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A NOTE ON WAVELET EXPANSIONS FOR DYADIC BMO
FUNCTIONS IN SPACES OF HOMOGENEOUS TYPE

RAQUEL CRESCIMBENI AND LUIS NOWAK

ABSTRACT. We give a characterization of dyadic BMO spaces in terms of Haar
wavelet coefficients in spaces of homogeneous type.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The characterization of functional spaces via wavelet coeflicients is one of the
most studied properties in the general setting. In the Euclidean context there
is, besides the well known Haar system, a great variety of wavelet systems with
particular properties. Given the nature of the functional space, different systems of
wavelets characterize such space ([12], 13, [I7), 18]). For example, the Haar systems
and others with regularity as the Daubechies’s systems turn out to be unconditional
bases for the classical Lebesgue spaces, and moreover there exist two positive and
finite constants ¢; and ¢y such that

1/2
alflee < (Z |<f>1/%>2¢i|2> < el fllze, (1.1)

i€zt Lp

where (¢;);cz+ is one of such systems of wavelets. Similar characterizations to
those given in hold for different systems of wavelets in other functional spaces,
such as the Lorentz spaces LP?, the weighted Lebesgue spaces LI with w in the
Muckenhoupt class, and the Hardy spaces Hy, among others (|7, 12} [13| 17} 18]).
In this note we consider the space of functions of dyadic bounded mean oscillation
in spaces of homogeneous type. In the Euclidean case of the real line this space is
defined by

BMOY(R) = {f € Lhessw: [ 17(0) - filde < oo},
r I J;

where the supremum is taken over all the dyadic intervals I of R, with f; the f
average over I, and |I| the Lebesgue measure of the interval I. For this functional
space and the classical Haar system in R we have the following result [§].
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58 R. CRESCIMBENI AND L. NOWAK

Proposition 1.1. The function ¢ belongs to BMO? if and only if there exists a
positive and finite constant C such that

Y. leP=o

JCI, J dyadic

for all dyadic intervals I, where cy = (¢, hy) = f o(x x) dz and for each dyadzc

interval J the Haar function hy is defined as w on the left half of J, as

[J IJll/2

on the right half of J, and zero otherwise.

The same result has been obtained in [I3] and [I7] for the non dyadic BMO
and for wavelet systems with some regularity. In both works the regularity of the
wavelets plays a central role. A generalization of this result in weighted BMO
spaces can be found in [I4]. In this paper we consider the problem for the dyadic
case in the setting of spaces of homogeneous type. Our work is inspired in [2], where
the authors give a characterization, via wavelets with regularity, of BMO spaces in
the Euclidean context. This caracterization holds for the Meyer and Daubechies
wavelets. However, in the general setting of spaces of homogeneous type one cannot
expect any more smoothness than Lipschitz regularity. We prove an analogue of
the results given in [2] for generalized dyadic BMOP spaces and Haar wavelets that
we shall introduce later. Also, in our dyadic context in spaces of homogeneous type,
new geometric ingredients appear underlying in the space and they are relevant in
the proof of our results. Notice that since the Haar wavelets are not continuous,
for our proof we use only the properties of the dyadic family that supports the
Haar systems and the regularity arguments in [2] are replaced by that geometric
argument.

In section 2 we shall introduce the dyadic families D and the Haar systems H in
spaces of homogeneous type. Then in section 3 we shall define the spaces we will
work with along the paper: the dyadic spaces BMOP, H D and the Carleson class
C in spaces of homogeneous type, with the respective norms ||.||gmo?, ||-||g> and
||l.llc. The main results of this note are the following three theorems that we shall
prove in sections 4 and 5.

