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ALMOST ADDITIVE-QUADRATIC-CUBIC MAPPINGS IN
MODULAR SPACES

MOHAMMAD MAGHSOUDI, ABASALT BODAGHI, ABOLFAZL NIAZI MOTLAGH,
AND MAJID KARAMI

ABSTRACT. We introduce and obtain the general solution of a class of general-
ized mixed additive, quadratic and cubic functional equations. We investigate
the stability of such modified functional equations in the modular space X,
by applying the Ag-condition and the Fatou property (in some results) on
the modular function p. Furthermore, a counterexample for the even case
(quadratic mapping) is presented.

1. INTRODUCTION

In 1940, Ulam raised the first stability problem before a Mathematical Col-
loquium at the University of Wisconsin, where he presented a list of unsolved
problems that were published years later in the book [38]. He posed the question
of whether there exists an exact homomorphism near an approximate homomor-
phism. An answer to the problem was partially given by Hyers [12] for linear
functional equations in the setting of Banach spaces. Later on, various general-
izations and extension of Hyers’ result were ascertained by Aoki [I] for additive
mappings, Th. M. Rassias [34] for linear mappings by considering an unbounded
Cauchy difference, and also J. M. Rassias [32], Gajda [I1I] in different versions.
Over the last seven decades, the Ulam problem was tackled by numerous authors,
and its solutions via miscellaneous forms of functional equations like additive [37],
quadratic [36] [§], cubic [I8], 26], quartic [3, 20], and mixed type functional equa-
tions [4} [6] [9, 28], [41] which involve only these types of functional equations were
discussed.

The functional equation f(z + y) + f(z —y) = 2f(z) + 2f(y) is related to
symmetric bi-additive functions. Since f(x) = cz? is its solution, it is natural that
this equation is called a quadratic functional equation. In particular, every solution
of the quadratic equation is said to be a quadratic mapping.

In 2001, J. M. Rassias [33] introduced the cubic functional equation

flx+2y) =3f(x+y) +3f(x) — f(x —y) =6f(y) (1.1)
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and established the solution of the Hyers—Ulam stability problem for these cubic
mappings. It is easy to see that the function f(x) = ax® satisfies (1.1]). The
alternative cubic functional equation

fRr+y)+ f2z —y) =2f(z+y) +2f(x —y) + 12f() (1.2)

has been introduced by Jun and Kim in [I3]. They found out the general solu-
tion and established the Hyers—Ulam stability for the functional equation (|1.2)).
Moreover, in [I4] they introduced the cubic functional equation

fl@+2y) + fe—2y) =4f(x +y) + 4f (z —y) — 6f(z)
and investigated the Hyers—Ulam stability problem for it. In [7], Bodaghi et al.
introduced a generalization of the cubic functional equation as follows:

flx+ny)+ flx —ny) =2 <2cos (n—;—) +n? - 1) f(x)

5 (cos (") m? = 1) F20) + 2w +9) + f )} (13)

for an integer n > 1. They determined the general solution and proved the Hyers—
Ulam stability problem for the functional equation (|1.3)) related to cubic Jordan
x-derivations. The stability of the equation in various spaces is studied in [5].
The cubic functional equation which is the generalization form of the mentioned
versions was given in [2] as follows:

fma +ny) + f(ma —ny) = mn*{f(z +y) + f(z = y)} + 2m(m* —n?) f(2),

where m,n are integer numbers with m > 2.

Nakano [27] initiated the study of modulars on linear spaces and the related
theory of modular linear spaces as generalizations of metric spaces. After that,
Luxemburg [21], Mazur, Musielak and Orlicz [23] 24, 25] thoroughly developed
it extensively. Since then, the theory of modulars and modular spaces has been
widely applied in the study of interpolation theory [22] [19] and various Orlicz
spaces [29]. A modular yields less properties than a norm does, but it makes more
sense in many special situations. When we work in a modular space, it is fre-
quently assumed that the modular satisfies extra additional properties like some
relaxed continuity or some As-condition. As for the mentioned condition, Khamsi
[15] studied the stability of quasicontraction mappings in modular spaces without
As-condition by using the fixed point theorem. The stability results of additive
functional equations in modular spaces equipped with the Fatou property and As-
condition were investigated by Sadeghi [35], who used Khamsi’s fixed point theo-
rem. In addition, the stability of quadratic functional equations in modular spaces
satisfying the Fatou property without using the As-condition was investigated in
[40]. Recently, Park, Bodaghi, and Kim [30] investigated the stability of addi-
tive and Jensen-additive functional equations without using the As-condition by a
fixed point method. An alternative generalized Hyers—Ulam stability theorem of a
modified quadratic functional equation in a modular space using the Az-condition
without the Fatou property on a modular function can be found in [I6]. In ad-
dition, a refined stability result and alternative stability results for additive and

Rev. Un. Mat. Argentina, Vol. 60, No. 2 (2019)



ALMOST ADDITIVE-QUADRATIC-CUBIC MAPPINGS IN MODULAR SPACES 361

quadratic functional equations using the direct way (Hyers’ method) in modular
spaces are given in [I7].

