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A HEAT CONDUCTION PROBLEM WITH SOURCES
DEPENDING ON THE AVERAGE OF THE HEAT FLUX ON
THE BOUNDARY

MAHDI BOUKROUCHE AND DOMINGO A. TARZIA

ABSTRACT. Motivated by the modeling of temperature regulation in some
mediums, we consider the non-classical heat conduction equation in the do-
main D = R"1 x Rt for which the internal energy supply depends on an
average in the time variable of the heat flux (y,s) — V(y,s) = uz(0,y,s)
on the boundary S = dD. The solution to the problem is found for an in-
tegral representation depending on the heat flux on S which is an additional
unknown of the considered problem. We obtain that the heat flux V must
satisfy a Volterra integral equation of the second kind in the time variable ¢
with a parameter in R?~!. Under some conditions on data, we show that a
unique local solution exists, which can be extended globally in time. Finally in
the one-dimensional case, we obtain the explicit solution by using the Laplace
transform and the Adomian decomposition method.

1. INTRODUCTION
Let us consider the domain D and its boundary S defined by
D=R" ' xR ={(z,y) eR": 2 =2, >0, y= (22,...,2,) € R" 1},
S=0D=R"'x {0} ={(z,y) eR": =0, yc R"'}.

The aim of this paper is to study the following Problem on the non-classical
heat equation, in the semi-n-dimensional space domain D with nonlocal sources,
for which the internal energy supply depends on the average % fot ug(0,y,s)ds of
the heat flux on the boundary S.
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Problem 1.1. Find the temperature v at (z,y,t) satisfying the following condi-
tions:

1 t
—A’U,:—F<t/ux(07yvs)d8>a $>0,y€R"_17t>07
0

u(0,y,t) =0, y€R" t>0,
u(r,y,0) = h(z,y), x>0 yeR"

where A denotes the Laplacian in R™.

This problem is motivated by modeling the temperature in an isotropic medium
with the average of non-uniform and nonlocal sources that provide a cooling or heat-
ing system, according to the properties of the function F' with respect to the heat
flow (y,s) — V(y,s) = u,(0,vy, s) at the boundary S, see [11], I3]. Some references

on the subject are [6], where F' (% fot uz(0,y, 3) ds) is replaced by F(u.(0,y,t)),

or [7], where it is replaced by F (fot uz(0,y, 8) ds); see also [ [14], 23] [24], where
the semi-infinite case of this nonlinear problem with F'(u,(0,y,t)) has been con-
sidered. The non-classical one-dimensional heat equation in a slab with fixed or
moving boundaries was studied in [I4] 22]. See also other references on the subject:
[8]-[10], [12], [16]-[19]. To our knowledge, this is the first time that the solution to
the average of a non-classical heat conduction of the type of Problem [I.1]is given.
Other non-classical problems can be found in [5].

In [6] the basic solution to the n-dimensional heat equation and a technical
lemma were established. We prove in Section 2 the local existence of a solution for
the considered Problem [l under some conditions on the data F' and h which can
be extended globally in time. Moreover, in Section 3 we consider the corresponding
one dimensional problem and we obtain its explicit solution for the heat flux and
the average of the total heat flux at the face x = 0, by using the Laplace transform
and also the Adomian decomposition method [T}, 2], 3] [7], [25] [26].

2. EXISTENCE RESULTS

In this Section, we give first, in Theorem the integral representation
of the solution of Problem but it depends on the heat flow V' on the boundary
S, which satisfies the Volterra integral equation with initial condition .
Then we prove, in Theorem [2.3] under some assumptions on the data, that there
exists a unique solution of the problem locally in time which can be extended
globally in time.