Theorem 1.2. Let H be a Haar system associated with a dyadic family D. Let
f € BMOP. Then the sequence € = {(f,h)}nen belongs to the Carleson class C.
Moreover, there exists a positive constant C' such that

1€]lc <Clfllsmor-

Theorem 1.3. Let H be a Haar system associated with a dyadic family D. If
¢ = {ch}hen is a sequence of real numbers vanishing except for a finite subset of
H then the function f = 3, ., cnh belongs to BMOP. Moreover, there exists a
positive constant C' such that

| fllemor < Cll€]le-

Theorem 1.4. Let H be a Haar system associated with a dyadic family D. Let
¢ = {cn}nen be a sequence of real numbers that belong to the Carleson class C.
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WAVELET EXPANSIONS FOR DYADIC BMO FUNCTIONS 59

Then, the series

Z Chh

heH
converges in the sense of the weak- topology of BMOT to a function f € BMOP.

2. DYADIC FAMILIES AND HAAR SYSTEMS IN SPACES OF HOMOGENEOUS TYPE

We first briefly recall the basic properties of the general theory of spaces of
homogeneous type. Assume that X is a set; a nonnegative symmetric function d
on X x X is called a quasi-distance if there exists a constant K such that

d(z,y) < K[d(z,2) + d(z,9)], (2.1)

for every z,y,z € X, and d(z,y) = 0 if and only if x = y.

We shall say that (X, d, i) is a space of homogeneous type if d is a quasi-distance
on X, u is a positive Borel measure defined on a g-algebra of subsets of X which
contains the balls, and there exists a constant A such that

0 < u(B(x,2r)) < Au(B(z,r)) < 00

holds for every x € X and every r > 0.

In [I6] the authors prove that each quasi-metric space is metrizable and that
d is equivalent to p?, where p is a distance on X and 3 > 1. Therefore we shall
assume throughout this paper that d is actually a distance on X, in other words
that K =1 in .

The construction of dyadic type families of subsets in metric or quasi-metric
spaces with some inner and outer metric control of the sizes of the dyadic sets is
given in [9]. These families satisfy all the relevant properties of the usual dyadic
cubes in R™ and are the basic tool to build wavelets on a metric space of homoge-
neous type (see [I] or [3]). The notion of dyadic families that we will consider here
is contained in the following definition (see [6]).

Definition 2.1 (The class ©(J) of all dyadic families). Let (X,d,u) be a
metric space of homogeneous type. We say that D = (J jEZDj is a dyadic f@mily
on X with parameter ¢ € (0,1) —briefly, that D belongs to ©(§)— if each D7 is a
family of Borel subsets @) of X such that
(d.1) for every j € Z the cubes in D7 are pairwise disjoint;
(d.2) for every j € Z the family D’ almost covers X in the sense that u(X \
UQGDJ Q) =05 ~ ~
(d.3) if Q@ € DI and i < j, then there exists a unique @ EN’Di such that @ C @;
(d.4) if Q € DI and Q € D with i < j, then either @ C Q or QN Q = 0;
(d.5) there exist two constants a; and ay such that for each @ € D’ there exists
a point z € Q that satisfies B(x,a16?) C Q C B(z,axd?).

The following properties can be deduced from (d.1)—(d.5):
(d.6) there exists a positive integer N depending on a;, i = 1,2 in (d.5) and on
the doubling constant A such that for every j € Z and all Q € D7 the
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60 R. CRESCIMBENI AND L. NOWAK

inequalities 1 < #(£(Q)) < N hold, where £(Q) = {Q" € D'*T!: Q' C Q}
and #(B) denotes the cardinal of B;

(d.7) there exists a positive constant ¢ such that u(Q) < cu(Q’) for all Q € D
and every Q' € L(Q).

It is easy to give examples of dyadic systems D such that a dyadic cube @
belongs to different levels j € Z. In fact, the usual dyadic cube in the real line
intersected with the natural set N is a dyadic family in the space of homogeneous
type (N, d, ) with d the usual metric and p the counting measure. In this case,
the points turn out to be dyadic cubes belonging to different and infinite resolution
levels of the space’s dyadic decomposition. We are interested in the identification
of those scales and places of partition which shall give rise to the Haar functions.
This induces the definition of a subfamily of D containing all dyadic cubes in D
with non-trivial offspring.

Definition 2.2 (The subfamily D of a D in ©(4)). For each D in D () and for
each j € Z we consider the families

DI={QeD :#{Q €D’ :Q CQ}) >1}.

