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ON GENERALIZED JORDAN PREDERIVATIONS AND
GENERALIZED PREDERIVATIONS OF LIE COLOR ALGEBRAS

CHENRUI YAO, YAO MA, AND LIANGYUN CHEN

Abstract. In this paper, the concepts of (generalized) (θ, ϕ)-prederivations
and (generalized) Jordan (θ, ϕ)-prederivations on a Lie color algebra are intro-
duced. It is proved that Jordan (θ, ϕ)-prederivations (resp. generalized Jor-
dan (θ, ϕ)-prederivations) are (θ, ϕ)-prederivations (resp. generalized (θ, ϕ)-
prederivations) on a Lie color algebra under some conditions. In particular,
Jordan θ-prederivations are θ-prederivations on a Lie color algebra.

1. Introduction

Lie algebras and Lie superalgebras play important roles in many mathematical
and physical subjects, e.g. differential geometry, Yang–Baxter equations, etc. A
well known use of the generalizations of Lie theory corresponds to the study of
symmetries into physics. As the natural generalization of Lie algebras and Lie
superalgebras, Rittenberg and Wyler [20] introduced the notion of Lie color algebras
in 1978, and discussed their possible physical applications. In 1979, Scheunert [21]
investigated the Lie color algebras from a purely mathematical point of view and
obtained generalizations of the PBW and Ado theorems. Montgomery [16] obtained
the simple Lie color algebras from associative graded algebras and proved Herstein’s
theorem. In recent years, Lie color algebras have become an interesting subject of
mathematics and physics [2, 8, 22, 24].

Let L be a Lie algebra. A derivation of L is a linear mapping D ∈ Hom(L,L)
satisfying

D([xy]) = [D(x)y] + [xD(y)].
Further, the notion of derivation was generalized in various directions, e.g., Leger
and Luks[12] considered the notion of generalized derivation, that is, D ∈Hom(L,L)
such that there exist D′, D′′ ∈ Hom(L,L) with

[D(x)y] + [xD′(y)] = D′′([xy]).
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Derivations and generalized derivations can be used to characterize algebras, so
there has been a great deal of work concerning them. For instance, Jacobson
[10] proved that a Lie algebra of characteristic zero with a nonsingular derivation
must be nilpotent; they also play an important role in the existence question of
left-invariant affine structures on Lie groups, etc.

On the other hand, there are various generalizations of derivations, in which
prederivations (or Lie triple derivations) have received a fair amount of attention.
Note that a prederivation of a Lie algebra L is a linear mapping D : L → L such
that

D([[x, y], z]) = [[D(x), y], z] + [[x,D(y)], z] + [[x, y], D(z)], ∀ x, y, z ∈ L.

Müller [17] introduced the concept of prederivations (or Lie triple derivations)
of Lie algebras, and he showed that if G is a Lie group endowed with a bi-invariant
semi-Riemannian metric and g its Lie algebra, then the Lie algebra of the group of
isometries of G satisfying the identity element is a subalgebra of the prederivation
algebra of g. Bajo [1] showed that a real Lie algebra with a non-singular pred-
erivation is necessarily nilpotent, and this was also true for complex Lie algebras.
Moens [15] generalized these results to Leibniz derivations over any field of char-
acteristic zero. For additional essential contributions to the related topics, refer to
[11, 14, 4, 5, 6, 23, 25].

Another interesting topic related to generalized derivations is under which con-
ditions Jordan generalized derivation becomes a generalized derivation. Notice that
if R is an associative ring, then an additive mapping D : R→ R is called a Jordan
derivation if

D(a2) = D(a)a+ aD(a), ∀a ∈ R.
Similarly, a Jordan prederivation (or Jordan triple derivation) of a Lie algebra L
is a linear mapping D : L→ L such that

D([[x, y], x]) = [[D(x), y], x] + [[x,D(y)], x] + [[x, y], D(x)], ∀ x, y ∈ L.

Obviously, every derivation (resp. prederivation) is a Jordan derivation (resp. Jor-
dan prederivation). The converse is not true in general. Herstein [9] proved that
every Jordan derivation on a 2-torsion free prime ring is a derivation. Brešar [3]
extended this result to 2-torsion free semiprime rings. Inspired by [13, 18, 19],
in this paper we’ll investigate under which conditions Jordan (θ, ϕ)-prederivations
(resp. generalized Jordan (θ, ϕ)-prederivations) are (θ, ϕ)-prederivations (resp. gen-
eralized (θ, ϕ)-prederivations) on a Lie color algebra.

