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HORMANDER CONDITIONS FOR VECTOR-VALUED KERNELS
OF SINGULAR INTEGRALS AND THEIR COMMUTATORS

ANDREA L. GALLO, GONZALO H. IBANEZ FIRNKORN,
AND MARIA SILVINA RIVEROS

ABSTRACT. We study Coifman type estimates and weighted norm inequalities
for singular integral operators and their commutators, given by the convolution
with a vector-valued kernel. We define a weaker Hormander type condition
associated with Young functions for the vector-valued kernels. With this gen-
eral framework we obtain as an example the result for the square operator
and its commutator given in [M. Lorente, M. S. Riveros, and A. de la Torre,
J. Math. Anal. Appl. 336 (2007), no. 1, 577-592].

1. INTRODUCTION

A classical problem in harmonic analysis is the following: given a linear operator
T, find the maximal operator M+ such that 7 is controlled by M in the following
sense:

| Tr@u@ s <c [ M) da, (1)

Rﬂ/
for some 0 < p < oo and some 0 < w € L (R™).

loc
The maximal operator M is related to the operator 7 which is normally easier
to deal with. In general, M is strongly related to the kernel of 7.
The classical result of Coifman in [3] is: Let T be a Calderén—Zygmund operator;
then T is controlled by M, the Hardy—Littlewood maximal operator. In other

words, for all 0 < p < co and w € A,
[ rsr@umd<c [ (pp@ue)ds
R™ n

Later in [16], Rubio de Francia, Ruiz, and Torrea studied operators with less
regularity in the kernel. They proved that for certain operators, holds with
My = M,f = M(|f|")'/", for some 1 < r < oco. The value of the exponent
r is determined by the smoothness of the kernel, namely, the kernel satisfies an
L™ -Hoérmander condition (see the precise definition below). In [14], Martell, Pérez,
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and Trujillo-Gonzalez proved that this control is sharp in the sense that one cannot
write a pointwise smaller operator M with s < r. This yields that for operators
satisfying only the classical Hormander condition, H;, the inequality does not
hold for any M,, 1 <r < co.

More recently, in [12], Lorente, Riveros, and de la Torre defined a LA-Hérmander
condition where A is a Young function. If 7' is an operator that satisfies this
condition, then holds for M, the maximal operator associated to the Young
function A.

As a consequence of the Coifman inequality, a weighted modular end-point esti-
mate can be proved. In [II], Lorente, Martell, Riveros, and de la Torre proved the
following: if A is submultiplicative and A > 0, then

w{z € R : |Tf(z)] > A} < c/n A (f(;”) Muw(z) da.

An example of this type of operator is the square operator S (see the precise
definition below); by the results in [I2] the following inequality holds:

/ ISFPP (@)w(z) dz < C / (M3 )P (a)u(z) d,
Rn n

forall 0 < p < oo and w € Ax.
In [I3] it was proved that the last inequality is not sharp, in the sense that M3
can be replaced by M?2.

In this paper we define a new Hérmander condition in the case of vector-valued
kernels, weaker than the L“4-Hérmander condition defined in [I1]. We obtain ine-
quality improving results, for vector-valued operators, obtained in [IT]. The
applications of these results with the new condition are generalizations of those for
the square operator obtained in [I3]. In these applications, the maximal operators
are of the form My o, 15, with some 8 > 0. For instance, we obtain for all 0 < p <
oo and w € Ay,

/ 1Sx fP(@)w(z) de < C / (M2 )P (@)u(z) d,
R R

where X is an appropriate Banach space. If X = 2, then Sx = S the square
operator, and in this case we obtain the same results as in [13].
In [2], Bernardis, Lorente, and Riveros defined L®-Hérmander conditions for

fractional integral operators. The authors obtained the inequality (L.1) with M~ ,
the fractional maximal operator associated to .A. In this paper, we also give a
weaker condition for vector-valued kernels than the L4®-Hoérmander condition

and obtain a similar kind of results and applications.

The plan of this paper is as follows. The next section contains some definitions
and well known results. Later, in section 3, we introduced our condition and the
main results. The applications are presented in section 4. The proofs of the general
results are in sections 5. Finally in the last section we present the Hoérmander
condition and the results for vector-valued fractional operators.
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2. PRELIMINARIES

In this section we present some notions needed to understand the main results
and the applications. First we define the space in which we are going to work.

Let us consider the Banach spaces (X, | - ||x), where X = R% and the norm in
this space is monotone, i.e.
HantHlx < [[{bn}llx if |an| < |by| for all n € Z. (2.1)

Observe that ||{a,}||x = [[{|ax|}||x for all {a,} € X.

Remark 2.1. Some examples of these Banach spaces are the £P(Z) spaces, 1 < p <
0o, and the space where the norm is associated to some Young function. Observe
that not all Banach spaces satisfy the condition ([2.1]); for example, consider X = R%

with the norm
1/2

Hwablx = | (21— 222 + Y a2
n#l
Let (...,0,z1,22,0,...)=(...,0,1,3,0,...)and (...,0,91,92,0,...) = (...,0,2,3,
0,...). Observe that |z,| < |y,| for all n € Z, and ||{z,}||x = V13 and |{yn}|lx =
4/10. Hence, the norm is not monotone.

