR,
which allows us to give a new proof of Sawyer’s results, proving a Feffermann—Stein
type inequality in means as in the classical case.

The natural generalization of M ™ in R™ is the following: given z = (x1,z2, ...,
x,) we define

M) =swpos [ ) dy,
h>0 Qu(h)
where Q(h) = [x1,21+h) X [T2, 22+ h) X -+ - X [Tpn, Ty, + k). In R we have two one-
sided operators. In R™ we obviously have 2" one-sided operators that we do not
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write explicitly. Quite surprisingly, the weighted inequalities for M™% in R™ have
not been characterized. The characterization of the weak type (p,p) inequality in
R? has been obtained in [3]. It is not difficult to prove the following:

Theorem 1.1. Let 1 < p < oo and let u, v be nonnegative measurable functions.
If Mt is of weak type (p,p) with respect to (u,v), that is, there exists C > 0
such that for any X > 0 and f € LP(v)

/ u(wyde < 5 [ |f@pPets) da, 0
{(wER: M+ f(2)>A} AP Jren

then the pair of weights (u,v) satisfies A;, that is, there exists C > 0 such that for

all h > 0,
1 1/p 1/p’
— / u / vl <C, p>1,
b\ Jaoz Qa(h)

1

— u< Cv(z), ae = (x1,...,25), p=1,
h™ Jaz ()

where Q7 (h) = [z1 — h,x1) X «++ X [Xy — hyZp).

In [3] it was proved that the previous conditions are equivalent in the case n = 2.
But, apparently, the arguments used are valid only for n = 2. Consequently, the
problem of characterizing the weighted L inequalities for M+ T remains open in
dimension greater than one.

We have tried to extend the results of [5] to higher dimensions. We have not
achieved our main goal, that is, characterizing the good weights for M+ "+, but
we have got new interesting results for the following one-sided maximal operator
in R™ which has appeared in several previous works (see [9], [4] and [2]): Given
z = (x1,22,...,2T,) € R™, let us define

1
Nt +f(33) :SuPh7 If(y)] dy,
h>0 QF (h)

where QF (h) = [z1 + h, 21 + 2h) X [x2 + h, 23 + 2h) X - -+ X [Ty + h, T, + 2R). For
n =1, MT and NT are equivalent. It is clear that Nt % f(z) < 2"M*" 7 f(x)
but there is no constant C' > 0 satisfying M+ 7+ f(x) < CN* T f(z) for n > 1.
In [9) Ombrosi proved that (u,v) € A;{ implies the weak type inequality for
N+t* (instead of M+ ). In [4] Lerner and Ombrosi proved that in the case of
equal weights, u = v, and n = 2, the A} condition implies that N** is bounded
from LP?(u) into LP(u). In [2] Berkovits extends this result for n > 3. In this note
we generalize the result in [4] to any dimension giving a proof completely different
from the one proposed by Berkovits, and we also give a sufficient condition in a
pair of weights (u,v) for the boundedness of N** from L?(v) into LP(u).
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2. ONE-SIDED DYADIC MAXIMAL FUNCTION IN R"”

We are going to consider a one-sided dyadic maximal function in R™ that gen-
eralizes the one defined in [5]. In order to do this, let us establish the follow-
ing notation: if @ = [z1,21 + h) X -+ X [¥n,zn + h) IS a cube, denote Q~ =
[21,21+h/2) X+ X2y, Xn+h/2) and Q+ = [x1+h/2, 21+h) X X[xn+h/2, Tp+h).
Let A} = {Q dyadlc z € @~ }. The one-sided dyadic maximal function is defined
by

Myt f(x) = sup |Q+|/ y)| dy.

Observe the difference between this operator and the corresponding one in [9]. Our
operator satisfies that M C'l" Tt < COMy f , where My is the classical dyadic max-

imal operator My f(x) = sup / |f(y)| dy, while the one-sided dyadic

Q dyadic:z€Q |Q|
operator in [9] does not satisfy this condition.
It is interesting to note the following properties. Let (Q and R be dyadic cubes.
(i) fQ* C RT then @~ C R~ URT.
(i) Q™ NR™ #0 and QT NRT # 0 then R = Q.
(iii) F QT NRT #0and Q* N R~ # () then R C QF.
These properties allow us to get a Fefferman—Stein type inequality as in [5]. Let
h=(h1,...,h,) € R™. Denote 7, f(z) = o f(z1,...,2n) = f(x1—h1,..., 25 —hy).

Proposition 2.1. There exists a constant C > 0 such that

c
NI S G e 2@

for all x € R", k € Z and f bounded with compact support, where N,;""'+ is the
truncated operator of Nt "+ taking supremum on 0 < h < 2F.

The proof of this result follows the same pattern as in the case n = 1 and it is
left to the interested reader.

As we said before, Proposition will allow us to get some results for N+ T
by studying the good weights for the dyadic operator Mj"'Jr.