First, we recall some elementary definitions.

Definition 1.1 (See [7]). Let F be a field and G an abelian group. A mapping ε :
G × G→ F ∗ is called a skew-symmetric bicharacter on G if the following identities
hold, for all f, g, h ∈ G:

(i) ε(f, g + h) = ε(f, g)ε(f, h),
(ii) ε(g + h, f) = ε(g, f)ε(h, f),
(iii) ε(g, h)ε(h, g) = 1.
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Definition 1.2 (See [7]). A Lie color algebra L is a G-graded vector space L =⊕
g∈G Lg with a graded bilinear mapping [ , ] : L× L→ L satisfying

(i) [Lθ, Lµ] ⊆ Lθ+µ, ∀θ, µ ∈ G,
(ii) [x, y] = −ε(x, y)[y, x],

(iii) ε(z, x)[x, [y, z]] + ε(x, y)[y, [z, x]] + ε(y, z)[z, [x, y]] = 0,
where x ∈ Lσ(x), y ∈ Lσ(y), z ∈ Lσ(z), σ(x), σ(y), σ(z) ∈ G.

Example 1.3. Let G be the group Z2 × Z2 × Z2. For convenience, we set e1 =
(1, 1, 0), e2 = (1, 0, 1), e3 = (0, 1, 1). Let L = Fe1 u Fe2 u Fe3 and let the
multiplication table of the basic elements be

[e1, e2] = e3, [e1, e3] = e2, [e2, e3] = [e1, e1] = [e2, e2] = [e3, e3] = 0.

We define ε : G×G 7→ F ∗ by the matrix

[ε(i, j)] =

 1 −1 −1
−1 1 −1
−1 −1 1

 ,
where elements of this matrix specify in the natural way values of ε on the set
{(1, 1, 0), (1, 0, 1), (0, 1, 1)} × {(1, 1, 0), (1, 0, 1), (0, 1, 1)} ⊂ G × G. (The elements
(1, 1, 0), (1, 0, 1), (0, 1, 1) are ordered and numbered by the numbers 1, 2, 3 respec-
tively.) The values of ε on other elements from G do not affect the multiplication
above. It is easily seen that the function ε can be extended to the whole G×G so
that L is a Lie color algebra.

Remark 1.4. Our main result Theorem 2.4 needs the condition that

ε(x, z) + ε(y, x) + ε(z, y)ε(y, x) 6= 0, ∀x, y, z ∈ L.

So throughout this paper, the Lie color algebra L is assumed to satisfy the above
equality. Hence we should show that such Lie color algebras do exist. However,
we could immediately see that the Lie color algebra in Example 1.3 works, which
implies that our condition is reasonable.

2. Main results

Definition 2.1. Let L be a Lie color algebra and let D, θ, ϕ : L→ L be homoge-
neous linear mappings, where d(θ) = d(ϕ) = 0. We denote by d(D) the G-graded
degree of a homogeneous linear mapping D of L.

(1) D is called a (θ, ϕ)1-prederivation if

D([[x, y], z]) = [[D(x), θ(y)], ϕ(z)] + ε(D,x)[[θ(x), D(y)], ϕ(z)]
+ ε(D,x)ε(D, y)[[θ(x), ϕ(y)], D(z)], ∀ x, y, z ∈ L.

(2) D is called a (θ, ϕ)2-prederivation if

D([[x, y], z]) = [[D(x), θ(y)], θ(z)] + ε(D,x)[[θ(x), D(y)], ϕ(z)]
+ ε(D,x)ε(D, y)[[ϕ(x), ϕ(y)], D(z)], ∀ x, y, z ∈ L.
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(3) D is called a (θ, ϕ)3-prederivation if
D([[x, y], z]) = [[D(x), θ(y)], θ(z)] + ε(D,x)[[ϕ(x), D(y)], θ(z)]

+ ε(D,x)ε(D, y)[[ϕ(x), ϕ(y)], D(z)], ∀ x, y, z ∈ L.
In particular, ∀ i = 1, 2, 3, a (θ, ϕ)i-prederivation D is called a θ-prederivation if
θ = ϕ. It is clear that a (θ, ϕ)i-prederivation is a prederivation when θ = ϕ = 1T .

Example 2.2. We take the Lie color algebra in Example 1.3. Let D be a homo-
geneous linear mapping on L, satisfying D(e1) = 0, D(e2) = λe3, D(e3) = µe2.
Obviously, while λ 6= −µ, D is not a derivation on L, since

[D(e1), e2] + ε(e1, e2)[e1, D(e2)] = −λe2 6= µe2 = D(e3) = D([e1, e2]).
But one can show that D is a prederivation on L, so there exist nontrivial (i.e.
non-derivation) prederivations on a Lie color algebra.

