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EXISTENCE AND UNIQUENESS OF SOLUTIONS TO
DISTRIBUTIONAL DIFFERENTIAL EQUATIONS INVOLVING
HENSTOCK-KURZWEIL-STIELTJES INTEGRALS

GUOJU YE, MINGXIA ZHANG, WEI LIU, AND DAFANG ZHAO

ABSTRACT. This paper is concerned with the existence and uniqueness of so-
lutions to the second order distributional differential equation with Neumann
boundary value problem via Henstock—Kurzweil-Stieltjes integrals.The exis-
tence of solutions is derived from Schauder’s fixed point theorem, and the
uniqueness of solutions is established by Banach’s contraction principle. Fi-
nally, two examples are given to demonstrate the main results.

1. INTRODUCTION

In this paper we apply the Henstock—Kurzweil-Stieltjes integral to establish the
existence and uniqueness of solutions to the second order distributional differential
equation (in short DDE)

— D*xz = f(t,x) 4+ g(t,x)Du, t€][0,1], (1.1)
subject to the Neumann boundary value condition
Dz(0) = Dz(1) =0, (1.2)

where D, D? stand for the first order and the second order distributional derivative,
respectively, « and u are regulated functions (see Definition such that both
are left-continuous on (a,b] and right-continuous at a, the function f(-,z(-)) is
Henstock—Kurzweil integrable, and g(-, z(+)) is a function of bounded variation.
We know that regulated functions contain continuous functions and functions of
bounded variation as special cases. Especially, when u is an absolutely continuous
function, its distributional derivative is the usual derivative and we obtain the
ordinary differential equation (in short ODE); when w is a function of bounded
variation, Du can be identified with a Stieltjes measure, and is called measure
differential equation (in short MDE). Results concerning existence, uniqueness and
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stability of solutions for MDEs have been extensively studied in many papers, see
[2, [IT]. For example, in [2], the authors establish the existence of solutions for the
first order MDE

Dz = f(t,x) + G(t,z)Du.
Recently, in [§], authors obtained the existence result for the first order DDE of
the form

Dz = f(t,z)Du.

As far as we know, few papers are concerned with the second order DDE. The
purpose of this paper is to fill this gap, considering the second order DDE with the
Neumann boundary value problem.

Neumann boundary value problems have played an important role in mathemat-
ical physics, and hence have attracted the attention of many researchers. Under
suitable conditions, some existence and uniqueness results and the multiplicity of
positive solutions for the Neumann boundary value problem have been established.
For example, in [I], a Lyapunov-type inequality and Schauder’s fixed point theorem
were used to obtain existence and uniqueness results for the Neumann boundary
value problem as

—u"(x) = f(z,u(z)), xe€][0,L], «(0)=u'(L)=0. (1.3)

In [I3], by using a fixed point theorem in a cone, the authors established the
existence and multiplicity of the positive solutions to the second order Neumann
boundary value problem (1.3)) with parameter. Particularly, problem is a
special case of problem .

In order to deal with the problem —, we apply the Henstock—Kurzweil—
Stieltjes integral, which is a powerful tool for the study of DDEs and contains
the Henstock—Kurzweil integral ([6 12, O] [10]), the regulated primitive integral
([14]), the Lebesgue—Stieltjes integral, and the Riemann—Stieltjes integral. With
the help of Henstock—Kurzweil-Stieltjes integrals, we establish the existence and
uniqueness of solutions for the second order DDE with Neumann boundary value
problem. Therefore, our results can be seen as a generalization of the results in
1, 3]

This paper is organized as follows. In Section 2, we recall the definition and some
basic properties of Henstock—Kurzweil-Stieltjes integrals and regulated functions.
In Section 3, two results of the existence and uniqueness of solutions are established
by using Schauder’s fixed point theorem and Banach’s contraction principle. In
Section 4, we give two examples to illustrate Theorem and Theorem

2. PRELIMINARIES

2.1. Regulated functions. In this subsection, we recall the definition and some
basic properties of regulated functions. First, we introduce functions of bounded
variation, which are a special case of regulated functions.