We first recall here the Green’s function for the n-dimensional heat equation with
homogeneous Dirichlet boundary conditions, given by the following expression:

o[ e2b]
(2vai=)""
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where G is the Green’s function for the one-dimensional case given by

_(@=9)? _(z+e)?
e At-1) — e 4Gt-7)
G($>t7§77—): , t>T.
2y/m(t—7)

Theorem 2.1. The integral representation of a solution of Problem s given
by the following expression:

U($,y,t) = U0($, yvt)

TR e Lol o

where ¢ — erf (¢ ( fc -X dX) is the error function,

o@,3,1) /Glmy,tf,m OV(E, ) dé di

and the heat flur (y,t) — V(y,t) = u.(0,y,t) on the surface x = 0, satisfies the
Volterra integral equation

V(ya t) = ‘/O(ya t)

_2/Otm VRn_le[M}FC/OTV(n,S)dS> dnl dr (2.3)

in the variable t > 0, with y € R"~! a parameter, where

Vo(y,t) = /DGl,x(O,y,t;éyn,O)h(&n) dg dn. (2.4)

Proof. As the boundary condition in Problem [I.1] is homogeneous, we have from
[15] 20]

u(z, y,t) /Glxy,tgn, 0)(€,m) dE dn

—/O /DGl(;v,y,t;@n,T)F (7_/0 V(n,s)ds) d€ dn dr,

«(7,y,t) /Glxxy,tfn, 0)h(&,m) d€ dn

o R o T P
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From (2.1) (the definition of G;) by differentiation with respect to z, taking
2z = 0 we obtain

1 T
/DGl,z(O,y,t;é,n,T)F (T/O V(n,s) ds> d¢ dn

12

F (l fOT V(n,s) ds) 6—7”41{[_”7) ( ‘oo o )
= T - de | d 2.7
/Rn_l (t — 7)" 5 (2y/)" /o gemmTdg |y (2T)

e o (G V)
@yalt—r)" Jer 7o

Thus taking x = 0 in (2.6 with (2.7) we get (2.3).
Also by (2.1) we obtain

1 T
/ Gi(z,y, t:&m,7)F (/ Vi(n.s) ds) de dn
D T Jo
1 / —H(y—n!? [ _(z(—f)? _ <sz>2>} P (1 /T Vi s)d )dfd
- - e at—r e At-7) — e Wa(t—- _ 7,8)ds n
(Q(W)n D 7 Jo
1 / [ 7(1(»—&)? Eﬁg)i] de
= e 4(t-7) — e t—T
2(y/w(t =) Ja+

—lly=nl? 1 /7
></ e 3= F (/ V(n,s) ds) dn
Rr—1 T Jo

using
T _w-g)? 0 X2 2\/:.77— X2
/ et dE =2/t — T / e~ dX+/ e dX
0 —00 0
(t )<1+erf< * >>
w(t—T1
2Vt —T
and
+oo 2 +00 =
/ e dE = 2T 1 / e—deX—/”” =X dx
0 0 0
x
= t— l—erf| ——— | |,
m( 7')( er (2 f’l’))
so we get

1 T
/DGl(-’L’,y,t;g,’I],T)F (7_/0 V('ﬂ,s)dS) dfd’l]

erf % y—n|? 1 4
_ (QW) / o g (/ V(n,s) d8> dn.
( 7T(t — 7_))n—l Rn—1 T Jo

Taking this formula in (2.5 we obtain ([2.2)). O
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Lemma 2.2. The simplified form of the Volterra integral equation (2.3)) is given
by

1 _£ _ly—ni?
Vi) = e e F ([ e e in) e

2 /t 1 / (1/T ) _ly—nl?
- F - Vi(n,s)ds | e 4t=7 dndr.
GV Jo G Jon F A7 Sy V) L
(2.8)

Proof. Using the derivative with respect to z of (2.1), then taking z = 0 and
7 = 0, and then taking the new expression of Vy(y,t) in the Volterra integral

equation ([2.3)), we obtain (2.8]). O

Theorem 2.3. Assume that h € C(D), F € C(R) and locally Lipschitz in R; then
there exists a unique solution of Problem[1.1] locally in time which can be extended
globally in time.