Moreover, let D, θ, ϕ be a homogeneous linear mapping on L satisfying
D(e1) = 0, D(e2) = λe3, D(e3) = µe2;
θ(e1) = ae1, θ(e2) = be2, θ(e3) = ce3;
ϕ(e1) = αe1, ϕ(e2) = βe2, ϕ(e3) = γe3.

When λ 6= −µ and aα = 1, D is a (θ, ϕ)1-prederivation on L. Similarly, one may
construct (θ, ϕ)2-prederivations and (θ, ϕ)3-prederivations on L.

Definition 2.3. Let L be a Lie color algebra and let D, θ, ϕ : L→ L be homoge-
neous linear mappings, where d(θ) = d(ϕ) = 0.

(1) D is called a Jordan (θ, ϕ)1-prederivation if
D([[x, y], x]) = [[D(x), θ(y)], ϕ(x)] + ε(D,x)[[θ(x), D(y)], ϕ(x)]

+ ε(D,x)ε(D, y)[[θ(x), ϕ(y)], D(x)], ∀ x, y ∈ L.
(2) D is called a Jordan (θ, ϕ)2-prederivation if

D([[x, y], x]) = [[D(x), θ(y)], θ(x)] + ε(D,x)[[θ(x), D(y)], ϕ(x)]
+ ε(D,x)ε(D, y)[[ϕ(x), ϕ(y)], D(x)], ∀ x, y ∈ L.

(3) D is called a Jordan (θ, ϕ)3-prederivation if
D([[x, y], x]) = [[D(x), θ(y)], θ(x)] + ε(D,x)[[ϕ(x), D(y)], θ(x)]

+ ε(D,x)ε(D, y)[[ϕ(x), ϕ(y)], D(x)], ∀ x, y ∈ L.
In particular, ∀ i = 1, 2, 3, a Jordan (θ, ϕ)i-prederivation D is called a Jordan θ-
prederivation if θ = ϕ. It is clear that a Jordan (θ, ϕ)i-prederivation is a Jordan
prederivation when θ = ϕ = 1T .

It is clear that if Di is a (θ, ϕ)i-prederivation of L, then Di is a Jordan (θ, ϕ)i-
prederivation of L, where i = 1, 2, 3.

In this section, L is a Lie color algebra and θ, ϕ are defined to be homogeneous
linear mappings of L satisfying d(θ) = d(ϕ) = 0.

Theorem 2.4. D is a (θ, ϕ)1-prederivation of L if and only if D is a Jordan
(θ, ϕ)1-prederivation of L such that
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(i) [[θ(x), ϕ(y)], D(z)] = [[ϕ(x), θ(y)], D(z)],
(ii) ε(z, x)A(x, y, z) + ε(x, y)A(y, z, x) + ε(y, z)A(z, x, y) = 0,

where x, y, z ∈ L and A(x, y, z)=[[D(x), θ(y)], ϕ(z)] + ε(D,x)[[θ(x), D(y)], ϕ(z)] +
ε(D,x)ε(D, y)[[θ(x), ϕ(y)], D(z)].

Proof. Assume that D is a (θ, ϕ)1-prederivation of L. Clearly, D is a Jordan
(θ, ϕ)1-prederivation of L and D([[x, y], z]) = −ε(x, y)D([[y, x], z]); note that

−ε(x, y)D([[y, x], z]) = −ε(x, y)[[D(y), θ(x)], ϕ(z)]
− ε(x, y)ε(D, y)[[θ(y), D(x)], ϕ(z)]
− ε(x, y)ε(D,x)ε(D, y)[[θ(y), ϕ(x)], D(z)]

= [[D(x), θ(y)], ϕ(z)] + ε(D,x)[[θ(x), D(y)], ϕ(z)]
+ ε(D,x)ε(D, y)[[ϕ(x), θ(y)], D(z)]

and

D([[x, y], z]) = [[D(x), θ(y)], ϕ(z)] + ε(D,x)[[θ(x), D(y)], ϕ(z)]
+ ε(D,x)ε(D, y)[[θ(x), ϕ(y)], D(z)],

then (i) follows. Since D is a (θ, ϕ)1-prederivation of L, we have D([[x, y], z]) =
A(x, y, z); hence

ε(z, x)A(x, y, z) + ε(x, y)A(y, z, x) + ε(y, z)A(z, x, y)
= ε(z, x)D([[x, y], z]) + ε(x, y)D([[y, z], x]) + ε(y, z)D([[z, x], y])
= D (ε(z, x)[[x, y], z] + ε(x, y)[[y, z], x] + ε(y, z)[[z, x], y])
= 0.