Remark 2.2. If X is a Banach lattice, the norm is monotone by definition.

Now, we define the notion of Young function, maximal operators related to a
Young function, and generalized Hormander condition. For more details see [15].

A function A : [0,00) — [0, 00) is said to be a Young function if A is continuous,
convex, non-decreasing, and satisfies A(0) = 0 and tlg(r)lo A(t) = oo.

The average of the Luxemburg norm of a function f induced by a Young function
A in the ball B is defined by

. oL I/1
1£la5 .—1nf{/\>0. |B|/BA<)\> Sl}.

Observe that if A(t) =", 7 > 1, then || f||lap = (ﬁ [ w)

Each Young function A has an associated complementary Young function A
satisfying the generalized Holder inequality

1
5 /B 1ol <2 flaslolz 5

If A, B,C are Young functions satisfying A=(¢)B=1(¢)C~1(t) < t, for all t > 1,
then

1/r

Ifghllzr.s < cllfllazllglls zllhlc.5-

Given f € L{ (R"), the maximal operator associated to the Young function A
is defined as

Maf(x) = %‘;prHA,B-
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For example, if 3 > 0 and r > 1, A(t) = t"(1 +log(t))? is a Young function then
My = Mprgogrye- If B=0, A(t) =t then My = M,, where M, f = M(f")"/".
Ifr=1and B =k €N, My = Moy & M*, where M* is the k-iterated of
M, the Hardy-Littlewood maximal.

Remark 2.3. Let us observe that when D(t) = ¢, which gives L', then D(t) = 0
if + < 1 and D(t) = oo otherwise. Observe that D is not a Young function but

one has LP = L. Besides, the inverse is D=1 and the generalized Holder
inequality makes sense if one of the three functions is D.

Once the Luxemburg average has been defined, we can introduce the notion of
the generalized Héormander condition; for this we need to introduce some notation:
|z| ~ s means s < |z| < 2s, and given a Young function A, we write

£l 121~s = 1 X|2|~slla,B(0,25)-
In [11] and [I2] the following classes were introduced.
Definition A. Let K be a vector-valued function, A be a Young function, and
k € NU{0}. Then K satisfies the L4 *-Hérmander condition (K € HA x 1), if
there exist c4 > 1 and C4 > 0 such that for all z and R > calz|:

o

S @Ry mF |~ 2) ~ KO)lx]| gy < Cac

m=1
We say that K € H  if K satisfies the previous condition with || - || e |zj~2m g in
place of || - || 4,|z|~2m R-
If k=0, we denote Hy x = H x,0 and Hoo x = Hoo, x,0-
Remark 2.4. There exists a relation between the Hérmander classes, H 4 x .

(1) Hoo,X,k C HA,X,k C H_A’X’kfl Cc---C HA,X,O = H.A,X C HI,X7 for k € N.
(2) If A and B are Young functions such that A(t) < ¢B(t) for t > tg, some
to > 0, then

Hoo xr CHpxr CHaxeCHyxi CHyx.

(3) In the particular case of A(t) =t", 1 <r < oo, denoting H, x = H4 x, it
follows that

Hooxrp CHpyxp CHey xp CHy xp CHyx, forall 1<r <rg<oo.

Next, we define the notions of singular integral operator and its commutator in
the vector-valued sense.

Definition 2.5. Consider a vector-valued function K, K(y) = {K;(y)}iez, with
K, € LL (R™\ {0}). Let

loc

Tf@)i=pv. | K@=y)fy)dy={(Ki«[)(@)}hez

- {p.v. . Ki(z —y)f(y) dy}

IEZ
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HORMANDER. CONDITIONS FOR VECTOR-VALUED KERNELS 229

The operator T will be a singular integral operator if it is strong (pg, po), for some
po > 1, and the kernel K = {K;}iez € Hy x.

Remark 2.6. The operator T is strong (po,po) in the sense of Bochner-Lebesgue
spaces. Given a Banach space X, L% (R™) is called Bochner-Lebesgue space with

the norm ([, [|f(2)|% dz) p

Remark 2.7. Since K = {K;};ez € H1 x, T is of weak type (1,1) and satisfies
Kolmogorov’s inequality,

(1,7 ”x) <o [

where 0 < ¢ < 1 and supp(f) = BcB.