D= B

JEL

We define

Properties (d.1)—(d.6) allow us to obtain the following result.

Proposition 2.3. Let (X,d,u) be a metric space of homogeneous type and let D
be in ©(5). Then
(a) The families D7, j € Z, are pairwise disjoint. )
(b) The function J : D — 7 given by Q — J(Q) if Q € DI @) is well
defined.

We would like to note that the point € @ given in (d.5) cannot be unique. It
will be important in the sequel to identify one of them. This induces the following
definition.

Definition 2.4. Let (X,d,u) be a space of homogeneous type and let D be a
dyadic family in ©(d). For each j € Z we define a function P7, that we will call
point central function of level j, as P : DI — X given by P7(Q) = zg € Q such
that 107 < d(zg, X \ Q).

From the condition (d.5) we get that for each integer j the point central function
of level j, P7, is well defined. The next result contains the main property of this
function. We recall that a set A in a metric space (X, d) is a-dispersed if d(z,y) > «
for all z,y € A.

Proposition 2.5. Let (X,d, u) be a space of homogeneous type, let D be a dyadic
family in D(8) and let {P? : j € Z} be a family of point central functions. Then
(1) the set PI(D7) is 467 -dispersed for each j € Z;
(2) the set P =, ez PI (D7) is dense in X.
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WAVELET EXPANSIONS FOR DYADIC BMO FUNCTIONS 61

Proof. First we prove (1). Let j € Z and let z,y be two points in P7(D?), with
z#y. Let Q1 = (P?)"!(x) and Q2 = (P7)~!(y). Notice that Q; and Q> belong
to D7 and that P; is one to one. Thus, from (d.1), @1 N Q2 = 0. Suppose that
d(z,y) < %67. Then y € B(x, %-67) and hence y € Q1, which is a contradiction.
Therefore d(z,y) > %67 and P7 (D7) is 4-67-dispersed.

For proving (2), we take z € X and € > 0. We fix j € Z such that 2a26’ < /2.
We first suppose that z € Uerj Q and take @, the unique dyadic cube in D?
such that € Q. Then, from (d.5), we get that 2 € B(P?(Q),2a26’) and hence,
from the selection of the integer j, we have that d(z,P?(Q)) < . On the other
hand, if 2 € X \ Ugeps @ then z € 9(Q) for some Q in DJ. Since the balls have
positive measure, by (d.2) we have that By(z,£/2)NQ’" # ) for some Q' € D7 such
that @ N Q’ # 0. That is, there exists y € Q' such that d(z,y) < /2. Thus, from
(d.5) and the selection of j we obtain that d(z, P/(Q")) < d(x,y) + d(y, P (Q")) <
e/2+¢/2. O

In the sequel we shall need the following geometric characterization of atoms in
spaces of homogeneous type via the subfamily D. We recall that a point z € X,
where (X, d, ) is a space of homogeneous type, is an atom in X if p({z}) > 0.
A well know result of Macfas and Segovia (]I6]) gives a characterization of atoms
through the metric in (X, d, u). More precisely, the authors prove that the point =
is an atom in X if and only if there exists a positive and finite constant r such that
B(z,r) N X = {x}. We shall use this characterization to prove that the subfamily
of non trivial offspring D of the dyadic family D identifies atoms. In fact, we have
the following result.

Proposition 2.6. Let (X, d, w) be a space of homogeneous type and let D be a
dyadic family in ©(0). Let D be the subfamily of non trivial offspring of D. Then

D =DuU{{z} : u(x) > 0},
where the union is disjoint.

Proof. We shall prove first that D C D U {{z} : u(z) > 0}. Notice that we only
need to consider the case where Q does not belong to D. Let j be an integer such
that Q € D7. From the definition of D and since Q ¢ D we have that Q € DIt
for every natural number n. Then, for all positive integers n and each dyadic cube
Q' € DIt with Q' C Q we get that Q' = Q. Now, we fix for every positive integer
n the following function P/+" : DIt" — X with PI+"(Q) = x for some = € Q.
We write z,, = P/T7(Q) and consider the ball B,, = By(zy,2a26'T™), where as is
the constant in (d.5) for the cube Q. Thus we get that @ C B,, for each n. Then
since the radii of the balls B, go to zero, by a standard argument we have that
Ty = Tpt1 and Q = {x, }. From the result of Macfas and Segovia we have that x,,
is an atom in X.