We consider a nondegenerate compact interval [a,b] C R, and denote by Dg
the set of all divisions of the form

d:{to,...,tm}, a=tg <t <- - <ty=n> (21)
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Definition 2.1 ([5]). For a given function ¢ : [a,b] — R and a given division
d € D, of the form (2.1)), we define the total variation Vzﬁg of g by

Varg := sup Zlg ~1)l-

[a,b] d€D,

The set of functions of bounded variation on [a, b] is denoted by
BV ([a,b];R) :={g : [a,b] = R; [V%I]‘g < o0}

Definition 2.2 ([3]). A function f : [a,b] — R is called regulated on [a, b] if the
one sided-limits exist, more precisely:

Slil?i f(s) =: f(ti)v te (a,b] and lim f( ) f(t+>7 te [av b);

s—t+

exist, with the convention
fla=) = f(a), [f(b+)=f(b).

We denote by G([a, b]; R) the set of all regulated functions f : [a,b] — R and by
G_([a,b];R) the set of all left-continuous regulated functions on (a,b] and right-
continuous at a. The space G([a, b]; R) endowed with the norm

£l = sup |f(?)]
t€la,b]

is a Banach space, and G_([a,b];R) is a closed subspace of G([a, b]; R).

We know that the function f is regulated if and only if it is a uniform limit of a
sequence of step functions, and we denote by S([a, b]; R) the set of all step functions
w: [a,b] = R.

We now list some basic properties of the above spaces which we will need later.
Lemma 2.3 ([5]).

(i) The sets S([a,b];R), BV ([a,b];R), and G([a,b];R) are vector spaces satis-
fying the inclusion
5(la,b;R) € BV([a,b];R) C G([a,b];R).

(ii) For every f € G([a,b];R) and € > 0 there exists w € S([a,b];R) such that
1 =l < &, w(®) € Uy ciuy ()} o every t € a.b], Varw < Var .
The next result is important when investigating compactness in G([a, b]; R).

Definition 2.4 ([3]). A set M C G([a, b]; R) is said to be equiregulated if, for every
e > 0 and ¢ € [a,b], there exists 6 > 0 such that for every x € M and ¢ € [a,b] we
have

(i) if to — & <t < to, then |z(to—) — z(t)] < &;

(i) if to <t < to+ 9, then |x(t) — z(to+)| <e.

Lemma 2.5 ([3} Corollary 2.4]). A set M C G([a, b]; R) is relatively compact if and
only if it is equiregulated and for every t € [a,b] the set {x(t) : x € M} is bounded
in R.
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2.2. The Henstock—Kurzweil-Stieltjes integral. In this subsection, we recall
some basic properties of the Henstock—Kurzweil-Stieltjes integral. We cite most
of the results without proof, and interested readers can find more information in
[6l, (12, 17, [}, [10].

We consider a division d = {tg,...,tm} € Dy from , and define a partition
D as

D= {(Tj, [tj_l,tj]);j = 1, N ,m}; Tj S [tj_htj}, Vj = 1, .., (2.2)
The basic concept in the Henstock—Kurzweil-Stieltjes integration theory is a J-fine
partition.

We define the set
I'(a,b) :== {0 : [a,b] = R | §(¢t) > 0 for every t € [a, b]}.
An element 0 € I'(a, b) is called a gauge.

Definition 2.6 ([7]). Let 6 € I'(a,b) be a given gauge. A partition D of the form
(2.2) is said to be d-fine if for every j =1,...,m we have

7j € [ti—1,t5] € (75 = 8(75), 75 + 6(75)),
and 7 = a, 7, = b. The set of all j-fine partitions is denoted by Fj(a,b).

For given functions f,g : [a,b] — R and a partition D of the form (2.2), we
define the Henstock—Kurzweil-Stieltjes integral sum Kp(f, g) by the formula

Kp(f,9) =Y f(&)at;) — g(ti-1))
j=1
= f(0)g(b) = fla)gla) = D (f(&) = F(E-1)g(ti-),
j=1
in which & = a, &, = 0.
Definition 2.7 ([7]). Let f,g : [a,b] — R be given. We say that J € R is the

Henstock—Kurzweil-Stieltjes integral over [a, b] of f with respect to g and is denoted
by

b b
7= [ syds)= [ sds.
if for every € > 0 there exists § EaF(a, b) such th;t for every D € Fs(a,b), we have
] —Kp(f,9)<e.
Particularly, if g(¢) = ¢, then Definition is the definition of Henstock—
Kurzweil integrals (HK-integrals for short).