In [39], Wang et al. obtained the general solution and investigated the Ulam
stability problem for the following mixed additive, quadratic and cubic functional
equation

fRz+y)+ fRr—y) =2{f(z +y) + f(x —y)}
+2f(2z) —4f(x) = f(y) — f(=y)
in Banach spaces. A different form of a mixed additive, quadratic and cubic func-
tional equation which is introduced in [I0] is as follows:

fla+my) + fz —my) = m*{f(z +y) + fl@ —y)} + 201 —m?) f(z), (1.5)
where m is a fixed integer with m # 0, £1.
In this article, for two vector spaces X and Y, we consider the mapping f : X — Y
which is a common solution of the functional equations
f(mz +ny) + f(mx —ny) + f(nz + my) + f(nz —my)
=mn(m+n)[f(z+y)+ flx—y) —2f(x) = fly) - f(=y)] (1.6
+2[f(ma) + f(nz)] + (m* +n?)[f(y) + f(~y)]
for the fixed integer n and any integer m such that m,n # 0,+1 and m + n # 0.
We note that each element of this class of functional equations can be considered
as a combination of ([1.4)) and (1.5 in a general form. It is easily verified that the
function f(z) = ax®+ Bz%+~x is a solution of the functional equation ([L.6]) for all
m,n with m,n # 0,+1 and m + n # 0. We obtain the general solution and study
the Hyers—Ulam-Rassias stability of the equation (1.6 in the setting of modular
spaces.

(1.4)

2. PRELIMINARY NOTATIONS

In this section, we recall some basic facts concerning modular spaces and some
preliminary results.

Definition 2.1. Let X be a linear space over a field K (R or C). A generalized
function p : X — [0,00] is called a modular if it satisfies the following three
conditions for elements a, 8 € K, z,y € X:
(i) p(xz) =0 if and only if z = 0;
(ii) p(ax) = p(x) for all scalars a with |a| = 1;
(iii) p(ax + By) < p(x) + p(y) for all scalars a, f > 0 with o + 5 = 1.

If the condition (iii) is replaced by p(ax+pBy) < ofp(x)+ 6 p(y) when of + 5" = 1
and «,8 > 0 with a ¢t € (0,1], then p is called a t-convexr modular. 1-convex
modulars are called conver modulars. For a modular p, there corresponds a linear
subspace X, of X, given by X, :={z € X : p(Az) — 0 as A — 0}. In this case X,
is called a modular space.

Let p be a convex modular. Then, the modular space X, can be equipped with
a norm called the Luzemburg norm, defined by ||z, = inf{fA > 0: p (%) < 1}.

We remind the following notes, which are taken from [16]:
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(1) If p is a modular on X, then p(tz) is an increasing function in ¢ > 0 for
each fixed z € X, that is, p(ax) < p(bx) whenever 0 < a < b;

(2) If p is a convex modular on X and |a| < 1, then p(az) < |a|p(z) for all
z € X. In particular, if a; > 0 (j = 1,2,...,n) with 0 < Z?Zl a; <1,

then p (Z;’:l ajmj) <Y ajp(xy) for all z; € X

Definition 2.2. Let X, be a modular space and let {z,} be a sequence in X,.
Then
(i) {zn} is p-convergent to a point z, € X, and we write z,, 5 x, if p(z, —
xy) — 0 as n — o0;
(ii) {zn} is a p-Cauchy sequence if for any € > 0 one has p(x,, — x,,) < € for
sufficiently large m,n € N;
(iii) A subset Y C X, is called p-complete if any p-Cauchy sequence is p-
convergent to a point in Y.

Example 2.3 ([3T]). Let ¢ : [0,00) — R be a function defined by ¢(0) = 0
and ¥(t) > 0 for all ¢ > 0, and lim;—, o ¥(t) = oo. If moreover ¢ is convex,
continuous and nondecreasing, then 1 is called an Orlicz function. For a measure
space (X,>", 1), suppose that LO(u) is the set of all measurable functions on X.
For each f € L°(u), define py(f) = [ ¥(|f]) dp. Then, py is a modular and the
corresponding modular space is called an Orlicz space and denoted by

Ly ={f € L°(n) : pp(Af) = 0 as X — O}
One can check that Ly is py-complete.

A modular function p is said to satisfy the Ag-condition if there exists k > 0
such that p(sx) < kp(z) for all 2 € X,. Throughout this paper, we say that the
constant k is a As-constant related to the Ag-condition. Suppose that p is convex
and satisfies the Ag-condition with Ag-constant . If k < s, then p(x) < kp (f) <
Zp(x), which implies p = 0. Hence, we must have the Aj-constant x > s if p is
convex modular. It is said that the modular p has the Fatou property if and only
if p(z) < liminf, o p(z,) whenever the sequence {z,} is p-convergent to x in the
modular space X,.