Now we prove that DU{{z} : u(x) > 0} C D. Notice that we only need to prove
that if x is an atom then {z} € D. We recall that from (d.2), p(Ugep(9Q)) = 0;
then for each integer j there exists a dyadic cube @; € DJ such that x € Q7. For
each integer j we fix a point central function P’/ : D/ — X. From Macias and
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62 R. CRESCIMBENI AND L. NOWAK

Segovia we get that x is an isolated point and therefore there exists an € > 0 such
that

Bi(z,e)N X = {x}.
On the other hand, from Propositionitem (2), we have that the set ;5 PI(D7)
is dense in X. Thus we can take jo € Z and Q € D’° such that d(z, P (Q)) < &/2
and 2a28’° < /2, where ay is the constant in (d.5) for the cube @. Therefore

Q= Qj, = {z}. O

Having introduced the dyadic cubes, we now define the other basic objects with
which we will work along the present article: the systems of Haar type associated
with a dyadic family (see [6]).

Definition 2.7. Let D be a dyadic family on (X,d, u) such that D € ©(4). A
system 7 of simple Borel measurable real functions h on X is a Haar system
associated with D if it satisfies:

(h.1) For each h € H there exists a unique j € Z and a cube Q = @), € D7 such
that {x € X : h(x) # 0} C Q, and this property does not hold for any cube
in DITL,

(h.2) For every Q € D there exist exactly Mg = #(L£(Q)) — 1 > 1 functions
h € H such that (h.1) holds. We shall write H¢g to denote the set of all
these functions h.

(h.3) For each h € H we have that [, hdu = 0.

(h.4) For each Q € D let Vg denote the vector space of all functions on @ which
are constant on each Q" € £(Q). Then the system {(u(gﬁ} UHg is an
orthonormal basis for Vj.

It is easy to show, following the proof in [I] (see also [3]), that given D in D(4)
it is always possible to construct Haar systems supported on the elements Q of D.
This means that there exist systems H of functions h on X satisfying (h.1) to (h.4)
for all D in ©(5). Observe also that from (d.7) we get that there exists a positive
constant C' such that

hlloo < Cu(@n) 7,
for all h € H. Here, as usual, ||f|lc is the L>-norm of the function f which is

defined as the p-essential least upper bound of f. Also, the Haar system H is an
orthonormal basis of L?(X, ).

3. THE DYADIC SPACES BMOP AND HP AND SEQUENTIAL SPACES OF
CARLESON TYPE

In this section we define three spaces that we will relate later via Haar wavelets:
the Carleson class, the dyadic BMO space, and the dyadic Hardy spaces.

We first introduce a Carleson type condition generalizing to our dyadic context
in spaces of homogeneous type those given by Lemarié and Meyer in [15] and Aimar
and Bernardis in [2]. We shall say that the sequence € = {cp, }pep over the Haar
system H belongs to the sequential space of Carleson type C, or simply that it
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belongs to the Carleson class C, if there exists a positive constant A such that the
inequality
> len|* < Au(R)
heH :supp(h)CR
holds for every dyadic cube R € D. We will denote with ||€]||¢ the infimum of the
squares of those constants A, so that
C={C={cn}nen : [€]c < oo}

Notice that our definition is apparently different from that given in [2] because
their sum is over dyadic cubes. But in the real line for each dyadic interval I there
exists a unique wavelet function supported in I. In [I5] the authors consider the
R™ case; in such a context for each cube they have a uniform number of wavelets
supported on it. Our general context is a little different. In fact, we do not have
a uniform number of wavelets supported in each dyadic cube @; however by (d.6)
this number is uniformly bounded. If we consider as spaces of homogeneous type
the R™ spaces, our definition is the same as that given in [15].