Conversely, let D be a Jordan (θ, ϕ)1-prederivation of L for which (i) and (ii)
hold. Then D([[x, y], x]) = A(x, y, x). It follows that

D([[x+ z, y], x+ z]) = D([[x, y], x]) +D([[x, y], z]) +D([[z, y], x]) +D([[z, y], z])
= A(x, y, x) +A(z, y, z) +D([[x, y], z]) +D([[z, y], x])

and

D([[x+ z, y], x+ z]) = A(x+ z, y, x+ z)
= A(x, y, x) +A(x, y, z) +A(z, y, x) +A(z, y, z).

Thus we obtain

D([[x, y], z]) +D([[z, y], x]) = A(x, y, z) +A(z, y, x). (∗)
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By (i),
A(y, x, z) = [[D(y), θ(x)], ϕ(z)] + ε(D, y)[[θ(y), D(x)], ϕ(z)]

+ ε(D,x)ε(D, y)[[θ(y), ϕ(x)], D(z)]
= −ε(y, x)[[D(x), θ(y)], ϕ(z)]− ε(y, x)ε(D,x)[[θ(x), D(y)], ϕ(z)]
− ε(y, x)ε(D,x)ε(D, y)[[ϕ(x), θ(y)], D(z)]

= −ε(y, x)[[D(x), θ(y)], ϕ(z)]− ε(y, x)ε(D,x)[[θ(x), D(y)], ϕ(z)]
− ε(y, x)ε(D,x)ε(D, y)[[θ(x), ϕ(y)], D(z)]

= −ε(y, x)A(x, y, z).
This implies that

D([[x, y], y]) = −ε(x, y)D([[y, x], y]) = −ε(x, y)A(y, x, y) = A(x, y, y).
A similar argument proves

D([[x, y], z]) +D([[x, z], y]) = A(x, y, z) +A(x, z, y). (∗∗)
By (∗)× ε(x, z) + (∗∗)× ε(y, x), we have

ε(x, z)
(
D([[x, y], z]) +D([[z, y], x])

)
+ ε(y, x)

(
D([[x, y], z]) +D([[x, z], y])

)
= ε(x, z)

(
A(x, y, z) +A(z, y, x)

)
+ ε(y, x)

(
A(x, y, z) +A(x, z, y)

)
,

then

ε(x, z)D([[x, y], z]) + ε(y, x)D([[x, y], z])− ε(z, y)D([[y, x], z])
= ε(x, z)

(
A(x, y, z) +A(z, y, x)

)
+ ε(y, x)

(
A(x, y, z) +A(x, z, y)

)
,

that is,
(ε(x, z) + ε(y, x) + ε(z, y)ε(y, x))D([[x, y], z])

= (ε(x, z) + ε(y, x) + ε(z, y)ε(y, x))A(x, y, z)
+ ε(x, z)A(z, y, x) + ε(y, x)A(x, z, y)− ε(z, y)ε(y, x)A(x, y, z)

= (ε(x, z) + ε(y, x) + ε(z, y)ε(y, x))A(x, y, z)
+ ε(x, z)A(z, y, x) + ε(y, x)A(x, z, y) + ε(z, y)A(y, x, z)

= (ε(x, z) + ε(y, x) + ε(z, y)ε(y, x))A(x, y, z),
where the last equality uses (ii). Since ε(x, z) + ε(y, x) + ε(z, y)ε(y, x) 6= 0, we have
D([[x, y], z]) = A(x, y, z), i.e., D is a (θ, ϕ)1-prederivation of L. �

Corollary 2.5. D is a θ-prederivation of L if and only if D is a Jordan θ-
prederivation of L.