3. SOLUTION OF EQUATION ([1.6))

In this section, we find out the general solution of (|1.6)). Here, we consider the
following mixed additive, quadratic and cubic functional equation

fnz +y) + f(nz —y)

=n{f(z+y)+ flz—y)} +2f(nx) — 2nf(z) — (L -n)[f(y) - f(=y)] (3.1)

for the fixed integer n such that n # 0,£1. It is easy to check that the equation
(3.1) is a generalized form of (1.4) and that f(z) = ax® + bx? + cx is a solution of
it.

Lemma 3.1. Let X and Y be real vector spaces. If the mapping f : X — Y
satisfies the functional equations (1.5) and (3.1)), then f satisfies (1.6]).
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Proof. Replacing = by na in (|1.5), we have

f(nz +my) + f(nz —my)
=m?*{f(nz +y) + f(nx —y)} +2(1 — m®) f(nz) (3.2)
for fixed integer m with m # 0, 41. It follows from and our assumption that
f(nz +my) + f(nz —my)
=m?[n(f(z +y) + flz —y)) = 2nf(2) + 2f(nz) + (1 = n)(f(y) + f(~y))]
+2(1 — m?) f(nz) (3.3)
for all z,y € X. Changing (m,n) by (n,m) in , we get
f(mz +ny) + f(mz —ny)
=n’[m(f(z+y) + flz —y)) — 2mf(z) + 2f (mz) + (1 = m)(f(y) + f(~y))]
+2(1 — n?) f(mz) (3.4)
for all x,y € X. Adding both sides of and , we obtain . O

In the sequel, by “the mapping f : X — Y satisfies the functional equation
(1.6)”, we mean that f satisfies (1.6 for the fixed integer n and any integer m such
that m,n # 0,+1 and m + n # 0.

Proposition 3.2. Let X and Y be real vector spaces. Suppose that the mapping
f: X =Y salisfies the functional equation (|1.6)).

(i) If f is an even mapping, then it is quadratic;
(ii) If f is an odd mapping, then the mappings g,h : X — 'Y defined by g(x) :=
f(2z)—8f(x) and h(x) := f(2z)—2f(x) are additive and cubic, respectively.

Proof. (i) By our assumption, the equation can be rewritten as follows:
f(ma +ny) + f(ma —ny) + f(nz +my) + f(nz —my)
=mn(m+n)[f(z+y)+ flz—y) —2f(x) - 2f(y)]  (3.5)
+2[f(mz) + f(nz)] + 2(m* +n?) f(y).
Note that f(0) = 0. Replacing (z,y,m) by (0,z,n) in (3.5), we get

f(nz) = n®f(z) (3.6)
for all x € X. Putting m =n in and using 7 we have
(n=1)[f(x+y)+ flx—y) —2f(z) —2f(y)] =0 (3.7)

for all z,y € X. Since n # 1, it follows from (3.7)) that f(z +y) + f(z —y) =
2f(x) 4+ 2f(y) for all z,y € X. This means that f is a quadratic mapping.
(ii) The hypothesis shows that the equation (1.6)) is equivalent to

f(mz +ny) + f(mz — ny) + f(nz +my) + f(nz — my)
=mn(m+n)[f(z+y)+ f(x —y) = 2f(2)] + 2[f(mz) + f(nz)]. (3.8)
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Letting y = = and m = 2n in (3.8]) and using the oddness of f, we get
f(3nz) = 3n*[f(22) — 2f(2)] + f(2nz) + f(nz) (3.9)

for all x € X (and for the rest of this proof, all the equations are valid for all
z € X). Putting y = x and m = 3n in (3.8)), we obtain

fldnz) = 6n°[f(22) — 2f(z)] + f(3nz) + f(nz). (3.10)
Replacing (z,y,m) by (2z,z,n) in (3.8), we have
f(3nz) + f(nz) = n’[f(3z) + f(x) — 2f(2z)] + 2f(2nz). (3.11)
Substituting (z,y,m) by (3z,z,n) in (3.8), we deduce that
f(4nz) + f(2nx) = n®[f(4z) + f(2x) — 2f(32)] + 2f(3nz). (3.12)
Changing (z,y, m) into (z,2z,n) in 7 we obtain
f(3n) - f(na) = nlf (32) - 3f(@)] + 2f (na). (3.13)
It follows from and that
F(3na) = *[f(32) — f(22) — f(2)] + [ @na) + f(n). (3.14)
Since n # 0, the equalities and imply that
4f(2z) —5f(x) — f(3z) = 0. (3.15)

Changing (z,y,m) by (z,3z,n) in , we get
f(4nz) — f(2nz) = n®[f(4z) — f(2x) — 2f(x)] + 2f (nx). (3.16)
Adding to , we have

f(dnz) = n°[f(4z) — f(3x) — f(2)] + f(3nz) + f(nz). (3.17)
From the relations and , we arrive at
6f(2x) — 11f(z) — f(4x) + f(3z) = 0. (3.18)
Plugging into , we find
f(dx) —10f(22) + 16f(x) = 0. (3.19)
From the relation , the desired results can be obtained. O

Here and subsequently, given f : X — Y, for simplicity, we define the difference
operator Ay, ,f : X x X =Y by