For introducing dyadic p-bounded mean oscillation functions adequate in our
setting of measure metric spaces, it will be necessary the following definition that
generalizes to our dyadic families in ©(4) the notion of quadrant given in [3] for
Christ’s dyadic cubes, where the authors give a detailed presentation.

Definition 3.1. Let D be a dyadic family in the class ©(d). We define, for each
dyadic cube @ in D, the quadrant of X that contains the cube @, C(Q), by

c= U @
{Q'€D:QCQ"}
Following the lines in [3] for the case of Christ’s dyadic cube, from (d.6) and

since all the dyadic cubes ) in D are spaces of homogeneous type with doubling
uniform constant, we can prove the next result that will be important in section 5.

Proposition 3.2. Let (X,d,u) be a space of homogeneous type and let D be a
dyadic family in the class ©(0). Then there exists a positive integer N (that depends
on the geometric constants of (X, d, u)) and disjoint dyadic cubes Q,, « =1,..., N,

such that
X \ 0 U Q = U Com

QeD a=1,....N
where C, = C(Qy) and OA denotes the border of the set A. That is, there exists
a finite number of quadrants that are a partition of X.

With the above notation we shall write C(X, D) to denote the family of quad-
rants {C, : @ = 1,..., N} associated with a dyadic family D given by Proposi-
tion

The string of spaces BMOE of all functions of p-bounded mean oscillation, 1 <

p < 00, is defined by BMOE ={f: ||fll«p < 0}, where

1 » 1/17
11 = 500 (M(Q) /Q 7)ol du(w))

Rev. Un. Mat. Argentina, Vol. 59, No. 1 (2018)



64 R. CRESCIMBENI AND L. NOWAK

and fo = gy Jo f dp- In the case p = 1 we shall write BMO? instead of BMOP.

Notice that our dyadic setting is reflected in the fact that the functions in BMOI?
are equivalence classes: f is equivalent to g if and only if f — g is constant over each
quadrant of X. Thus, from Proposition we have that there exist two positive
and finite constants ¢; and ¢y such that

clflip < Y Iallew < c2l fllep,
a=1,...,.N

where the function f, is f on each C, € C(X, D) and zero otherwise.

On the other hand, our definition of a dyadic family allows us to have a Calderén—
Zygmund type decomposition associated with such a family. Moreover, considering
each cube as a space of homogeneous type, such a decomposition can be done in
each dyadic cube. In such case the doubling constant is uniform over all dyadic
cubes and therefore following the proof of Theorem 6.16 in [I8] we obtain the
following dyadic version of the John—Nirenberg inequality.

Theorem 3.3. Let D be a dyadic family in the class ©(5). Then there exist two
positive constants C1 and Cy such that for every function f € BMO?, every dyadic
cube @Q € D and every t > 0 we have the following inequality:

_ =2t
p({zeQ:|f(x) — fo| >t}) < Cru(Q)e” TT-r,
One of the main consequences of this important result is the equivalence between

the norms of all dyadic p-bounded mean oscillation spaces.

Corollary 3.4. Let D be a dyadic family in the class D(6) and 1 < p < co. Then
there exists a positive constant C' such that for each function f € BMOE we have

[l < A fllep < Cllfllr-

Any of the equivalent norms ||. ||« , will be denoted by ||.||gmo?-

We introduce, as in [5], the dyadic Hardy space HP on a space of homogeneous
type. First of all we give the definition of dyadic atom associated with a dyadic
family D in the class D(0).

Definition 3.5. Let D be a dyadic family in the class ©(d). For 1 < ¢ < oo
we shall say that a function a defined on X is a dyadic g-atom associated with D
—briefly, that a € A, p— if there exists a dyadic cube @ in D such that

(al) supp(a(z)) C Q.
(a2) [y a(x)du(z) = 0.
(a3) flall Lacx < (1(@)7 " if g < 00, and [lal g (x.) < (@)1 if g = o0,
For 1 < ¢ < o0, the spaces qu’D are defined as follows.
Definition 3.6. Let D be a dyadic family in the class D(d). For 1 < ¢ < oo we

define the space H{ P as the linear space of all functions f on X —identifying those
that are equal almost everywhere with respect to y— that can be written as

F= Anan, with Y |A] <o,

neZt nezZ+
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where a,, € A, p for each n and the convergence is in the L' (X, x) norm.