Proof. If D is a Jordan θ-prederivation of L, then (i) follows immediately. (ii) holds
because
ε(z, x)A(x, y, z) + ε(x, y)A(y, z, x) + ε(y, z)A(z, x, y)
= ε(z, x)[[D(x), θ(y)], θ(z)] + ε(z, x)ε(D,x)[[θ(x), D(y)], θ(z)]

+ ε(z, x)ε(D,x)ε(D, y)[[θ(x), θ(y)], D(z)]
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+ ε(x, y)[[D(y), θ(z)], θ(x)] + ε(x, y)ε(D, y)[[θ(y), D(z)], θ(x)]
+ ε(x, y)ε(D, y)ε(D, z)[[θ(y), θ(z)], D(x)]
+ ε(y, z)[[D(z), θ(x)], θ(y)] + ε(y, z)ε(D, z)[[θ(z), D(x)], θ(y)]
+ ε(y, z)ε(D,x)ε(D, z)[[θ(z), θ(x)], D(y)]

= ε(D, z) (ε(z,D)ε(z, x)[[D(x), θ(y)], θ(z)] + ε(x, y)ε(D, y)[[θ(y), θ(z)], D(x)]
+ ε(y, z)[[θ(z), D(x)], θ(y)])

+ ε(D,x) (ε(x,D)ε(x, y)[[D(y), θ(z)], θ(x)] + ε(y, z)ε(D, z)[[θ(z), θ(x)], D(y)]
+ ε(z, x)[[θ(x), D(y)], θ(z)])

+ ε(D, y) (ε(y,D)ε(y, z)[[D(z), θ(x), θ(y)]] + ε(z, x)ε(D,x)[[θ(x), θ(y)], D(z)]
+ ε(x, y)[[θ(y), D(z)], θ(x)])

= 0.

Therefore, D is a θ-prederivation of L by Theorem 2.4. �

Theorem 2.6. D is a (θ, ϕ)2-prederivation of L if and only if D is a Jordan
(θ, ϕ)2-prederivation of L such that

(i) [[D(x), θ(y)], (ϕ− θ)(z)] = ε(D,x)[[θ(x), D(y)], (ϕ− θ)(z)],
(ii) ε(z, x)A′(x, y, z) + ε(x, y)A′(y, z, x) + ε(y, z)A′(z, x, y) = 0,

where x, y, z ∈ L and A′(x, y, z)=[[D(x), θ(y)], θ(z)] + ε(D,x)[[θ(x), D(y)], ϕ(z)] +
ε(D,x)ε(D, y)[[ϕ(x), ϕ(y)], D(z)].

Proof. Let D be a (θ, ϕ)2-prederivation of L. Use the fact that

D([[x, y], z]) = −ε(x, y)D([[y, x], z]),

as well as the fact that
−ε(x, y)D([[y, x], z]) = −ε(x, y)[[D(y), θ(x)], θ(z)]− ε(x, y)ε(D, y)[[θ(y), D(x)], ϕ(z)]

− ε(x, y)ε(D,x)ε(D, y)[[ϕ(y), ϕ(x)], D(z)]
= [[D(x), θ(y)], ϕ(z)] + ε(D,x)[[θ(x), D(y)], θ(z)]

+ ε(D,x)ε(D, y)[[ϕ(x), ϕ(y)], D(z)],

then we have

[[D(x), θ(y)], θ(z)] + ε(D,x)[[θ(x), D(y)], ϕ(z)]
= [[D(x), θ(y)], ϕ(z)] + ε(D,x)[[θ(x), D(y)], θ(z)],

that is, [[D(x), θ(y)], (ϕ− θ)(z)] = ε(D,x)[[θ(x), D(y)], (ϕ− θ)(z)]. It is routine to
prove (ii).

Suppose, conversely, that D is a Jordan (θ, ϕ)2-prederivation of L satisfying (i)
and (ii). Note that

A′(y, x, z) = [[D(y), θ(x)], θ(z)] + ε(D, y)[[θ(y), D(x)], ϕ(z)]
+ ε(D,x)ε(D, y)[[ϕ(y), ϕ(x)], D(z)]

= −ε(y, x)[[D(x), θ(y)], ϕ(z)]− ε(y, x)ε(D,x)[[θ(x), D(y)], θ(z)]
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− ε(y, x)ε(D,x)ε(D, y)[[ϕ(x), ϕ(y)], D(z)]
= −ε(y, x)[[D(x), θ(y)], θ(z)]− ε(y, x)ε(D,x)[[θ(x), D(y)], ϕ(z)]
− ε(y, x)ε(D,x)ε(D, y)[[ϕ(x), ϕ(y)], D(z)]

= −ε(y, x)A′(x, y, z).

In the same way, we can get equalities (∗) and (∗∗). The rest of the proof is the
same as the corresponding proof of Theorem 2.4. �

A similar argument proves the following result.