A f(2,y) == f(mz 4+ ny) + f(mz — ny) + f(nx +my) + f(nx —my)
=mn(m+n)[f(z+y)+ f(x —y) - 2f(x) - f(y) — f(~v)]
+2[f(mx) + f(nx)] + (m* +02)[f(y) + f(—y)]

for all x,y € X, the fixed integer n and any integer m such that m # 0,+1,
m+n #0.
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4. STABILITY OF EQUATION (1.6 IN MODULAR SPACES

In this section, we prove the generalized Hyers—Ulam—Rassias stability of the
mixed type additive-quadratic-cubic functional equation . From now on, we
assume that V' is a real vector space and X, is a complete modular space that
satisfies the As-condition and has the Fatou property unless otherwise stated ex-
plicitly. In the next theorem we prove the stability of the functional equation
as a quadratic functional equation (the even case of ) in the modular spaces.

Theorem 4.1. Let s € {1,—1}. Let ¢: V x V — [0,00) be a function such that

o 2ls-1j , _
Z yE o(2%x,2%y) < 0o (4.1)

J=3ls=1]|

for all x,y € V. Suppose that f : V — X, is an even mapping satisfying f(0) =0
(when s = 1) and the inequality

p(Am,nf(xvy)) < é(z,y) (4.2)

for all x,y € V. Then, there exists a unique quadratic mapping Q : V — X, such
that
1 & kAT (275g)
@) - < S e (43)

for all x € V', where

1

)
(@) 2n2|n — 1|

[6(0,2) + 0(a, ) + 56(0,22)]. (1.4)
Proof. We first consider s = 1. Note that in this case f(0) = 0 is assumed.
Replacing (x,y,m) by (0,z,n) in , we get
p(4f(nz) — 4n* f(z)) < $(0,2) (4.5)
for all z € V. Substituting (z,y,m) by (z,z,n) in ([@.2), we obtain
p(2f(2nx) — 20°(f(22) — 4f(2)) — 4f (nx) — 4n*f(2)) < ¢(z, ) (4.6)
for all x € V. The relation can be modified as follows:
p(2f(2n) — 202 f (20) — 202(n — 1)[f (20) — 4f ()]
— [4f (nz) — 4n® f(2)]) < ¢(x,x) (4.7)
for all z € V. The relations and imply that

p(f(2nz) —n?f(2x) = n?(n — 1)[f(2x) — 4f(2)]) < %[¢(0, z)+ ¢z, x)]  (4.8)
for all x € V. Also, it follows from that
p(f(2n) — n*f(20) < 16(0,22) (49)
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for all z € V. Plugging (4.8) into (4.9)), we find

prg_”U@w—4mm)fiW&@+¢@””+§WQ%>

for all x € V. So,

o(f(21) — 4 (x)) < B(x) (410)
for all x € V, where ®(z) is defined in (4.4]). The inequality (4.10) implies that

p<ﬂ@fﬁ”>siﬂm

for all z € V. Once more, by induction on k, one can prove the following functional
inequality:

k—1

i o (4.11)

j=0

(1 - L80) < 2

for all 2 € V. Now, changing = by 2!z in (#.11]), we have

2y ok+y, 18 927
p(f( ) S ))<Z (2x)

4L 4k =4 4 47
j=l

for all x € V. Since the right-hand side of the above inequality tends to zero
as [ goes to infinity, the sequence {f(ii’;:c)} is a p-Cauchy sequence in X, and so
the mentioned sequence is p-convergent on X,. Thus, we may define the map-
ping @ : V — X, via Q(z) = p — limpoo f(2 2 for all 2 € V. In other words,
limg_, o p( (2 2) _ Q(z)) = 0. Replacing (z,y) by (2¥x,2%y) in , and divid-
ing the resulting inequality by 4%, we get

1 1 1
p (MAm,nf(%z’fy)) < 5P (A f(22,2%)) < 6(2%2,2%y)

for all z,y € V. For the fixed and arbitrary integer m # 0,41, put ¢ = 9 +
6/mn(m + n)| + 2(m? + n?). By the property p(at) < ap(t) when 0 < a < 1, we
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have

1
1Y (tAm,n Q(x, y)>

:/J(l [Ame(%y) Annl G 29) | Amal G Py )D

t 4k 1k
- %p (Q(mm ) - f(2k(m4i+ ny))> N %p <Q(m ) — f(2’“(7ri19;;— ny)))
N %p (Q(m my) f(2’“(nzk+ my))) N %p (Q(m oy — f(2’“(nzk— my)))
N Imn(ﬂz+n)|p (Q(mﬂ/) B f(2k<jk+ y))>
o+, (g@ e f(2’“(;vk— y>>>
+2|mnm—|—n Ner ))+|2mn(T+n)|p(Q(y)_f(j:y)>
2, omer- f@km@) i L2

t 4k

L 2Am? t+n )p <Q(y) B f(i:y)) N %p (Am,nf(j:zﬂ’“y))

for all z,y € V and all positive integers k. Taking the limit as k¥ — oo, we see that
p (%Am,nQ(x,y)) = 0, and hence A, ,Q(z,y) = 0 for all z,y € V. This means