Let us recall the BMO space and the sharp maximal function. If f € L} (R")

deﬁne
]‘ /
T ’ ‘ .
| ‘ B

A locally integrable function f has bounded mean oscillation (f € BMO) if
MFf € L™ and the norm ||f|Bymo = [|M*f]|o-
Observe that the BMO norm is equivalent to

Mﬁf = sup—

1
= || M*f||oo ~ supinf — —aldx.
fllomio = 1Mo, ~ supint oo | |7(e) = ol do

Remark 2.8. The following are some properties of BMO:
Given b € BMO, a ball B, k € NU {0}, A(t) = exp(t'/¥) and ¢ > 0, by
John—Nirenberg’s Theorem we have
10 =b5)*|lLa,8 < [I(b = b8)* a8 = [Ib = b8ll6xy 2.5 < CllbllBrO- (2.2)
On the other hand, for any j € N and b € BMO, we have
J J
bp—bain| < D |bam-1p=bomp| <2" Y [[b=bomp| L1 2mp < 2"[b]BMO. (2:3)

m=1 m=1

Definition 2.9. Given T a singular integral operator and b € BMO, the k-th order
commutator of T', k € NU {0}, is defined by:

T} f(z) = pv. / (b() — b)) K ( — ) f(y) dy

n

_ {p.v. [ 0@ b)) it - )0 dy}

leZ

Note that for k = 0, T = T and observe that T} = [b, Tf_l], ke N.

Remark 2.10. TF f(z) = [b, T (f)(x) := b(2)TEH(f) () — TF () ().
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We will consider weights in the Muckenhoupt classes A,, 1 < p < co. Let w
be a non-negative locally integrable function. We say that w € A, if there exists
C)p < oo such that for any ball B C R",

(o o) (=) <

when 1 < p < oo, and for p =1,
Muw(z) < Ciw(z), for a.e. x € R".

Finally we set Ao = Ui<pAp. It is well known that the Muckenhoupt classes
characterize the boundedness of the Hardy-Littlewood maximal function on weighted
LP-Lebesgue spaces. Namely, w € Ap, 1 < p < oo, if and only if M is bounded on
LP(w); and w € A; if and only if M maps L'(w) into L1 (w).

In [I2] and [IT] the following results were proved.

Theorem B ([12]). Let K be a vector-valued function that satisfies the LA -
Hérmander condition and let T be the operator associated to K. Suppose T is
bounded in some LP°, 1 < pg < oo. Then, for any 0 < p < 00 and w € A, there
exists C' such that

[rsies<c [ ampre.
R‘IL R’n
for any f € C and whenever the left-hand side is finite.
For commutators of the operator T, there is the following result:

Theorem C ([II]). Let b € BMO and k € NU{0}. Let A, B be Young functions
such that A ()B-1(t)Cq (t) < t, with Cy(t) = exp(tV®) fort > 1 if k € N
and 6,:1 =14k =0. If Tis a singular integral operator with kernel K &
Hp x NHu x 1, then for any 0 < p < 0o and w € Ao,

[omigwsc [ mpre e
whenever the left-hand side is finite. Furthermore, if A is sub-multiplicative, then
for allw € Ay and X > 0,
_ bl|E
w{z € R™ : |TFf(z)| > A} < c/ A ('”BM?W) Muw(x) d.
R’n
3. MAIN RESULTS

In this section we will state a new condition, weaker than the generalized Hor-
mander condition (Definition . The previous Theorems [B|and |C|still remain true
using this new condition.

Definition 3.1. Let K be a vector-valued function, A be a Young function and k €
NU {0}. The function K satisfies the L'TA’X’k—HC')rmander condition (K € HL7X’,€),
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HORMANDER. CONDITIONS FOR VECTOR-VALUED KERNELS 231

if there exist ¢4 > 1 and C4 > 0 such that for all z and R > c4|z|,

< Cy.

{Z @Ry m*| Ko — ) Kz<~)A,y|~2mR}l

m=1

Zllx
We say that K € Hio i if K satisfies the previous condition with || - || Lo |g|~2m g in
place of || - || 4,jz|~2m R

If k = 0, we denote HLX = HL,X,O and H;X = H(io,XO'

)

Remark 3.2. The classes HL x x satisfy the same inclusion of the classes Ha xk
(see Remark [2.4)), and the relation between these classes is the following:

Hax e & HL,X,k'

In section 4, we give an explicit example of a kernel K such that K € HL’ Xk

and K ¢ H 4 x 1 (see Proposition [F| and Corollary .
Using Definition the previous theorems are written as follows, for the case
k=0:

Theorem 3.3. Let T be a vector-valued singular integral operator with kernel
K e HL - Then, for any 0 < p < oo and w € A, there exists C such that

Lo <c [ Onpre. ferz@, (3.)
whenever the left-hand side is finite.
And for the case k € N:

Theorem 3.4. Let b € BMO and k € N. Let A, B be Young functions such that
Zil(t)B_l(t)@,zl(t) < t, with Cy(t) = exp(t'/¥) for t > 1. If T is a vector-valued
singular integral operator with kernel K € Hz;x N H.L,X,k’ then for any 0 < p < oo

and w € Ay, there exists C' such that

/ \TE flw < C© / (Myf)Pw, fe LP(RY),
R R

whenever the left-hand side is finite.
Furthermore, if A is sub-multiplicative, then for all w € Ay, and A > 0,

k x
w{z € R™ : |TFf(z)| > A} < c/Rn.A(MhBME\)lf()'> Muw(x) dz.