For each function f in H¥'® we define the number

|||f|H]_,q7'D = inf{ Z [An| <00t f = Z Anln, an € AqKD}-

nezZt neZt

The following result is a consequence of Definition [3.5]

Proposition 3.7. Let D be a dyadic family in the class D(9).

(1) If 1 < q1 < g2 < o0, then Ay, p C Ay, p. Moreover, if 1 < ¢ < oo and
a = a(z) is a q-dyadic atom, then |al|p1(x ) < 1.

(2) For each 1 < qi < gy < oo we have that H*P(X,d, ) € H™P(X,d, )
and || fllzrx.p) < WFllg, 0 < NNl go p-

(3) Illy 4.0 is @ norm and (Hf’p7 |||-|||17q7D) is a Banach space, for each 1 <
q < oo.

(4) If f € H'® then Jx f(z)dp(z) = 0.

(5) If Q is a dyadic cube in D such that f € LY(Q, n), f(x) =0 for each x in
X\ Q and [, f(z)du(z) =0, then f € HEP.

One of the tools that we will use for the proof of our main results is the following
duality result for the dyadic spaces HP and BMO? in spaces of homogeneous type.
As a consequence of this duality and by a classical functional analysis result we
obtain that BMOP is a Banach space.

Theorem 3.8. Let D be a dyadic family in the class ©(8). For 1 < ¢ < oo the
spaces HP® coincide and the norms Il 4.0 are equivalent. This unique space
will be denoted by HP and any of the norms llll, 4. p will be denoted by |||, p-
We have also that (HP)*, the dual of HP, is BMO® in the sense that for each
continuous linear functional ¢ on HP there exists a unique (up to functions which
are constant on each quadrant) function b € BMOP such that if f is any finite
sum of atoms we have that ¢(f) = fX bf dp and that the BMOP norm of b and
the functional norm of ¢ are equivalent.

As far as we know the proof of this result has not been detailed in other works.
Moreover, it is not a consequence of the Coifman—Weiss duality result in spaces of
homogeneous type. However, following [I8] adapted to this setting it is possible to
prove it.

4. PROOF OF THEOREM [[.2] AND THEOREM [L.3]

Proof of Theorem[I.4 Let be R a dyadic cube in D and let f be a function in
BMOP. Then we rewrite the function f in the following way: f = f1 + f2 + f&,
where fr = ﬁ Jr fdu, fr = (f = fr)x, and fo = (f = frR)Xx\ x- S0, from (h.3)
we have that (h, fr) = 0 for every Haar function h € H. On the other hand, since
supp(h) Nsupp(fz2) = 0 for every Haar function h € H with supp(h) C R, we have
also that (h, f2) = 0 for all such functions h.
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So, we get that

> [(FmIP ] = > [{fr, )2

heH :supp(h)CR heH :supp(h)CR

ol
NJ=

Then, from Parseval’s inequality and the fact that f belongs to BMOP considering
the norm in BMOZY'| we obtain that

> (P <[l

heH :supp(h)CR
= ([ 11 = ruPan)
R

< C| fllgmor- U

Proof of Theorem[I.3 We first notice that, since every Haar function h € H be-
longs to L (X, 1), then h belongs to BMOP for all h € #. So, since f is a finite
sum of multiples of Haar functions, we have that f € BMO?P.

Now, to prove the inequality in norm, we fix a dyadic cube R € D and a point
xo € R. Notice that if R € D\ D by Propositionwe get that R = {zo} with xg
an atom in X. Thus, though u({z¢}) > 0, we have that

/|f £ (o) du(z) = 0.