that Q is a quadratic mapping. Now, it follows from the Fatou property of modular
p that

k—1
D(2
>

j=0

P(f(x)—Q(m))Sliminf(f(x)—f x) i

p—r00

for all x € V, which shows that the relation ) holds. For the uniqueness of Q,
we assume that there exists another quadratlc mapplng Qo : V — X, such that

pf@) - Q) < 1 3 T2

7=0

for all x € V such that Qg(z.) # Q(z.) for some z, € V. In other words, there
is a positive constant ¢ > 0 such that p(Qo(m*) — Q(z4)) > J. On the other hand,
there is a positive integer pg € N such that * Z o <D(2 =) < 4. Since Q and Q9
are quadratic mappings, we have Qg(2Foz) = 4pO Qo(x ) and Q(2Pox) = 4P0Q(x).
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So,

5 < p(Qulx) — Q) < —-p(Qo(2") — F(2)) + ——p (F(2a) — Q(2"x))

4po
23 +po x

1 < ®(27x)
—42 43+Ppo ZZ 49 <9,
J=Po

which is a contradiction. Now, assume that s = —1. Since x > 2, (4.1]) implies
that f(0) = 0. It follows from (4.10) that

p(rr-11(3) <2 (3) e

for all x € V. By the convexity of the modular p, As-condition and (4.12)), we have

p (160 =5 () = o (41600 = 25 (5)) + 30 (21 (3) - 01 (35)

2 4
53T (2)

for all x € V. It is routine to show by induction on k > 1 that

>

2(2j—1) jA(k—1)

k-1
(041 () s X o () e () e

for all z € V. Replacing = by 57 in (4.13)), we get

() =4 (i) = o 1) 47 (5)

(2(25—1) 4(k—1)

21 z 21k €
SK Z (2j+l) M= <2k+l) (4.14)
l k+l 1 2(25-1) 1 A(k+1-1)
< i Z k Y, ﬁ + i k d x
K2l 47 2] K2l gk+i—1 ok+1

j=1+1
for all x € V. It follows from and that the sequence {4%f (%)} is
a p-Cauchy sequence in X,. So, there exists a mapping Q : V — X, such that
Q(x) = p — limp_00dbf (2%) This means that the mentioned sequence is p-
convergent to Q(x). Using the Ag-condition without applying the Fatou property,
we obtain

p(F(x) ~ Q) < 1o (4F() — 7 () + 10 (45717 () — 42())
o (10 -1 () + o (#5 (5) - o)

K’ : @(£)+ﬁ@¢<£>
4 < 49 27 4 4k-1 2k

IA
e

IN
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for all x € V. Letting k — oo, we see that (4.3) holds. The rest of the proof is
similar to the case s = 1. This completes the proof. O

The following corollaries are the direct consequences of Theorem concerning

the stability of ([1.6]).

Corollary 4.2. Let V' be a normed space and X, a p-complete convexr modular
4

space. Assume 6 > 0 and r > 0 with r # 2,1og2%. If f : V — X, is an even
mapping satisfying

pAmnf(@,y)) <Ol + [lylI")

for all x,y € V, then there exists a unique quadratic mapping Q : V — X, such
that

6(3+2""1)
2n2|n—1[(4—27)

lz|" 7 €(0,2),
p(f(z) — Q(x)) < o
0(3+2 )k

4
sty lzl” € (logy" , 00),

forallx e V.

Proof. We first note that f(0) = 0. Putting ¢(x,y) = 0(||z||” + ||ly||") in Theo-
rem one can obtain the first and second inequalities for s = 1 and s = —1,
respectively. O

Corollary 4.3. Let V' be a normed space and X, a p-complete convexr modular
4

space. Assume 0,p,q > 0 and r = p+ q with r # 2,10g2%. Iff:V = X, is an
even mapping satisfying

PAmnf(2;y)) < Ollz|"llyl|?

for all x,y € V, then there exists a unique quadratic mapping Q : V — X, such
that

sz el r € (0,2),
o (x) - Q) < ° .
sy lzll” 7€ (logy' , 00),
forallx € V.
Proof. Refer to the proof of Corollary [1.2] O

Remark 4.4. We should remember that

(i) in the case s = 1 of Theorem we have used the Fatou property while the
Ao-condition is not applied and vice versa for the case s = —1;

(1‘11) in Corollary and Corollary if the As-constant is k = 2, then

log;T = 2. So, the second conditions convert to r € (2, 00).