Definition 2.2. We shall say that a pair of weights (u, v) belongs to the class A;;d
if there exists a constant C' > 0 such that for all dyadic cubes @,

1 1/p L 1/p’ N
—_— U v P < Ca p> 17 (A )
Q| </Q ) (/Q+ ) P

1
m u < Cv(x), ae. r€Q, p=1. (A1+,d)
In the case u = v we simply write u € A;d instead of (u,u) € A;‘d

In the same way that for n = 1 we have the following characterization.

Theorem 2.3. Let 1 < p < oco. Then the following assertions are equivalent.
(1) MF % is bounded from LP(u) into LP(u).
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(2) ue A;d.

Theorem [2.3] and Proposition [2.1] provide us with a sufficient condition in a
weight u for the boundedness of N™% in LP(u), 1 < p < oo. This extends
Ombrosi’s result to dimension n > 3 with a proof different from the one proposed by

Berkovits. In [3] it was proved that this condition is necessary for the boundedness
of MTF in LP(u).

Theorem 2.4. Let 1 < p < oo. If u is a weight satisfying

) 1/p 1/p'
sup sup — / u / ul=? < 00, (Af)
zeRm h>0 V™ \ Joz (n) Qu(h)

then Nt % is bounded from LP(u) into LP(u).

Proof. Observe first that for ¢t = (¢1,...,t,), t1,...,t, > 0, the weights 7,u satisfy
(A;" 4) uniformly on ¢. Then, by Jensen’s and Fubini’s theorems

[ v s@ypata) o

p
1 .
= C/ ((2k+4)n /(0 2h+4] (0,2FF ](T_t ’ M;_ e ) dt) Hed
n , 4]x -+ x (0, 4
1 .
<C%%#ﬂnjgwﬁﬂx“N0%H](A;UW:Wﬁfxx+¢»%“@d%>m

- Cﬁ /(0 k4] o (0,26 +4] </n(M;..'Jr(th)(x))thU(iE) dx) dt

1
< C(2k+4)n /(072“4]%%(072“4] </ |7e.f () [Preu(z) dx) dt
=C |f (@) Pu(z) dz.

Rn
Letting k tend to infinity we get the desired result. O

For different weights we have the next results.

Theorem 2.5. Let 1 <p < co. Then the following conditions are equivalent:
(1) M " is of weak type (p,p) with respect to (u,v).
(2) (u,v) € A,

Theorem 2.6. Let 1 < p < co. Let u and v be nonnegative measurable functions
and o = v'P". The following assertions are equivalent.

(1) MF % is bounded from LP(v) into LP(u).

(2) There exists C > 0 such that

/ (M (ox) @)VPu(@)de < C [ o(w)dr<oo,  (SF,)
Q-uUQ+ Q+ '
for all dyadic cubes Q with fQ— u > 0.
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We also omit the proof of these results because it follows again the steps of the
corresponding results in [5]. We only want to point out that the n dimensional
version of Lemma 2.1 in [9] holds, with the dyadic cubes Q.

Using again Proposition [2.1] and Theorem [2.6] we obtain the following.

Theorem 2.7. Let 1 < p < co. If u,v are two weights satisfying that there exists
C > 0 such that for all x € R™ and all h > 0,

[ e rusc [ o< (59)
Q;hUQm h Qa,h

whenever fQ‘ u > 0, where 0 = 111*1’/, then N1t s bounded from LP(v) into
x,h
LP(u).

Proof. The proof follows the same steps that the proof of Theorem [2.4] once we
prove that (ryu,v) satisfies S;r 4 uniformly on ¢. Then, we have to prove that
there exists C' > 0 such that for all dyadic cubes and all ¢,

/ (M H(roxg+) (@) reu(z) de < C To(x) dr < 0o,
Q-uQ* Qt
for all dyadic cubes @ with fQ* Tu > 0.

By a change of variable,

/ (M;'”Jr(naxgﬁ)(m))pnu(x) dx
Q-uQt

_ / (M (rioxos) (@ + 8)Pule) da.
(Q™—Hu(QT-1)
Using again a change of variable we get

M (roxg+) (@ +t) = SUP R+\ / X+ (5) ds

1
= sup o(z)dz
\Rﬂ (R+—)N(Q+ —1)
1
= sup _— o(2)xg+—tdz

{R dyadic:z€ R— —t} |R+ - t| (Rt—1t)
< OMFH (oxgr0)(@).

Then, using (S;),

/ (M;...+(TtUXQ+))thU < C/ M+...+(0'XQ+4)
Q-uQT (Q——HU(Q+—1)
<C oc=C o < 00. O
(Q+-1) Q*
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Remark 2.8. In [6] we studied another one-sided dyadic maximal operator,
- 1
My f(a) = sup sy [f (W)l dy,
‘ Qea: [Q\Q [ Jaro-

that allowed us to obtain a sufficient condition for the boundedness of M™
(Th. 4.3). Unluckily, we have to say that the condition (A)} appearing in [6] is,
actually, equivalent to the classical A, Muckenhoupt condition.
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