Theorem 2.7. D is a (θ, ϕ)3-prederivation of L if and only if D is a Jordan
(θ, ϕ)3-prederivation of L such that

(i) [[D(x), (θ − ϕ)(y)], θ(z)] = ε(D,x)[[(θ − ϕ)(x), D(y)], θ(z)],
(ii) ε(z, x)A′′(x, y, z) + ε(x, y)A′′(y, z, x) + ε(y, z)A′′(z, x, y) = 0,

where x, y, z ∈ L and A′′(x, y, z)=[[D(x), θ(y)], θ(z)]+ε(D,x)[[ϕ(x), D(y)], θ(z)]+
ε(D,x)ε(D, y)[[ϕ(x), ϕ(y)], D(z)].

Remark 2.8. Corollary 2.5 can also be concluded from Theorem 2.6 or Theo-
rem 2.7 since for any x, y, z ∈ L, A(x, y, z) = A′(x, y, z) = A′′(x, y, z) when D is a
Jordan θ-prederivation.

Definition 2.9. Let L be a Lie color algebra.
(1) A generalized (θ, ϕ)1-prederivation with respect to a (θ, ϕ)1-prederivation

δ1 is a homogeneous linear mapping D1 : L → L such that d(D1) = d(δ1)
and

D1([[x, y], z]) = [[δ1(x), θ(y)], ϕ(z)] + ε(D1, x)[[θ(x), δ1(y)], ϕ(z)]
+ ε(D1, x)ε(D1, y)[[θ(x), ϕ(y)], D1(z)], ∀ x, y, z ∈ L.

(2) A generalized (θ, ϕ)2-prederivation with respect to a (θ, ϕ)2-prederivation
δ2 is a homogeneous linear mapping D2 : L → L such that d(D2) = d(δ2)
and

D2([[x, y], z]) = [[δ2(x), θ(y)], θ(z)] + ε(D2, x)[[θ(x), δ2(y)], ϕ(z)]
+ ε(D2, x)ε(D2, y)[[ϕ(x), ϕ(y)], D2(z)], ∀ x, y, z ∈ L.

(3) A generalized (θ, ϕ)3-prederivation with respect to a (θ, ϕ)3-prederivation
δ3 is a homogeneous linear mapping D3 : L → L such that d(D3) = d(δ3)
and

D3([[x, y], z]) = [[δ3(x), θ(y)], θ(z)] + ε(D3, x)[[ϕ(x), δ3(y)], θ(z)]
+ ε(D3, x)ε(D3, y)[[ϕ(x), ϕ(y)], D3(z)], ∀ x, y, z ∈ L.

In particular, ∀ i = 1, 2, 3, a generalized (θ, ϕ)i-prederivation D is called a general-
ized θ-prederivation with respect to a θ-prederivation δ if θ = ϕ. It is clear that D
is a generalized prederivation when θ = ϕ = 1T and δ is a prederivation.
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Definition 2.10. Let L be a Lie color algebra.

(1) A generalized Jordan (θ, ϕ)1-prederivation with respect to a Jordan (θ, ϕ)1-
prederivation δ1 is a homogeneous linear mapping D1 : L → L such that
d(D1) = d(δ1) and

D1([[x, y], x]) = [[δ1(x), θ(y)], ϕ(x)] + ε(D1, x)[[θ(x), δ1(y)], ϕ(x)]
+ ε(D1, x)ε(D1, y)[[θ(x), ϕ(y)], D1(x)], ∀ x, y ∈ L.

(2) A generalized Jordan (θ, ϕ)2-prederivation with respect to a Jordan (θ, ϕ)2-
prederivation δ2 is a homogeneous linear mapping D2 : L → L such that
d(D2) = d(δ2) and

D2([[x, y], x]) = [[δ2(x), θ(y)], θ(x)] + ε(D2, x)[[θ(x), δ2(y)], ϕ(x)]
+ ε(D2, x)ε(D2, y)[[ϕ(x), ϕ(y)], D2(x)], ∀ x, y ∈ L.

(3) A generalized Jordan (θ, ϕ)3-prederivation with respect to a Jordan (θ, ϕ)3-
prederivation δ3 is a homogeneous linear mapping D3 : L → L such that
d(D3) = d(δ3) and

D3([[x, y], x]) = [[δ3(x), θ(y)], θ(x)] + ε(D3, x)[[ϕ(x), δ3(y)], θ(x)]
+ ε(D3, x)ε(D3, y)[[ϕ(x), ϕ(y)], D3(x)], ∀ x, y ∈ L.