The idea of the following example is taken from [ITI]. We show the hypothesis
r # 2 can not be removed in Corollary
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Example 4.5. Let 6 > 0. For the fixed and arbitrary integers m,n with m,n #
0,£1 and m+n # 0, set p = 64”2, where ¢t =max{|m|, |n|} and v = |6mn(m +
n) + 2(m? + n?) + 8|. Consider the function 1 : R — R defined by

() = pr? |z <1,
oozl =1
Suppose that the function f : R — R is defined through

o0 k
):Z¢(zkx), x eR.
k=0

We have f(0) = 0 and f is an even function. Furthermore, v is continuous and
bounded by p. Since f is a uniformly convergent series of continuous functions, it
is continuous and bounded. Indeed, for each z € R, we have |f(z)| < 34 We wish
to show that

A f(2,9)] < 0(2® +37) (4.15)
for all z,y € R. Obviously, (4.15) holds for z = y = 0. Assume that z,y € R with
R R #. Thus, there exists a positive integer IV such that

1

2 2

22N+3t2

So, |#| < £ and |y| < 4;, and hence |z| + |y| < 5. Therefore,

o2
{12¥ " (mx £ ny)| < 1, 2V nz £ my)| < 1, |2V Ima| < 1,

12V Inx| < 1, 2N Imy| < 1, 2V iy < 1, 2V Nz £ y)| < 1,
2Nz < 1, |2V 12y < 1} C (—1,1).

Since v is quadratic on (—1,1), by Proposition [Ny nth (282, 28y)| = 0 for all
ke€{0,1,2,...,N — 1}. The last equality and the relation (4.16) imply that

|Am,nf(2kxa2k Z lAm n'(/) 2kw 2k )|

x? + y? 4k (22 +y2)
. Svut? 64,
< < —vut: =40
_Z4k4N:E2+y) kz_o 4k —3”’”
for all z,y € R. If 22 + 2 > 16t2,then
Amp f(2"2, 2" 64
| ,f( €z y)' S*I//Lt2:9.
x? + y? 3

Therefore, f satisfies for all z,y € R. Now suppose, contrary to our claim,
that there exists a number b € [0,00) and a quadratic function @ : R — R such
that |f(z) — Q(x)| < bz? for all x € R. Hence, there is a constant ¢ € R such that
Q(x) = ca? for all z € R. So

|f(@)| < (| + b)z? (4.17)
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for all x € R. On the other hand, consider p € N such that (p+ 1) > |¢| +b. If ©
is a real number in (0, 21\,%1), then 2z € (0,1) for all k =0,1,...,N — 1. So, for
such x, we get
e P 4k, .2
P(2kx) 47
fa) =Y P2 > S AT 1) > (lef + )
k=0 k=0

The above relation contradicts (4.17)).

We have the next result which is analogous to Theorem [4.1] for the functional
equation (|1.6) in the odd case.

Theorem 4.6. Let s € {1,—1}. Let ¢: V x V — [0,00) be a function such that

e K/‘S_l‘j . .
Z 57 P(2%x,2%y) < 00
J=zls=1]

for all z,y € V. Suppose that f : V — X, is an odd mapping satlisfying the
inequality

P(Amnf(z,y) < d(z,y) (4.18)
for all z,y € V.. Then, there exists a unique additive mapping A :V — X, such
that

o ls—1lip(9d5
p(f2x) ~8f@) — A < L Y T
J=%ls-1]
for all x € V', where
I'(z) = # (qﬁ(x, x)+ i[q’)(m, 2z) + ¢(2z, z) + ¢(z, 3z) + ¢(3z, a:)]) . (419)

Proof. Replacing (z,y,m) by (2z,2,n) in , we have
p(2[f (3nz) + f(nx)] — 2n°[f(32) + f(x) — 2f(22)] — 4f(2nx)) < ¢(2x,2) (4.20)

for all x € V. Changing (z,y, m) into (z,2z,n) in (4.18)) and using the oddness of
f, we obtain

p(2Lf(3nz) — [(n2)] — 20°[f(32) — 3f(2)] — 4f (na)) < $(w,20)  (4.21)
for all z € V. It follows from and that
p(2f(3nx) — 2n°(f(3x) — f(22) — f(x)] — 2[f(2nz) + f(nx)))
< S 16(z,22) + p(2z, 2] (4.22)

for all z € V. Letting y = x and m = 2n in (4.18)) and applying the oddness of f,
we get

p(2f (3nz) — 6n°[f(22) — 2f(2)] — 2[f(2nz) + f(na)]) < ¢(z, ) (4.23)
for all 2 € V. From the relations (4.22) and we arrive at

p(n®F(3) — 4 (20) + 5](@)]) < To(r,2) + {[6(r,20) + 02m, )] (4:24)
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for all z € V. Substituting (z,y,m) by (3z,z,n) in ([4.18), we deduce that
p(2[f (4nz) + f(2nz)] — 203 [f(4z) + f(22) — 2f(3z)] — 4f (3nz)) < ¢(3z,z) (4.25)
for all z € V. Replacing (z,y,m) by (z,3z,n) in (4.18), we find
p(2[f(4nz) — f(2nx)] — 2n°[f(42) — f(22) - 2f(2)] — 4f(nz)) < é(z,3z) (4.26)
for all z € V. Plugging into ({:26), we have
p(2f (4nz) — 2n°[f(4z) — f(3x) — f(2)] — 2[f(3nz) + f(nx)])
< $10(w,30) + (32, 7)) (4.27)
for all z € V. Putting y = 2 and m = 3n in (£.18)), we obtain
p(2f(4nx) —120°[f(22) — 2 (2)] — 2[f (3nz) + f(n2)] < é(z, ) (4.28)
for all 2 € V. The relations and imply that
p(n®[6f(22) —11f(x) — f(4z) + f(32)))
< L(e,2) + So(a,32) + 6(3,2)] (4.29)