Remark 3.5. These theorems are more general than Theorem [B]and [C] since there
exists a singular integral operator whose kernel K € HL v and K & Hy xp for
some appropriate Young function A.

Let A(t) = exp(tTF) — 1 and Ci(t) = exp(t'/*). If B(t) = exp(t) — 1 then
X_l(t)Bfl(t)@,zl(t) < t. Thus, if K € HL,X,k then K € H;;’X. In this case
Theorems B.3] and B.4] can be written as follows.
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Theorem 3.6. Let b € BMO and k € NU{0}. Let A(t) = exp(tT™F) — 1. If T
s a vector-valued singular integral operator with kernel K € HL’X’,C, then for any
0<p<ooandw € Ay, there exists C such that

/ \TE flew < © / (M f)Pw < C / (M¥2 fyPw, e LR,
n R‘Hr n

whenever the left-hand side is finite.
Furthermore, for all w € Ay, and A > 0,

k x
w{z e R™ : |[TFf(z)| > A} < C/WZ ('bHBM/(\)'f(”) Muw(z) dz,

where A(t) = t(1 + log(t))**+1.

4. APPLICATIONS AND GENERALIZATION

Now, we define the vector-valued singular integral operator, T', and its commu-
tator, that will be an example of our results.

Definition 4.1. Let f be a locally integrable function in R. Let T be defined as:

Tf(z):= {/ (25%1 X(-2t20) (% —y) — %X(_QH’QH)(QS a y)> 1) dy}Zez

/Kx— (y) dy,

1 1
K(z) = {Ki(2)}iez = ﬁX(—Ql,Zl)(z) - 7X(—2171,2l*1)(z) .
2 2 lez

where K is

For this operator 7', the Banach space (X, || - ||x) will be (¢2(Z), | - ||¢).

Definition 4.2. Let f be a measurable function in R, k € NU {0}, and b € BMO.
The k-th order commutator is defined as

Sy f(@) = |IT) f(2)le2,

where Tf is the k-th order commutator of T'. The Sl’f is called the k-th commutator
of the square operator.

In [II] and [I7] the authors studied the kernel of the square operator for the
one-sided case. The following results are for the two-sided case and the proofs are
analogous to the one-sided case.
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Proposition D ([I7]). Let 29 € R and i,j € Z, i < j. Let x,y € R such that
|z — x| < 2%, y € (xg — 27FY 29 — 29) ory € (xo + 27,20 +2971). Then

|Ki(y — ) — Ki(y — 2o)|

T X (=29 w0—29) U (z0+27 +27) () if l = j,
T X (02041 w—2041) U (242041 2o +25+1) (¥)
= + 3T X (2—29 120—29) U (z0+29 0+27) (1) ifl=3j+1,
7 X (- 241 - 2041) U (ap 29+ w200y (Y)  f L =7 +2,
0 ifl%{j,j-i—l,j-f—Q}.

In [12], using Proposition |§| the authors proved the following results.
Proposition E ([12]). The kernel K ¢ Ho 42.
Remark 4.3. As K ¢ H 42, we can not use Theorem to conclude that

/wwuwmmM=/WﬁﬂM@mmms0/mﬂ“ﬂM%MMw
R R R
This inequality is still an open problem.

Proposition F ([I1]). Let A.(t) = exp(tﬁ) —1,e>0, and k € NU{0}. Then,
KecHy 2 foralle >0, and K & Hay 02 k-

In [11I] and [I2], as an application of Theorems [B| and [C] the authors obtained
the following result.

Theorem G ([11,12]). Let b € BMO and k € NU {0}. Let SF be the k-th order
commutator of the square operator. Then for any 0 < p < 0o and w € A, there
exists C' such that

/wﬁwwwwwzjmﬁﬂ@wwwwwSO/uﬁHmm%um@
R R R
whenever the left-hand side is finite.

For the case of the kernel of the square operator we obtain:

Proposition 4.4. Let k € NU {0} and A be a Young function. Then,

KEHL,@,M:’H{ < 0.

02

mk }
A-L2m8) | s

Corollary 4.5. Let A(t) = exp(tT+F) — 1. Then the kernel K € HL’ ¢ Jor any
k e NU{0}.

Corollary [L.5] tells us that the kernel of the square operator satisfies the hypothe-
ses of Theorems and (see Theorem and we obtain a new proof of the
following result.
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Theorem H ([13]). Let b € BMO and k € NU{0}. Let SF be the k-th order
commutator of the square operator. Then, for any 0 < p < 0o and w € Ay, there
exists C' such that

/ (S f(x))Pw(z) do < C / (M2 ()P () i,
R

R
whenever the left-hand side is finite.

4.1. Generalization of the square operator. In this subsection we will build
a family of operators and we will prove that they satisfy Proposition [£.:4] These
operators are a generalization of the square operator.