Remark 2.8. According to [7], we know that the Henstock—Kurzweil-Stieltjes inte-
gral is a generalization of the Lebesgue—Stieltjes integral and the Riemann—Stieltjes
integral. For example, when g is a regulated function, the function f is not
Lebesgue—Stieltjes integrable with respect to the function g. Also, the Riemann—
Stieltjes integral will not be appropriate when the function f and the function g
have a common point of discontinuity.
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Lemma 2.9 ([5, Corollary 3.10.]).
(i) If f € G([a,b];R) and g € BV ([a,b];R) then the integral f: f(t)dg(t) exists

and
b
/ fdg

(ii) If f € BV([a,b;R) and g € G([a,b]; R) then the integral f: f(t)dg(t) exists

and
b
/ [dg

The proof of the following proposition is similar to that for the Young integral
in [B, Proposition 3.12]; however, in order to make the paper self-contained we give
the proof here.

Proposition 2.10. Consider f, f, € G([a,b;R), ¢g,9n, € BV([a,b];R) forn € N
such that

< Var g.
< 1 Varg

gQﬂ@+mw+ﬁy)w.

lim ||f— fu| =0, lim |lg—gnl|=0, supVarg, <C < oo.
n—00 n—00 neN la,b]

Then
b

b
i [ gu(6)dfalt) = [ glt)df(0).

n—oo a
Proof. For any € > 0, there exists w € S([a, b]; R) € BV ([a,b]; R), so [Vzﬁw =C; <

00, such that ||f — w|| < e, and there exists N > 0 for which ||f — f»| < ¢ and
llg — gnll < & when n > N. Then we obtain by Lemma [2.3] and Lemma [2.9] that

b b
/ olt) df () - / an (1) dfa (1)

b b b b
/ ot) df () - / olt) du(t) + / o(t) du(t) - / (1) du(t)

b b b b
4 / (1) du(t) — / an(t) df (1) + / gu (1) df () — / g (1) dfa (1)

< | 00 - g0 dts@) = w®)| + | [ (600 = gn(®) dutt

+

b
/ an(t) d(f(t) - m»‘

< (19(@) = @] +1900) ~ 9u0)] + Vasta ~ ) ) 1 = 0l + g = g Va0

+ (1@ + )] + Yaran ) 1f = £
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< 2(lg = gnll + OV — wl[ +[lg — gnll Yorw + Cllgall + O)If = fall

<2+ C)+ C1+ 2llgnll + O))e.

Hence,
b b
nhﬁn;(} gn(t) dfn (1) / g(t) df (t).
This completes the proof. O

For the HK-integral, we have the following controlled convergence theorem,
which will be used later.

Lemma 2.11 ([6] Theorem 7.1]). If the following conditions are established:
(i) fn (n =1,2,...) is HK-integrable on [a,b] and fn(t) — f(t) a.e., for all
t € la,b];
(ii) g,h are HK-integrable on [a,b] and g(t) < fn(t) < h(t) for every n a.e.,
for all t € [a,b];
then f is HK-integrable on [a,b] and

b b
fim [ fa(t)dt = / () dt.

n—roo

3. MAIN RESULTS

In this section, let
B, ={zx € G_([0,1;R) : ||z]| <r}, r>0.

We assume that the functions f, ¢ in problem (1.1)-(1.2) satisfy the following as-
sumptions:
(C1) f(-,=(+)) is HK-integrable for all x € B,;
(Ca) f(t,-) is continuous for all ¢ € [0, 1];
(C3) there exists g1, g2 € HK such that q1 () < f(-,z(-)) + z(-) < go(+) for all
x € By
(C4) g(-,z(+)) is a function of bounded variation with ¢(0,z(0)) = go € R for all
x € By
(Cs) g(t,-) is continuous on [0, 1], uniformly for all ¢ € [0, 1], i.e., for every & > 0,
there exists § > 0 such that if |s; — so| < 0 then |g(t,s1) — g(t, s0)| < € for
all £ € [0, 1];
(Ce) there exists a constant g > 0 such that [\gail]rg(-, z(-)) < g forall x € B,.