Hence, it only remains to consider the case in which R € D. Set Hy={heH:

cp # 0}. Then
f= Z cnh.
hEH
Let J be the function given in (b), Proposition For each h € H, we consider
Q1 € D, the dyadic cube given in (h.1), and we separate the function f according
to the different levels of resolution. More precisely, we write f = f1 + fs + f3 with
fi= Zhe?—tfi cph,i=1,2,3, and

He ={heHs: T( < J(R)},

e, ={heHs: T(Qn) > T(R) and Q N R # 0},

Hy, ={h € Hy: J(Qn) > T(R) and Qn N R = 0}.
)

It is clear that if x € R then f3(x) = 0. Also, since all but a a finite number of
terms of the sequence € = (¢p,)nen are zero, we get that this sequence belongs to
the dyadic Carleson class C. So, since H is an orthonormal basis of L?(X, ), from
Bessel’s inequality we have that

Qn)

1/2

Ifellz< | D leal ] < Cli€le n(B)/2.

hGHf2
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Hence, by Hélder’s inequality and the above estimation of the L?-norm of fo we
obtain

/|f ~ fuleo) | du(e /|f1 ~ Fa(ao)| du(z /|f2 )l i
§/|f1() fl(ﬂ'fo)|d.u(ﬂc)-|—(/Rlezdu)lmu(R)l/2

/ F1(@) — fi (o)) duz) + Cll€lc u(R).
(4.1)

On the other hand, we notice that if h € Hy, then we have the following two
possibilities: @, "R = @ or R C Q. In the former case we get that h(z) =
h(zo) = 0 for each x € R. In the latter, J(R) > J(Qp) and therefore the cube R
is a descendant of the cube Q. Hence, from (h.4) we get that h(z) — h(zo) = 0 if

x € R. So
=[5 lellhta) = o)l du(a) = 0

heHy,
QRNR=0
and
b= [ 3 fenlib@) = hao)| du(e) = .
hGHfl
RCQy,
Thus

|f1 — fi(zo)l dp(z) = > en (@) = h(zo)) dp(x)
R
heH s,

<L+ I,=0. O

5. PROOF OF THEOREM [L.4]

To prove that the series ) ;, _,, cnh converges, in the sense of the weak- topology,
to a function in BMOP, we first notice that given an integer j and z € X, from
(d.6), (h.1) and (h.2), we get that

Z eph(z)

heH
QpeDI

is a finite sum, where @}, is the dyadic cube given in (h.1) for each Haar function h.

So the function
N
Y=2 D an

j=—N heH
QpeDI

with N belonging to the positive integers ZT, is well defined.
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Now, we shall prove that f~ belongs to BMOP for each positive integer N. Let
Qo be a dyadic cube in D and let 29 € Q. As in the proof of Theorem [I.3] we

only need to consider the case in which Q¢ € D. Using the same notation as in the
previous section, we consider the set Hyv = {h € H : J(Qn) = —N,..., N} and
rewrite fV as fN = fN + N + £V, with fN = ZhEHfN eph, 1=1,2,3, and

Hey ={h € Hpv : T(Qn) < T (Qo)},
Hey ={h € Hyn : T(Qn) = T(Qo) and QN Qo # 0},
Hpy ={h € Hyn : T(Qn) = T(Qo) and Qn N Qo = 0}.

Because fi'(x) = 0 for each x € Qo we have that

1 N N __1 N (o N — N (g .
o o 177 = A an) = oo [ 1@+ )~ ) dnt
<L+ Iy,

with

1 / N N 1 N
I = fi () — fi (zo)| du(x andlzi/f:rdua:.
1 M(QO)Qoll() 1 (o)l dp(x) 2 M(QO)QO|2()| (z)
But, as in the proof of Theorem we have that f{(z) — fN(z¢) = 0 for each
z € Q. Hence I = 0. Also, from Holder’s inequality, Bessel’s inequality for the
orthonormal basis H, and the fact that the sequence € belongs to the Carleson
class C, we have that

1 N 1/2 1/2
bgu@w<éﬁb@ﬂwu0 1(Q0)Y
1
— — ol
1/2
1 2
SM%thgg%
< Cllele u(Q).

Hence, fV belongs to BMOP. In the sequel for N € Z*t we shall write, as usual,
(u, V) to denote the action of the functional ® s~ over the function u € HP, where
s~ is the functional given by Proposition associated with the function f¥.
That is,