Let X be a Banach space with a monotone norm, see (2.1)). We define Sx f(z) :=
|Tf(x)||x, where T was defined in Definition Observe that if X = (2 then
Sx =9, the square operator.

We can generalize Proposition and Corollary replacing the £?-norm by
the X-norm. In this case, Proposition [{.4] states that for all £ > 0 and A a Young
function,

< 0o0. (4.1)
X

t mk
KeH = _
€ Faxk H{A1<2m8> }mez
1

Also, Corollary can be rewritten in this way: If A(t) = exp(t™+*) — 1 and
k€N U {0}, then K € Hf 1.

Observe that if £ € NU {0} and A(¢t) = exp(tﬁ) — 1, by Proposition M we

haVe
{ } —

Applying Theorem [3.6] we obtain
[ 1skat@Pudo = [ T @ w(z)da
Rn Rn
< c/ (Mjf(x))pw(x) dz < c/ (Mk+2f(x))pw(x) dz,

n

KeH ., & = Oy x < 0. (4.2)

X

whenever the left-hand side is finite.

Remark 4.6. Examples of the Banach spaces X are the ¢P spaces with 1 < p < co.
Observe that for p = 2 condition holds, but it is easy to see that it does not
hold for p = 1. One open question is: Does there exist a Young function A such
that the condition is finite for X = ¢'? For example, does there exist a Young

function such that the condition (4.2)) is replaced by H{#}mG(Zf{O})

?
/1

An interesting example is: given a Young function £, we denote X¢ = (RZ, ||-||¢),
the Banach space with

[{an}le = inf{/\ >0: ZE (M;|> < 1}.

ne”Z
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HORMANDER. CONDITIONS FOR VECTOR-VALUED KERNELS 235

Now we give an example of a family of Young functions for which condition
holds. Let us consider, for ¢t > 0, the Young function £(¢) = ¢" (log(t + 1))57 where
B >0 and r > 1. For this it is enough to prove that there exists 0 < A < oo such
that A € G, where

Gi=¢A>0: Y 5(1/;")<1

meZ—{0}

Let A > 1,

1/m 1 o
my 1 1
2 5( A ) 2 "g<|m|A+ ) ()"
meZ—{0} me(Z—{0})
<log (41 o1 !
=108 A A" m”
me(Z—{0})

1
< log(2)ﬁyc.

Observe that log(2)?{-c < 1 if and only if clog(2)? < A". In particular, Ao :=
(log(Z)ﬁC + 1) T satisfies this inequality, i.e., A\g € G. Thus, we have that (4.2) is
true.

4.2. Proof of Proposition and Corollary In this subsection we pro-
ceed to study the applications. Let K be the kernel of the square operator, defined
above.

Definition. We define the sets

—F, o= (z— 2™, =2t Foi= (o2 2
—Fl = (=27 z - 27 FY o= (27 427
F = —F,. ifz <0, F, = F. itz <O,

—Fb ifx >0, Fl ifz>0.

Observe that if |z| < 2¢, [~ F,, U F,| N [=Fp_1 U Fy 1] = 0, for all m € Z.

Proof of Proposition[/.]} Recall that K € HL 42, if there exist c4 > 1and Cy >0
such that for each x and R > c4|z|,

< Cy.

X

m=1

{ > @R mF|| (K- — x) — Kz('))X|yNQmR(')||A,B(o,2m+1R)}
ez

(4.3)
Let us prove that

es)..c

i
<oo:KeHA7£27k.

02
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Ifzx=0, (K(-—z)— K;(-)) =0 for all [ € Z, then the condition (4.3)) is trivial.
Let x # 0. Let R =2 i € Z, x such that |z| < 2¢, I,,, := (=2™F¢ 2m%%) and —F,,
and F,, as above. For | € Z, using Proposition |D| we obtain

o0
Do 2P (G (- — @) = Ki())Xyjmamti | AL

m=1
I4i7k 1
=2 WX—FMF;
AL
I—1+4i k 1 1
+2 (1—1) ST X—RUR T I X=Fio1UFi
AL
4 2172Fi (] — 2)k - X~ Fy_UF;_
2[+Z -1 -1 A71l71
) . 1
< 2R X _RuR + 27 = D) || s X - RUR
Ql+it+1 l lA7[l+1 Ql+i+1 1 LA,I[
1—1+4i k
+2 1+Z(l—1) TH-iX_FL—lUFL—l
AL
1—2+4i k| 1
+ 2 (l — 2) WX—FL—lLJFlfl :
A0
Using that
1
HWX—FNFL < 2‘ WX_FIUFL
AL A Q41
and
! <2‘
i X—Fi_1UF; _ = i X—Fi_1UF;_
2[.},_1 -1 -1 A71L71 2l+1 -1 -1 A,Il
we get
o0
D 2 mE||(Ky (- = 2) = Ki()Xpyimzmsi | A
m=1
I+i7k I—1+4i k
<2270 | o X-RUR T2 B GR VA e T »
s A141 s 41
Ik (1—1)k
_A71 ol+it2 +A71 l4it1
2[x| 2|z
2%
S o
—1 2L+
A (25

where the last inequality holds due to .A~! being monotone.
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Then, for all |z| < 2¢, we obtain