Lemma 3.1. Let the functions f, g satisfy the assumptions (Cy)—-(Cs). A function

x:[0,1] = R is a solution of problem (1.1)-(1.2) on [0,1] if and only if x satisfies
the integral equation

x(t):/o K(t,s)(f(sw(s))+x(s))ds+/0 K(t,s)g(s,z(s)) du(s), (3.1)
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where
2—(t+s) 2—(t—s) t+s t—s
(e e TR cs<i<
K(t,s) = 2—(s+t) st—:)l) s+t s—t (3:2)
(e te e e gcr<s<n,
2(e2 —1)
Proof. Assume first that « : [0,1] — R is a solution of problem (1.1))-(1.2). Then
— D*x 4+ Dx — Dx+a = f(t,z(t)) + g(t,z(t))Du+2z, te][0,1]. (3.3)

Multiplying both sides of by e~ and integrating, we obtain

—e YDz + 1) = /t e *(f(s,z(s)) + x(s)) ds + /t e *g(s,x(s)) du(s) +c (3.4)
for some constant c, (;nd SO i

Dz = /Ot —e" 75 (f(s,2(8)) + x(s)) ds + /Ot —e'%g(s,x(s)) du(s) — ce! —x. (3.5)

By the boundary condition Dz(0) = 0, we have that ¢ = —z(0). Now, multiplying
both sides of (3.4)) by €2, we get

—e'(Dx+z)+e*'z(0) = /0 25 (f(s,2(s)) +x(s)) ds + /0 e* 2 g(s, 2(s)) du(s).

(3.6)
Integrating (3.6|) from 0 to 7, we obtain

—e"x(r) + 1(627— + 1)z(0)

2
Z/OT /Ot e”‘s(f(s,w(s))+m(s))dsdt+/; /Otezt_sg(s,x(s))du(s)dt. (3.7)

Therefore, by the Tonelli and the Fubini theorems, we have that

—e"x(r) + %(627— + 1)z(0)

1 1 )
= [ @ sl +ale)ds + [ 5 gl als) duls),
0 0
(3.8)
Moreover, substituting ¢ = 1 into (3.5) and 7 = 1 into (3.8)), one has

—ex(1)+e2x(0)=/0 62_S(f(s,m(s))+m(s))ds+/0 ¢2=2g(s, 2(s)) du(s) (3.9)

and
—ex(1) + %(62 +1)z(0)
-/ L e (s (o)) + (o)) s + / Ll gl 2(s)) duls)
0 2 0 7
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According to and , one has
Le2=s 4 ¢s Le
z(0) = / ———(f(s,2(s)) + x(s)) ds +/ ——g(s,z(s)) du(s). (3.11)
0 0

e 1
Substitute (3.11)) into (3.8]), we have

o) = [ A i s a() + (o) ds

t es — 621575
+ / T (s, a(s)) + 2(s)) ds

1 2t26t 1)(e2-5 s (312>

t es — 621‘/75
+/0 ————g(s,z(s)) du(s).

2et
This shows that (3.1)) holds.

Conversely, it is not difficult to calculate that (L.1)-(1.2) hold by taking the
derivative of both sides of (3.12). This completes the proof. O

Remark 3.2. The function K : [0,1]x[0,1] — R given in (3.2)) is positive continuous
and of bounded variation. Moreover, we have

2e e2+1
1 zmSK(t,s)gM:eQ_l

The following statement is the well-known Schauder’s fixed point theorem.

o2 _ - (3.13)

Lemma 3.3. Let M be a nonempty closed convex subset of a normal vector space R.
Let T be a continuous map of M into a compact subset K of M. Then T has a
fized point.

With the help of Lemma [3.I]and Lemma [3.3] we can now prove the existence of

solutions for the problem (1.1)-(1.2)).

Theorem 3.4. Under the assumptions (Cy)-(Cs ), there exists at least one solution
of the problem (1.1))-(L.2).

Proof. By (Cs), there exist ¢q1,¢2 € HK such that their primitives are continuous

and bounded on [0, 1].
¢ ¢
= d ds| ¢ .
Q= s {| [ ao)as| +| [ nto) s |

Let
Then, for every ¢ € [0, 1], we have by (3.13) that
t
~MQ = [ K9)(fs.0(5) + a(s) ds < MQ. (3.14)
0

We define an operator A : G_([0,1];R) — G_([0, 1];R) satisfying

Ax(t):/o K(t,s)(f(s,x(s))+x(s))ds+/0 K(t,s)g(s,z(s)) du(s). (3.15)

+
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Now we prove this theorem in three steps.
Step 1. There exists r > 0 such that A(B,) C B,.
Let
ri=MQ+ (4M —2m)(|go| +9)|ul-