In particular, ∀ i = 1, 2, 3, a generalized Jordan (θ, ϕ)i-prederivation D is called
a generalized Jordan θ-prederivation with respect to a Jordan θ-prederivation δ if
θ = ϕ. It is clear that D is a generalized Jordan prederivation when θ = ϕ = 1T
and δ is a Jordan prederivation.

Theorem 2.11. D is a generalized (θ, ϕ)1-prederivation of L with respect to a
(θ, ϕ)1-prederivation δ if and only if D is a generalized Jordan (θ, ϕ)1-prederivation
of L with respect to a (θ, ϕ)1-prederivation δ such that

(i) [[θ(x), ϕ(y)], D(z)] = [[ϕ(x), θ(y)], D(z)],
(ii) ε(z, x)B(x, y, z) + ε(x, y)B(y, z, x) + ε(y, z)B(z, x, y) = 0,

where x, y, z ∈ L and B(x, y, z) = [[δ(x), θ(y)], ϕ(z)] + ε(D,x)[[θ(x), δ(y)], ϕ(z)] +
ε(D,x)ε(D, y)[[θ(x), ϕ(y)], D(z)].

Proof. Suppose that D is a generalized (θ, ϕ)1-prederivation of L with respect to
a (θ, ϕ)1-prederivation δ. Clearly, D is a generalized Jordan (θ, ϕ)1-prederivation
of L and D([[x, y], z]) = −ε(x, y)D([[y, x], z]). (i) follows from the fact that

−ε(x, y)D([[y, x], z]) = −ε(x, y)[[δ(y), θ(x)], ϕ(z)]− ε(x, y)ε(D, y)[[θ(y), δ(x)], ϕ(z)]
− ε(x, y)ε(D,x)ε(D, y)[[θ(y), ϕ(x)], D(z)]

= [[δ(x), θ(y)], ϕ(z)] + ε(D,x)[[θ(x), δ(y)], ϕ(z)]
+ ε(D,x)ε(D, y)[[ϕ(x), θ(y)], D(z)].
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Since D is a generalized (θ, ϕ)1-prederivation of L with respect to δ, we have
D([[x, y], z]) = B(x, y, z); hence

ε(z, x)(B(x, y, z) + ε(x, y)B(y, z, x) + ε(y, z)B(z, x, y)
= ε(z, x)D([[x, y], z]) + ε(x, y)D([[y, z], x]) + ε(y, z)D([[z, x], y])
= D (ε(z, x)[[x, y], z] + ε(x, y)[[y, z], x] + ε(y, z)[[z, x], y])
= 0.

Conversely, if D is a generalized Jordan (θ, ϕ)1-prederivation of L with respect
to a (θ, ϕ)1-prederivation δ satisfying (i) and (ii), then (refer to the proof of Theo-
rem 2.4) it suffices to prove that B(x, y, z) = −ε(x, y)B(y, x, z). In fact,

B(y, x, z) = [[δ(y), θ(x)], ϕ(z)] + ε(D, y)[[θ(y), δ(x)], ϕ(z)]
+ ε(D, y)ε(D,x)[[θ(y), ϕ(x)], D(z)]

= −ε(y, x)[[δ(x), θ(y)], ϕ(z)]− ε(y, x)ε(D,x)[[θ(x), δ(y)], ϕ(z)]
− ε(y, x)ε(D,x)ε(D, y)[[ϕ(x), θ(y)], D(z)]

= −ε(y, x)[[δ(x), θ(y)], ϕ(z)]− ε(y, x)ε(D,x)[[θ(x), δ(y)], ϕ(z)]
− ε(y, x)ε(D,x)ε(D, y)[[θ(x), ϕ(y)], D(z)]

= −ε(y, x)B(x, y, z).

This completes the proof. �

Corollary 2.12. D is a generalized θ-prederivation of L with respect to a θ-
prederivation δ if and only if D is a generalized Jordan θ-prederivation of L with
respect to a Jordan θ-prederivation δ such that
ε(z,D)ε(z, x)[[θ(x), θ(y)], (D − δ)(z)] + ε(x,D)ε(x, y)[[θ(y), θ(z)], (D − δ)(x)]

+ ε(y,D)ε(y, z)[[θ(z), θ(x)], (D − δ)(y)] = 0.