H{ 531 2 E|| (K (- — ) — Ko () x gzt

Attt }
AL

< 2%
A- 1 (21+z+1)
[z] lezlle?
In particular, the last inequality holds for all |z| < % As |z| < 2{, we have
oltit1 !
o> 2,
{5 sl = ) = Kozl s}
m=1 lezlle?
20%
< -
RS (2LTT1> 1ezlle
<[{=owt -2 o)
AT (2'8) J ezl A1 (28) J ezl
Then, by hypothesis, we obtain K &€ HA 2k

Now let us prove that K € HL e =

< 0o. By hypothesis,
é2

k
(=),

there exist ¢4 > 1 and C4 > 0 such that for all R € R and for all z, |z|cy < 2,

then

< Cy.

H{ S 9" R b (Ki(- ) — Kl<->>x|y.~2mR|A,Bm+l}
— 42

leZ

Let i € Z. If R = 2¢, then |z| < 2°. Thus, using Proposition |§| we get

H{ S 9 (K (- — ) Kz<o>>xy~2m+i||A,Bm+l}
LEZ

m=1

02

AT }leZ

_ {2l+zlk 1 }
vt (52 e

2|z|

1

I+igk
> {2 ) WX—FLUFZ

ZQ

02

lk
e —

02
|]

)

02

lk
o

||
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which holds for all |x| < 2¢. Then, taking supremum, we obtain

{ S 2R (K — @) - Kl<->>x|y.~2mg||A,B,m}
leZ

m=1

Cy > sup
212 x| <20 L

02

/2

; H{ : }
> sup 5 ;
2i-2<|z|<2i-1 2| | 4-1 (2”'L|“) lez

|z
<20y < . O

lk
=k,

Proof of Corollary[f.5 Let A(t) = exp(t'**) — 1. Using Proposition it is
enough to prove that for any k£ € NU {0},
< o0.

lk
H { A-1(218) }leZ 2

As A(t) = exp(t'T%) — 1, we have that A~1(t) = log(t + 1)*+1.
If m=0, A~1(2™) = A71(1) = log(1 + 1)k*! =1log(2)k*! £ 0, then #;MS) =0.
Also, A71(2™8) = log(2™8 + 1)F*1 > log(2m8)*+1 > log(2™)*+1. Then, we get

s, k '“

Hence,

2 () - 3 ()

meZ meZ\{0}

< = (o) = 5 ()

meZ\{0} meZ\{0}

1 1
S ~ <. O
2(k+1) Z 7 <

log(2) meZv (0} m

5. PROOFS OF THE MAIN RESULTS

For the proof of the main results we need the following lemma.

Lemma 5.1. Let k € N U {0}. Let A, B be Young functions such that
j_l(t)B_l(t)é,zl(t) < t, with Ci(t) = exp(t'/*) for t > 1. If T is a vector-valued
singular integral operator with kernel K such that K € H,E,X N HL’X,,C, then for
any b € BMO, 0 < § <e <1 we have:

a) if k=0, B=A, then there exists C > 0 such that

MET () = (ME|TF18)F (2) < C Mg f (),

for all x € R™.
b) If k € N, then there exists C = C(d,¢) > 0 such that

k—1
M(IT5 flx)(@) < C Y lbllnio Me(T3 £) () + Clbllao Mg f (),

§j=0
for all x € R™.
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Proof. The argument is similar to the proof of Lemma 5.1 in [I1]; we only give
the main changes. Let’s consider part (b); the proof of part (a) is analogous, with
kE=0.

Let K € Hz;,x N HLX’,@ and k € N. Then for any A € R, we can write

TFf(z) = T((A — ) + Z Crm (b(z) = N (). (5.1)

Let us fix € R” and B a ball such that € B, B := 2B, and c¢p the center of
the ball B. Let f = f1 + fo, where f1 := fx 3, and let a := ||T'(bg — b)* fa(cB)| x-
Using (5.1) and taking A = bp = \113’| J50,

s 1/6
<|;ﬂ/ T @) — b dy> < (;|/B||Tlff(y)—T(bB—b)kf2(cB)g(dy)

<B/ HZ% ) = b)Y F(y) + T((bg — b)* F)(w)

s 1/6
=~ T((bs ~ ) o) es) | dy>
o[y -t s )

+ (|B|/ 1T((bg — b)kfl)(y)H; dy>1/5

1/6
<|B|/ IT((b5 = ) F2) () = T((b — b)* f2) (eB)||% dy> ]
= C[I +II +1I1].