For all z € B,, by (3.14) and (3.15), we have

1
(b)) < \ / K (t,)(f(s,2(s)) + 2(s)) ds| +

1
/0 K(t,s)g(s,z(s)) du(s)

(3.16)
<MQ+

/o K(t,s)g(s,z(s)) du(s)

By the Hoélder inequality (Lemma 7 one has

/o K(t,s)g(s,z(s)) du(s)

< (IK(YZ 0)g(0,2(0))] + [K (2, 1)g(1, z(1))| + ?(%K(t, 8)9(8793(8))) [[ul

< (Mool + 31 (Jool + Yarats.2(6)) ) + (1ol + Yar als.a(s)) ) Yo K )

+00 Yarg(s.a(s) ) (3.17)
< (4M = 2m)(|go| + 9)[ul-
In view of and (3.17)), one has
|Az(t)] < MQ + (4M — 2m)(|go| + 9)[ul = r.
Therefore, A(B,) C B,.

Step 2. A(B,) is equiregulated.
For every tg € [0,1), t € [to, 1], and x € B,., we have
|Az(t) — Az (to+)]

1 2t 2—s s
(e?t + 1)(e*% + e*)
<[ e R Ut £l ds

_/J@%++D@”*+ﬁ)

0 2(e? — 1)etot

1 (g2t 02-5 4
+./o ( ;(ig(_l)ej )g(s,x(s))du(s)

_/J@%++U@”‘+ﬁ)

(f(s,2(s)) + x(s)) ds

9(s,x(s)) du(s)

et

t es — 621575
+| [ S (e + o) ds
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to+ es — 62(t0+)—s
- [ e Ul ) ds
t s _ _2t—s tot+ s _ 2(to+)—s
| st e duts) = [ S gt o) dufs)

2et

1 (et+(t0+) _ 1)(et _ et0+)(62—s + 65)
</ 5 (F(s,2()) + 2(5)) ds

62 — 1)et+(t0+)

L (ptt+(tot) _ b o\ a2—s | s
(e (el — o) (e +e)
" /o 2(e2 — 1)et+(tot) g(s,x) du(s)

+

t es — 621575
+| [ S (e + o) ds

to+ es — e2t75
—/0 T f(s,a(s)) + 2(s)) ds

tot os _ 2(to+)—s
- / e (s a(s) + a(s) ds

2et0+

es — e2t—s

es — to+ s
st duts) - [ o

th—s
e (s, 2(s)) du(s)

0
to+ es _ 6225—5 to+ 63 _ 62(t0+)_s
/O gt 9(s,2(s)) du(s) - /0 g 9(s:2(s)) du(s)

+
L (ett+(tot) _ ot — etot)(e2=5 & 5
/0 | 2(e12)(— 1)et+<to)+() £ (f(s,2()) + 2(s) ds

J
. /1 (et (tot) — 1) (et — efot)(e2* +€S)g(5,x(s))du(8)
I

<

2(e2 — 1)ett(tot)

t+(t0+ St — etot
LD (F(s.ale) + o) ds

o

tot o5 _ p2t—s
| [ S Ul o) ds
t0+ t+ tot)—s es)(et — etot
! / 26:;(%1() ) g(s,2(s)) du(s)

to+ es — 2t s
+ / ———g(s,z(s)) du(s)| .

(=)
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By (Cj3), we obtain

L (ett(tot) — 1)(et — etot)(e275 4 e
/0(+ ) —1)( e+ )(f(s7x(s))+x(5))ds

2(e2 — 1)ett(tot)
(et _ eto+)(et+(to+) —1)
2(e2 — 1)et+(tot)

tot (ot+(tot)—s 4 o) (ot _ ptot
| )+ et s

t to+ (

e — e
1
0

26t+(t0+)
— 0, ast — to+;

1
/ (5 + ) (s) ds
0

1
+ /O (e*7° + €®)qa(s) ds

— 0, ast = tp+;

1
[ e s)ds

ES—

+

and

to+ es — e2tfs
| Ut + () ds

— 0, as t — tg+.

By (Cy), (Cg) and the Hélder inequality (Lemma 2.9), we get

1 (et+(to+) _ 1)(et - eto+)(62—s +e%)
/0 2(e2 — 1)et+(to+) g(s,z(s)) du(s)

(et — eto+)(et+(t0+) —1) _
(2 — 1)ett(to ) (e 4+ 1)(Igol + 9)lull

—0, ast—to+

and

to+ (et+(t0+)—s + es)(et _ et0+)
/ g (s, (5)) du(s)
et _ eto-i- B
S | Trmn (D) 1 1)(go| + ) ull

— 0, ast—to+.