2 4
for all x € V. One can conclude from (4.24]) and (4.29) that

("3[f<4x> —107(20) + 16f<m>]) < Lotw,a) + Lio(a, 20) + 6(22,2)
"2 20 g 7 (4.30)

+ é[gﬁ(x, 3x) + ¢(3x, x)]
for all x € V. From the relation , we have
p (f(4) — 10£(22) +16f(2)) < I(x) (4.31)
for all x € V, where I'(z) is defined in . We can write the relation as
p(9(2x) — 2g(x)) <T'(z)

for all z € V|, where g(z) = f(2x) —8f(x). For the rest of the proof, one can repeat
the process in the proof of Theorem after relation (4.10) to obtain the desired
result. (]

The following results are some consequences of Theorem [£.6] concerning the
stability of (1.6]) when f is an odd mapping. Since the proofs are similar to the
proofs of Corollaries and we omit them.

Corollary 4.7. Let V' be a normed space and X, a p-complete convex modular
2

space. Assume 0 > 0 and r > 0 with r # 1,log2%. If f:V — X, is an odd
mapping satisfying

PAmnf (2, y)) < O(lz]" +llyl")
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forallx,y € V, then there exists a unique additive mapping A:V — X, such that

mr |zl r € (0,1),

p(f(2z) = 8f(x) — Alx)) < o B
mratlzll” 7€ (logy® , 00)
for all x € V, where

1

M=3+2""1+ 53" (4.32)

Corollary 4.8. Let V' be a normed space and X, a p-complete convexr modular
w2

space. Assume 0,p,q >0 and r =p+q with r # 1,log,> . If f: V — X, is an odd

mapping satisfying

P(Amnf(z,y) < 6 lz]”llyl*

forallz,y € V, then there exists a unique additive mapping A:V — X, such that

|k r€(0,1),
p(f(2z) = 8f(z) — Ax)) < ) 2

sarr—yllzl” € (logy , 00)

TP (2 FT—r7) 2

for all x € V', where

1
N = 1+Z(2p+2Q+3P+3Q). (4.33)
Theorem 4.9. Let s € {1,—1}. Let ¢ : V x V — [0,00) be a function such that
o  Bls—1]j ‘ ‘
Z — (2% x, 2% y) < o0
2J
j=3ls—1|2

for all xz,y € V. Suppose that f : V — X, is an odd mapping satisfying the
inequality (4.18). Then, there exists a unique cubic mapping C : V. — X, such that

> k3ls—Uip (298
p(f(2x) —2f(x) — C(x)) < 1 3> N D)

for all x € V, where I'(x) is defined in (4.19).
Proof. Tt follows from the proof of Theorem and specially from the relation

(4.31) that

p (h(22) — $h(2)) < T(x)
for all z € V, where h(x) = f(2z) — 2f(x) and I'(x) is defined in (4.19). For the
rest of the proof, one can refer to the proofs of Theorems and O

Corollary 4.10. Let V be a normed space and X, a p-complete convex modular
6

space. Assume 0 > 0 and r € R with r # 3710g2%. If f 'V = X, is an odd
mapping satisfying

PAmnf (2, y)) < O(lz]" + lly[")
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for all x,y € V, then there exists a unique cubic mapping C : V — X, such that

s lzlr re(0,3),
p(f(2z) — 2f(z) — C(z)) <

6 E_
s ™ v € (logy™ ,00)
for all x € V., where M is defined in (4.32).

Corollary 4.11. Let V be a normed space and X, a p complete conver modular

space. Assume 0,p,q >0 and r = p+ q with r # 3, log2 If f : V= X, is an odd
mapping satisfying

pAmnf(@,y) < 0|yl
for all x,y € V, then there exists a unique cubic mapping C : V — X, such that

\n|3?é\£27‘) ||| r € (0,3),
p(f(2z) —2f(z) — C(z)) < 6
ON kS r log &
S[n[3 (27 +3—r0) z]|" 7 € (logy® , 00)

for allx € V., where N is defined in (4.33)).

Here, by using Theorems [£.1] [£.6] and £.9, we prove the generalized Hyers—
Ulam-Rassias stability of the mixed type additive, quadratic and cubic functional

equation (|1.6)) when f is an arbitrary mapping.