The estimates of I and IT are analogous to the corresponding ones in [IT], Lemma
5.1]. Then

k—1
I<e) CrmlbllgaoMe(IT3 fllx) (),

m=0

1T < C|bllyio M/ (@).
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Now III. By Jensen’s inequality and the property of the norm (2.1)), we get

1T < % /B IT((bg — )" f2)(y) = T((bg — b)* f2)(cr)x dy

= L =~ Kien - pos — s sy asf | an

“m fl.o

< L =0 Ko - s - sotisnas | an

For each coordinate [ € Z, we proceed as in the proof of Lemma 5.1 in [IT]. Let
Bj :=2/T1B for j > 1, and we obtain

/gc [Ki(y = 2) = Ki(es = 2)lbg — b(2)[*|f(2)] d=

[ ity = 2) - Kifen = 2) (b5 - b)) 1) s

< O1blnio Moy (Z @R | (Kily —-) — Kile — s, .6,
o0
+) (@ R)"F(Ki(y — ) — Kies — ) A,Bj>-
Jj=1
Hence,
1 o0
mso | H{cnbl’gMo (Z @R |(Kily —-) — Kales — ), .5,
j=1

+§ (2T R)"5*||(Ki(y — ) — Kilen — -))xs, IIABJ>}H dy

1
< c||b||§Mosz<l‘)® /B{

o0
Z (2 R)"jM(Kuly — ) — Kilen —))xs; llas,

Z (2R)"|(Ki(y — ) — Ki(ep — ) xs; 18,5,
=1

K
X

X

< c||b||§MoM;f<x>® /B dy = Clb|Eo M/ (),

where the last inequality holds since K € H Zg, x N HL, x and we have used that
x € B C Bj and that |xp —y| < R since y € B.
Thus,

1 1/8 k-1 o
(o5 [ QIS ~ af1as) <€ 3 s M 1))

m=0

+ ClbllEpo Mz f (). O
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Now we proceed to prove the main theorems.

Proof of Theorem[3.3 By the extrapolation result Theorem 1.1 in [5], estimate
holds for all 0 < p < oo and all w € Ay if, and only if, it holds for some
0 < py < oo and all w € Ay,. Therefore, we will show that is true for py,
which is taken such that T is of strong type (po, po)-

First we consider w € L>® N Ay,. Since w € A, there exists r > 1 such that
w € A,. Observe that for 0 <0 =po/r <1, w € Ay, /5. Since f € L, we have

1
I1Ms(T )| poocr = HM(ITf|6)H2pTo(w) < CNTfllprowy < 1wl I TF] oo < oo.
Then using part (a) of Lemma[.1] we obtain
/ IITf||£';°w§/ M%(\|Tf||§°)w:/ (M(”Tf”z;o/r)) w
R™ Rn R™
/8 Po
<o [ OEqrAD w=ec [ (ML)
R™ Rn
<e / (Mf)™ w.

Thus, for all w € L™ N Ay, we have (3.1) for pg, that is

/ Mﬂ@wéc/ (M f)™ w.
R R

If we consider w € Ay, for any N > 0 we define wy = min{w, N}. Then
wn € Ay and also [wy]a. < Clw]a,, with C independent of N. Since wy € L,
holds for wy and C' does not depend on N. Letting N — oo and using the
monotone convergence theorem we conclude for pp and any w € A..

Thus, as mentioned, using the extrapolation results obtained in [5], holds
for all 0 < p < 0o and w € A. (]

Proof of Theorem[3]} The proof is analogous to the proof of Theorem 3.3, part
(a), in [I1], using in this case Lemma O

6. FRACTIONAL INTEGRALS

For fractional integral operators there exist L4*-Hoérmander conditions defined
in [2]. The authors obtained the inequality (L.1)) with M , the fractional maxi-

mal operator associated to A. In this section, we present a weaker condition for
fractional vector-valued kernels and obtain similar results and applications.
Recall the notation: |z| ~ s means s < |z| < 2s and given a Young function A

we write || f[l.a,jzj~s = [[fX|z)~s 4, B(0,25)-
The new condition is the following.

Definition 6.1. Let K, = {K, }iez be a vector-valued function, A be a Young
function, 0 < a@ < m, and k € NU {0}. The function K, satisfies the L?’A’X’k—

Hormander condition (K € H;A’Xﬁ), if there exist ¢4 > 1 and C4 > 0 such that
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for all x and R > calz|,

We say that K, € H ok if Ko satisfies the previous condition with [|-[| Lo |zj~2m R
in place of || - ||A’|I‘N277LR
If k = 0, we denote H] 4 v = H! 4 and H _=H __ .

< Cay.
X

{ S emry=mt s = ) KotOllajyesnn |

m=1

IeZ

We also need an extra condition that ensures a certain control of the size; in
this case it is:

Deﬁmtlon 6.2. Let A be a Young function and let 0 < a < n. The function
= {Kq,}iez is said to satisfy the 5’ A.x condition, denoted by K, € 5’ AX
1f there exists a constant C' > 0 such that

(K.

Remark 6.3. If A(t) < ¢B(t) for t > tp, some ty > 0, then

a—n
}ZGZHX <Cs .