453
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Moreover,
i _ p20Ei
ZiQ (&, 2(&)) (ult:) — ulti-r))
i=1 et
ot _ p2t—t ptot _ o2t—(to+)
= |t (O)ut) ~ S gttt ato ) ulto )
m §i _ p2t=&i ebi-1 _ g2t—&i—1
D R R CRY) FUa
ot — e2t7t otot _ p2t—(to+)
| (wgu, ol0) — Sy alto (1o ) ) ulto )
m efi — ezt_£1 651 1 €2t 57, 1
- ; (26 9(&,2(&)) — T g(&i—1,x (le))) u(ti—1)
m 651‘ 2t Et
= 12 (S steonte)
eSi—1 _ g2t=&i—1
e g a(60)) (i) ~ ulto )
es — 621575
< Var —————g(s,z(s)) sup [u(s) —u(to+)|
[to+,t] 2e s€[to+,t]
eS _ J2t—s th—t0+ _ eto-‘r
< -
< | vor, S5 (lal+ Vo g(ssa9)) + S5 25 Ve o(sa(6)
x sup |u(s) — u(to+)]
s€[to+,t]
e?—1
< lgol +2 Var g(s,z(s)) sup |u(s) — u(to+)]
2e [to+,t] s€[to+,t]
e? —

1
< —5—(lgol +29) sup Ju(s) — u(to+)]
SE[to+,t]

— 0, ast — to+.
By Definition we get
to+ _s 2t—s
e’ —e
[ s atsale) duts)
t

n — 0, ast — to+.
e

Hence,
|Az(t) — Az(to+)| — 0, as t — to+,
independently of z. Similarly, for ¢y € (0, 1], we can prove that
[Az(to—) — Az(t)] — 0, as t — tp—.
Therefore, A(B,) is equiregulated on [0, 1] in terms of Definition

As a consequence of Steps 1 and 2 together with Lemma [2.5] we can conclude
that the set A(B,) is relatively compact in G_([0,1];R).
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Step 3. A is continuous on B,..

Let {z,}52, be a convergent sequence on B, and z, — & as n — o0.
By (Cq) and (Cs), we have

fG,2n(2)) = f(-,2(+)) pointwise, as n — oo,

g,z (+)) = g(-,2(+)) uniformly, as n — co.

According to (C3) and the controlled convergence theorem of Lemma we
have
1 1
lim [ Kt 5)f(svan(s)) ds = [ K(69)f(s,(5)) d,
0

n—oo 0

independently of ¢ € [0,1]. Furthermore, according to (Cg) and the convergence
theorem of Proposition we have

lim K(t,s)g(s,zn(s)) du(s) = /0 K(t,s)g(s,z(s)) du(s), te]0,1].

n—00 0

Therefore, lim,, o, Az, (-) = Az(-). This shows that A is continuous.

Thus, A satisfies the hypotheses of Lemmal3.3] and the application of Schauder’s
fixed point theorem shows that A has at least a fixed point which is a solution of
the problem —. This completes the proof. O

Let us replace (Cz) and (Cs) by:

(C%) There exists a constant Ly > 0 such that
[(FC2() +2() = (FCy() +y()] < Lalz() —y()], Va,y € G([0,1];R).
(C%) There exists a constant Lo > 0 such that

[\g?lr]‘[g(vz()) - g(’y())] < L2||$ - y”v Va:,y € G—([Ov 1LR)

Then we have the following uniqueness result.
The statement below is Banach’s contraction principle.

Lemma 3.5. Let (M,d) be a nonempty complete metric space. If T: M — M
is a contraction mapping, i.e., d(Txz, Ty) < qd(z,y) for some 0 < ¢ < 1 and all
x,y € M, then exists a unique & € M such that T = €.