Theorem 4.12. Let s € {1,—1} and t € {1,2,3}. Let ¢ : V xV — [0,00) be a
function such that

L

Y. ¢V, 29y) < oo,

j=3ls—1]

for all xz,y € V. Suppose that f : V — X, is a mapping satisfying f(0) = 0 (when
s =1) and the inequality

p(Amnf(z,y)) < é(x,y)

for all z,y € V. Then, there exists a unique additive mapping A : V. — X,, a
unique quadratic mapping Q : V. — X, and a unique cubic mapping C : V — X,
such that

K O gls— 1|J[‘ 275 g
p(f(@) — Alw) ~ Q) —Ca) < o 3 D
> /<;2|5’1|J<I>(2JS:E)=§ ooox K3lsTIID(295g) (434
K
Ty X ot = w
=1]s—1] J=%ls—1|
for all x € V', where
~ 1 1
b)) = ———|P P —®(0,2 4.
(@) = =gy (#(02) + B(a.) + 50(0.20) (4.35)
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[(z) = # (cp(z,a;) + i[@(x, 2) + ®(2z, 2) + ®(x, 3x) + <I>(3x,x)]> (4.36)

in which
B, y) = 516z 9) + o~ )] (437

Proof. To achieve our aim, we decompose f into its even and odd parts by setting

folx) = S (f(x) = f(=2)), [fe(z)= %(f(fv) +f(=2), zeX

We have p(Amnfo(z,y)) < ®(z,y) and p(Ap nfe(z,y)) < @(x,y) for all z,y € V,
where ®(z,y) is given in (4.37). It follows from Theorem that there exists a
unique quadratic mapping Q : V' — X, such that

2 g2AsUip (s )
> —% —

] =

p(fe(l') - Q(‘r)) S

j=4ls=1|

for all 2 € V, with ®(z) as defined in (L.35). So

oo 52|571|j~ YEM
o)~ 20 < 5 Y 0T (435)

~=

j=3%ls—1

for all z € V. Also, Theorems[4.6] and [£.9]imply that there exists a unique additive
mapping Agp : X — Y and a unique cubic mapping Cy : X — Y such that

o gls=li(9ds,
p(fol2) ~8,(x) — Ao < 1 3 BT )
j=3ls—1
and
oo k3=l (2754
p(fol2r) ~2s(a) ~ Coa) < & S0 D )
j=3ls—1

for all z € V, where I'(z) is defined in ([{.36). It follows from the inequalities (4.39)

and that
1 1 1 & ls—113T (238
P <3fo(ff) + §v40(95) - 2(3()(55)) < 1 Z 52—3(@

j=zls=1]

o o (4.41)
i Z KJ3|571|JF(2351,)
16 j

+ =

i=%ls—1]
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for all x € V. The relation (4.41)) implies that

kSN glsTUIT(2ds,
P<2fo($)+;«40() Soola )) sy L)

12 27
%|s 1|
N
K KSTHIT(275
+ 48 Z Q7
J=zls=1]
for all x € V. Now, by (4.38) and (4.42]) we can obtain the inequality (4.34), where
A(z) = —§ Ao() and C(z) = §Co(x). O

The following corollaries are the direct consequences of Theorem concerning
the stability of (|1.6)).
Corollary 4.13. Let V be a normed space and X, a p-complete convex modular

space. Assume 6 > 0 and r > 0 with r # t, logft whent € {1,2,3}. If f: V = X,
is a mapping satisfying

pAmnf (@) <Ol + [lylI")

for all x,y € V, then there exist a unique additive mapping A:V — X,, a unique
quadratic mapping Q@ : V. — X,, and a unique cubic mapping C : V. — X, such
that

p(f(z) = A(z) - Q(z) — C(x))

(3+27"1)
ez 121"+ mee e + EeEer }QM“W”T 0<r<l,

IN

(3+27 "1k

2
(3+2T 1) K-
|:24|n‘3(2r+1_'§2) + 4n2|n 1[(4a—27) + 12|n\3(8 o :| eM/ﬁ]HI”T’ 10g22 <r << 2,
,{4
L £t
|:24|n‘3(27+1—}-€2) t o= T 12|n\3(8—27')] OMe|z|", logy't <r <3,

8
w2 34271 x50 r &
|:24|n\ 5=y + Tente 1@ e —r) T sompe—y | OMElz(l", 7> log,

for all x € V., where M is defined in (4.32).

Corollary 4.14. Let V be a normed space and X, a p-complete convexr modular
2t

space. Assume 0,p,q > 0 and r = p + q with r # t,log,® when t € {1,2,3}. [
f:V = X, is a mapping satisfying

PN f(2,y)) < Ollz]|”[lyll?

for all x,y € V, then there exist a unique additive mapping A:V — X,, a unique
quadratic mapping Q : V. — X,, and a unique cubic mapping C : V. — X, such
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1 1 1 T
| BwFE—2) T Wiz 12\n|3(8727“):| ONE|zl|I", 0<r<1,

- 2
K2 1 1 r %

| FAmPRF =) T T2m=ia=2) T 12|n\3(872r)] ONE|z||", logy* <r <2,

- 4
K2 K4 1 T

| FAmPR =) T Tonzn=i|@+2—rt) T 12|n\3(8—2r):| ONkl|z|",  logy" <r <3,

8

2 4 6 E_

K K K T 8
PR —r%) T Ten?ln1@ 2—rt) T 96|n\3(2"'+3—56):| ONE[z]|", > log,

for allx € V., where N is defined in (4.33)).
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