T i T T
H, g xr CHyax and Fax CTanx

«,
Remark 6.4. Observe that the M is the fractional maximal operator associated
to the Young function A, that is
M, zf (@) := sup|B|*/"| fl 5 p-
B>z
The results in this case are

Theorem 6.5. Let A be a Youngfunction and0 < a <n. Let To.f = {Ka1*f}icz
with kernel Ko = {Kq1}iez € 5/ ax N HaAX Let 0 < p < oo and w € Ay
Then there exists ¢ > 0 such that

/R | T f 5w < © / (M, <f)Pw, fe L2,

whenever the left-hand side is finite.

Theorem 6.6. Let 0 < a < n, b € BMO and k € N. Let T, be a convolu-
tion operator with kernel Ko = {Kq,}icz such that T, is bounded from L% (dx)

to LR (dx), for some 1 < po,q0 < oo. Let A, B be Young functions such that

AT OB )T, (1) < t, with C(t) = exp(t/%) for t > 1. If Ko € S} 1)

HlAXﬂH B.X k> then for any 0 < p < 0o and any w € Ay, there exists ¢ > 0

such that
/R T F % < Ol / (M, </)"w, | € LE(R™,

whenever the left-hand side is finite.
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Remark 6.7. The proofs of these results are analogous to the ones in [2] with the
same changes of the results for the vector-valued singular integral operators above.
Also for the proofs of these results we need the following lemma, whose proof is
analogous to that of Lemma [5.1] and that of Theorem 3.6 in [2].

Lemma 6.8. Let A be a Young function and 0 < a < n. Let To,f = K, * f with
kernel K, € y(LA,X N Hl,A,X' Then for all0 < 6 < e < 1 there exists ¢ > 0 such
that

1
ME||Tofllx (@) = (MA|Tufll%)7 (2) < ¢ M, 2 (x),
for allz € R" and f € L.

There exist relations between the kernels which satisfy the fractional condi-
tions YJ,A’X and Hl A.x.x and the kernels which satisfy the conditions YJ"X and
HL’ xx- The next proposition shows this relation and also a form to define kernels
such that they satisfy the fractional condition. The proof is analogous to that of
Proposition 4.1 in [2].

Proposition 6.9. Let K = {K;} ez and Ko = {Ku,1}iez defined by Ko(z) =
2|°K (). If K € S} x NH x, then Ko € 71 4« NHL 4 v ).

We know that, for certain Banach spaces X, the kernel of the square operator sa-

I 1
tisfies the conditions yj,x and HL’X,,Q, for example X = (P and A(t) = expTHF —1;
for more examples see Section 4. Now we can define the fractional square operator,
K

Soux 0) = ITaf @ = |{ [ 1o = ol Fite )0 o}
R X
where K = {K;}icz is the kernel defined in Section 4. Let b € BMO and k € N;
the commutator is defined by
S xof@) = 15 @) = |{ [ 060) ~ b Hle = o1 Kile — ) 1(0) o}
R ezl x

By Proposition we have that S, x f(z) satisfies the hypothesis of Theo-

rem [6.6 Then, Theorem [3.6] for the fractional square operator is

Theorem 6.10. Let b € BMO, k € NU {0}, and 0 < a < n. Let A(t) =
exp(tlﬁ) —1. IfK € YJ‘X ﬂHLX,C, i.e.
ZCA)X < 00,

I}
M) me@z—{o})| x

then, for any 0 < p < 0o and w € Ay, there exists C such that
[ 18t xpt@Pu@)de <€ [ (Mo piog i (@) wle) do.
Rﬂ, RTL

In [1], the authors studied the weights for the fractional maximal operator related
to a Young function in the context of variable Lebesgue spaces. They characterized
the weights for the boundedness of M, 4 with A(t) = ¢"(1 + log(¢))?, r > 1 and
B = 0.

Rev. Un. Mat. Argentina, Vol. 60, No. 1 (2019)



244 A. L. GALLO, G. H. IBANEZ FIRNKORN, AND M. S. RIVEROS

For any 1 < p, ¢ < oo, we define the A, , weight class this way: w € A4, 4 if and
only if w? € A4 .

The result in the classical Lebesgue spaces, that is, the variable Lebesgue spaces
with constant exponent, is the following.

Theorem I ([I]). Letw be a weight, 0 < a <n, 1 <p<n/a, andl/q=1/p—a/n.
Let A(t) = t"(1+log(t))?, with 1 <r < p and B > 0. Then M, 4 is bounded from
LP(wP) into LI (w?) if and only if w™ € Ay q/r-

Applying this result to Theorem [6.10] we obtain that if w € Ap 4 then for all
l<p<n/aand 1/g=1/p—a/n,

| Ikt @lrt@yde < e [ (0 g e 1) w(a) da

Rn
<c [ @) o
So we have the following result.

Corollary 6.11. Let0 < a<1,1<p<l/a, and1l/g=1/p—a. Ifw e 4y,
then Ss,x,b is bounded from LP(wP) into LI(w9).
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