With the help of this lemma we can now prove the uniqueness of solutions of

problem —.
Theorem 3.6. Under the assumptions (C1), (C3), (C41), and (Ct), if

MLy + (4M —2m) Lo ||ul| < 1, (3.18)
then the problem (L.I)-(1.2) has a unique solution on [0,1].
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Proof. We shall show that A defined by ([3.15)) is a contraction. Indeed, let z1, x5 €
G_([0,1];R). Then, for each t € [0, 1], we have

A (6) — Az (o)
/'Ktskﬂsm(»+wm»—wﬂ&mw»+xﬂ@nw

/ K(t,s)(g(s,z1(s)) — g(s,22(8))) du(s)

S.AIﬂt$hMM@—wﬂ$Ms+®KﬁﬂMﬂQm®D—gmwﬂmm
K 1)L 21 (1) — g1, 22(1))

+¥%Kusx<&m@»—g@wx@ﬂ|m

S/ [K (2, 8)[Lafer(s) — 2a(s)| ds + _IK(t,l)IFggg(Q(svxl(S))—9(8,332(8)))

+¥a11}fK(t o) Pg’al]f( g(s,z1(s)) — g(s,z2(5)))

+Mﬁwgm@>g@u@ﬁun

[0,1]
< LiM||zy — 2| + (4M — 2m) La[|x1 — z2f|||ul|
< [MLy + (4M — 2m) Lo|ul]] ||z1 — 22|

s

< LMoy — ol + | (200 4 Yar K(0,9)) Yar(os.1(9) = g(s,22(6))| ]

Let
L:= MLy + (4M — 2m)Lo||u].
Thus, by (3.18)), for 0 < L < 1, we obtain
||A5E1 - AZL’QH S L”.’El — (EQ”

This implies that A is a contraction. We deduce by Banach’s contraction principle
that A has a unique fixed point which is a unique solution of the problem (1.1)-
(1.2). This completes the proof. O

4. EXAMPLES

In this section, we give two examples to illustrate Theorem [3.4]and Theorem

Example 4.1. Consider the boundary value problem:
1
— D%z =sin(x) — 2+ H(t — i)Du, t €0,1],

Dz(0) = Dz(1) =0,
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where

o
IN

t

)

W(t),
u(t){ (t)

H(t_ %)7

W (t) is the Weierstrass function W(t) = Y 07, Sin;:”t (see []), and H(t) is the
Heaviside function, i.e.,

1, t>0;
Hit)y=q¢ — 7 4.2
Q {0, t <0. (4.2)

It is well known that W (t) is continuous but pointwise differentiable nowhere on
[0,1) and H(¢) is of bounded variation but not continuous on [0, 1], hence u(t) is
only a regulated function.

Let

(N

<
t<

W=
IN

ft,z) =sin(z) —z, g(t,z)=H(t-3), telo,1].

Since go =0,g=1and ¢ = —1, g2 = 1, t € [0, 1], we have that assumptions (Cy)—
(Cg) are satisfied. Moreover, [[H|| = 1, |[W]| < 372 5= = 1 and thus [juf < 1.
Hence,
2(3e? + 3 — 2e)

e2—1 '
Therefore, the existence of a solution of problem is guaranteed by Theo-
rem [3.41

Example 4.2. Consider the boundary value problem:

r=MQ + (4M —2m)(|go| + g)llull < 6M —2m =

2 _ 1 B -2 2 2
— D*x = g sin(z) — o + 2tsin(t )—;cos(t )+ H(t—35)DH(t - 3), (4.3)
Dz(0) = Dz(1) =0, te€][0,1],

where H(t) is the Heaviside function (4.2)).
Let

2
f(t,z) = $sin(z) — z + 2tsin(t™?) — . cos(t™2),
glt,x) =u(t)=H(t—2), tel0,1].
If Ly = £, then f satisfies (Cy), (Ch).

On the other hand, since gg =0, Lo = ,and g = 1, we have that g

e2 —4de
satisfies (C4) and (C§). Moreover, |lul| = ||H|| = 1. Hence,
e? +4
L=ML AM —2m)L =—— <1
1+ ( m) Lo ||ul| 30— 1) <

Therefore, the uniqueness of solution of problem (4.3) is guaranteed by Theo-
rem [3.6]

Remark 4.3. In Example u(t) is neither continuous nor of bounded variation
but it is regulated, so H(t — %) is not Lebesgue—Stieltjes or Riemann-Stieltjes
integrable with respect to the regulated function w(t). In Example flt,x)
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is a highly oscillating function, which is not Lebesgue integrable. The function
g(t,x) = u(t) = H(t—2) is of bounded variation but not continuous; g(t, z) and u(t)
have a common point of discontinuity at t = %, s0 g(t, x) is not Riemann—Stieltjes
integrable with respect to u(t). However, in the two examples, the Henstock—
Kurzweil-Stieltjes integral is valid. This implies that our results are more extensive.