(u, ) = @ i (1),
Now we shall prove that the sequence (fV : N € Z*) converges in the sense of the

weak-* topology. For this, we prove that it is a Cauchy sequence in this topology.
More precisely, we shall see that given € > 0 we have that

[, fN) = (u, fN)] < e

for N and N’ large enough and for each function u € HP.
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Let u € HP. That is,
u= Z An@y, Wwith Z [An| < o0,
nezt ne€zZ+

where each a,, belongs to A p and the convergence of the series is in the L*(X, p)
norm. For each positive integer n we shall write @,, to denote the dyadic cube that
supports the atom a,, given in Definition with ¢ = co. Let us take N/ < N.
For each couple of integers (J1, J2) with J; < Jo we shall write

Ja
le’J2 = Z Z crh.

j=J1 heH
QpeDI

So, fN — fN" = fN'.N 4 f=N.=N’" 4nd then from Proposition we can pass to
integral form in the following way:

[, 1Y) = (u FY) =] D Aalan, SN+ fNN

nezt
<3 Wl a4 5N @) duo)
nez+ n
S Il + 127
where
—_ N’
I = Z | Anl / an () Z Z eph(x) du(z)
nez+ @n j=—N heH
QpeDI
and

N
L= |\l / an(z) Y Y enh(z)dp(x)|.

neL+ " j=N’ heH
QpeDI

Since the same argument is used to prove that both I; and Iy are less than ¢,
we shall only present with some detail the case I5. Notice that for each positive
integer n we get that

N',N _ ° '
an () 7 (z) dpu(x) an(z) Z f,i(@) dp(z),

n n

where f,,;(z) = Zheﬂw_ cph(z) and
Hpg ={h € Hpnn 1 T(@Qn) < T (@)}
Huo = {h € Hpnrw + T(Qn) = T(Qn) and Qu 1 Q. # 0},
Hug = {h € Hywx : T(Qn) = T(Qn) and Q4N Qn = 0},
with
Hewvow ={h€H:T(Qn) =N',...,N}.

Rev. Un. Mat. Argentina, Vol. 59, No. 1 (2018)



70 R. CRESCIMBENI AND L. NOWAK

Thus, for each positive integer n we have that f, 3(z) = 0if z € Q,,, and we obtain

I2 < Z |/\n||An+Bn|a

nezZt

where
A= [ an@ s @) du(o)
and

B, — / n () 2 () da(z).

n

But, since a is a dyadic oo-atom and f,, 1(z) — fn,1(zs) = 0 if z, 2, belong to @,
we have that

A, = / () (Fon (&) — for () dp(z) = 0.

n

Hence we only need to show that .\ [A,||By| < € for N’ large enough. Notice
that for K € Z*, from Holder’s inequality and from Bessel’s inequality we get that

Y PallBal < Y7 allanllzz@ullfaellzz @)

nezZ+ nezZ+
1/2
=Y alllanlizz@uy | D lenl?
n€ez+ Hn,2
X 1/2
< Z [Anlllanllr2(q.) Z |cn]?
n=1 Hn’Q
1/2

+ > alllanlze@u | D lenl®

n=K+1 Hn,2

But as the sequence (cp, : h € H) belongs to the Carleson class we have that

1/2

Sl | <Cu@)" (5.1)

Hon,2

and hence
1/2

el | <e (5.2)

Hn,2
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for N’ large enough. So, from (5.1)) and the fact that a is a dyadic co-atom we get
that

1/2
o0 o0

S Palllanlizzn [ Do lenl | < >0 Mallanlizaq,) (@)
n=K+1 Hn,2 n=K+1
Z |)‘n|||an||00N<Qn)

n=K+1
oo

< Y

n=K+1
<e

IA

for K large enough since the series Y | |A,| converges. On the other hand, from
53) we get

K 1/2 K
> Palllanlizzi@uy | D lenl? <e Y Pallanllzzqu)-
n=1 Honp 2 n=1

Hence, the sequence (f~ : N € Z%) is a Cauchy sequence in the weak-* topology.
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