Proof. If D is a generalized Jordan θ-prederivation of L, then (i) follows immedi-
ately. (ii) holds because

ε(z, x)B(x, y, z) + ε(x, y)B(y, z, x) + ε(y, z)B(z, x, y)
= ε(z, x)[[δ(x), θ(y)], θ(z)] + ε(z, x)ε(D,x)[[θ(x), δ(y)], θ(z)]

+ ε(z, x)ε(D,x)ε(D, y)[[θ(x), θ(y)], D(z)]
+ ε(x, y)[[δ(y), θ(z)], θ(x)] + ε(x, y)ε(D, y)[[θ(y), δ(z)], θ(x)]
+ ε(x, y)ε(D, y)ε(D, z)[[θ(y), θ(z)], D(x)]
+ ε(y, z)[[δ(z), θ(x)], θ(y)] + ε(y, z)ε(D, z)[[θ(z), δ(x)], θ(y)]
+ ε(y, z)ε(D, z)ε(D,x)[[θ(z), θ(x)], D(y)]

= ε(z, x)[[δ(x), θ(y)], θ(z)] + ε(z, x)ε(D,x)[[θ(x), δ(y)], θ(z)]
+ ε(z, x)ε(D,x)ε(D, y)[[θ(x), θ(y)], δ(z)]
+ ε(x, y)[[δ(y), θ(z)], θ(x)] + ε(x, y)ε(D, y)[[θ(y), δ(z)], θ(x)]
+ ε(x, y)ε(D, y)ε(D, z)[[θ(y), θ(z)], δ(x)]
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+ ε(y, z)[[δ(z), θ(x)], θ(y)] + ε(y, z)ε(D, z)[[θ(z), δ(x)], θ(y)]
+ ε(y, z)ε(D,x)ε(D, z)[[θ(z), θ(x)], δ(y)]

= ε(D, z) (ε(z,D)ε(z, x)[[δ(x), θ(y)], θ(z)] + ε(x, y)ε(D, y)[[θ(y), θ(z)], δ(x)]
+ ε(y, z)[[θ(z), δ(x)], θ(y)])

+ ε(D,x) (ε(x,D)ε(x, y)[[δ(y), θ(z)], θ(x)] + ε(y, z)ε(D, z)[[θ(z), θ(x)], δ(y)]
+ ε(z, x)[[θ(x), δ(y)], θ(z)])

+ ε(D, y) (ε(y,D)ε(y, z)[[δ(z), θ(x)], θ(y)] + ε(z, x)ε(D,x)[[θ(x), θ(y)], δ(z)]
+ ε(x, y)[[θ(y), δ(z)], θ(x)])

= 0.

Note that δ is a θ-prederivation by Corollary 2.5. Therefore, D is a generalized
θ-prederivation of L with respect to a θ-prederivation δ by Theorem 2.11. �

As before, one can prove the following theorems.

Theorem 2.13. D is a generalized (θ, ϕ)2-prederivation of L with respect to a
(θ, ϕ)2-prederivation δ if and only if D is a generalized Jordan (θ, ϕ)2-prederivation
of L with respect to a (θ, ϕ)2-prederivation δ such that

(i) [[δ(x), θ(y)], (ϕ− θ)(z)] = ε(δ, x)[[θ(x), δ(y)], (ϕ− θ)(z)],
(ii) ε(z, x)B′(x, y, z) + ε(x, y)B′(y, z, x) + ε(y, z)B′(z, x, y) = 0,

where x, y, z ∈ L and B′(x, y, z)=[[δ(x), θ(y)], θ(z)] + ε(D,x)[[θ(x), δ(y)], ϕ(z)] +
ε(D,x)ε(D, y)[[ϕ(x), ϕ(y)], D(z)].

Theorem 2.14. D is a generalized (θ, ϕ)3-prederivation of L with respect to a
(θ, ϕ)3-prederivation δ if and only if D is a generalized Jordan (θ, ϕ)3-prederivation
of L with respect to a (θ, ϕ)3-prederivation δ such that

(i) [[δ(x), (θ − ϕ)(y)], θ(z)] = ε(δ, x)[[(θ − ϕ)(x), δ(y)], θ(z)],
(ii) ε(z, x)B′′(x, y, z) + ε(x, y)B′′(y, z, x) + ε(y, z)B′′(z, x, y) = 0,

where x, y, z ∈ L and B′′(x, y, z)=[[δ(x), θ(y)], θ(z)] + ε(D,x)[[ϕ(x), δ(y)], θ(z)] +
ε(D,x)ε(D, y)[[ϕ(x), ϕ(y)], D(z)].

Remark 2.15. Corollary 2.12 can also be concluded from Theorem 2.13 or The-
orem 2.14 since for any x, y, z ∈ L, B(x, y, z) = B′(x, y, z) = B′′(x, y, z) when D is
a generalized Jordan θ-prederivation.
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