REFERENCES

[1] A. Canada, J.A. Montero, S. Villegas, Liapunov-type inequalities and Neumann boundary
value problems at resonance. Math. Inequal. Appl. 8 (2005), no. 3, 459-475. MR 2148238.

[2] P.C. Das, R.R. Sharma, Existence and stability of measure differential equations. Czechoslo-
vak Math. J. 22(97) (1972), 145-158. MR 0304815.

[3] D. Frankové, Regulated functions. Math. Bohem. 116 (1991), no. 1, 20-59. MR 1100424,

[4] G.H. Hardy, Weierstrass’s non-differentiable function. Trans. Amer. Math. Soc. 17 (1916),
no. 3, 301-325. MR 1501044l

[5] P. Krejéi, P. Laurengot, Generalized variational inequalities. J. Convex Anal. 9 (2002), no.
1, 159-183. MR 1917394.

[6] P.Y. Lee, Lanzhou Lectures on Henstock Integration. World Scientific, Singapore, 1989.
MR 1050957,

[7] G.A. Monteiro, A. Slavik, M. Tvrdy, Kurzweil-Stieltjes Integral. World Scientific, Singapore,
2019. MR, 3839599.

[8] G.A. Monteiro, B. Satco, Distributional, differential and integral problems: equivalence
and existence results. Electron. J. Qual. Theory Differ. Equ. 2017, Paper No. 7, 26 pp.
MR 3606985l

[9] S. Sénchez-Perales, J. F. Tenorio, Laplace transform using the Henstock—Kurzweil integral.
Rev. Un. Mat. Argentina 55 (2014), no. 1, 71-81. MR 3264685,

[10] S. Sanchez-Perales, The initial value problem for the Schrddinger equation involving the
Henstock—Kurzweil integral. Rev. Un. Mat. Argentina 58 (2017), no. 2, 297-306. MR 3733209.

[11] B. Satco, Regulated solutions for nonlinear measure driven equations. Nonlinear Anal. Hybrid
Syst. 13 (2014), 22-31. MR 3209695,

[12] S. Schwabik, G. J. Ye, Topics in Banach space Integration. World Scientific, Singapore, 2005.
MR, 2167754,

[13] J.P. Sun, W.T. Li, Multiple positive solutions to second-order Neumann boundary value
problems. Appl. Math. Comput. 146 (2003), no. 1, 187-194. MR 2007778.

[14] E. Talvila, The regulated primitive integral. Illinois J. Math. 53 (2009), no. 4, 1187-1219.
MR, 2741185.

Guoju Ye, Mingzia Zhang®, Wei Liu

College of Science, Hohai University, Nanjing 210098, China
yegj@hhu.edu.cn

mingxiazhangzmx@163.com

1liuw626@hhu.edu.cn

Dafang Zhao

College of Science, Hohai University, Nanjing 210098, China; School of Mathematics and
Statistics, Hubei Normal University, Hubei 435002, China

dafangzhao@163.com

Received: April 24, 2018
Accepted: March 2, 2019

Rev. Un. Mat. Argentina, Vol. 60, No. 2 (2019)


http://www.ams.org/mathscinet-getitem?mr=2148238
http://www.ams.org/mathscinet-getitem?mr=0304815
http://www.ams.org/mathscinet-getitem?mr=1100424
http://www.ams.org/mathscinet-getitem?mr=1501044
http://www.ams.org/mathscinet-getitem?mr=1917394
http://www.ams.org/mathscinet-getitem?mr=1050957
http://www.ams.org/mathscinet-getitem?mr=3839599
http://www.ams.org/mathscinet-getitem?mr=3606985
http://www.ams.org/mathscinet-getitem?mr=3264685
http://www.ams.org/mathscinet-getitem?mr=3733209
http://www.ams.org/mathscinet-getitem?mr=3209695
http://www.ams.org/mathscinet-getitem?mr=2167754
http://www.ams.org/mathscinet-getitem?mr=2007778
http://www.ams.org/mathscinet-getitem?mr=2741185

	1. Introduction
	2. Preliminaries
	2.1. Regulated functions
	2.2. The Henstock–Kurzweil–Stieltjes integral

	3. Main results
	4. Examples
	References