Proof. We know from Theorem [2.J] that, to prove the existence and uniqueness
of the solution (2.2)) of Problem it is enough to solve the Volterra integral
equation (2.8). So we rewrite it as

V(y.t) = fy.t) + / oy, V(y,7)) dr,

with

1 _£ _ly=m)?
$ = s e F ([ e e in) e

and

2t — 1)~ "/? ly—nil

ot V(7)) = == /R F <i /O V(n,s) ds) e~ 5= .

So we have to check the conditions H1 to H4 in [2T, Theorem 1.1, p. 87], and
H5 and H6 in [2I, Theorem 1.2, p. 91].

e The function f is defined and continuous for all (y,t) € R"~! x R, so H1 holds.

e The function g is measurable in (¢, 7,y,2) for 0 < 7 <t < 400,z € RT, y € R*71,
and continuous in x for all (y,t,7) € R*~! x Rt x R*, g(y,t,7,2) = 0if 7 > ¢, s0
here we need the continuity of

Vo o £ (7 [ v as).

which follows from the hypothesis that F' € C(R). So H2 holds.
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e For all £ > 0 and any bounded set B in R, we have

2 n H:tnll2
Ig(y,t,T,X)lgW;lé%w(xw—ﬂ /IR ey
< oy S (Ol — ) E @/ =)
1 1
:7)5(2%‘F(X)|ﬁ,

thus there exists a measurable function m given by

1 1
m(t,7) = —= sup |F(X)|—
67 = 7 R P =
such that
lg(y, t, 7, X)| <m(t,7), VO<T<t<k, XE€B,
and

t
1
sup / m(t,7)dr = —= sup |F(X)| sup
tefo,k] Jo T XeB te[0,k] \/t—T

zisup|F( |sup ( 2\/ﬁ|>

T XeEB €[0,k]

1 k
= — sup |F(X)| sup 2Vt S sup |F(X)| < oo,

ﬁXeB te[0,k] T XeB
so H3 holds.
e Moreover, we also have
K 1
li t,7)dr = — F(X)|1
i, [ mierrar = 7 s 1p0 i, [ 09)
. )
= —3=5 F(X)| i 2vt) =0
77 S [F(X)] lim (2V%) =0,
and
—T+t 1
lim m(t,7)dr = —— sup |F(X)| lim 2 (\/t TT - ﬁ) 0. (2.10)
t—0+ T T XeB t—0+

e For each compact subinterval J of RT, each bounded set B in R~ !, and each
to € RT, we set

'A(t7 Y, V(n)) = |g(t7 T Y, V(na T)) - g(t07 T Y, V(77> T))‘ .
By the definition of g we get
Alt,y,V(n))
lly—=2 _lly—=1?

’ ¢ T e (L Ty sds) do| d
a7 o\ o [ G | F G ) V) dofar
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As the function 7 — V(z, 7) is continuous, then

T»—>1/ V(z,s)ds
T Jo

is C'(R*) and is in the compact B C R for all z € R"!, so by the continuity
of F we get F (L [7V(z,s)ds) C F(B), that is, there exists M > 0 such that
|F (L[5 V(zs) ds)| < M for all (z,7) € R""! x R*. So

_lly—=112 ly—=112
a(t—) 6 T 4(tg—7)

Rn-1 t—T Rn—1 4/ to—T

Alt,y,V(n))

and by using

/R e [ '}j - “) } &= (2v/7=7)"

we obtain
2M | (24/7(t— 7))t ~ @y/m(to — 7))t
A(t»%V(’?)) < (Qﬁ)" ( t— T)n (m)n
M| Vig—T—Vt-T1
TVE =)t —7) |
Thus we deduce that
lim sup  A(t,y,V(n))dn=0.

t=to J 5 v(n)ec(J,B)
So H4 holds.
e For all compact I C RT, all ¢ € C(I,R™) and all ¢y > 0, we have:

l9(t, 754(7)) — g(to, 7,%(7))|
_ lly=nl? _ lly=nll?

2 (=) e 4(to—m)
= o | L G [ v | = - e | |

As F € C(R) and ¢ € C(I,R™), then there exists a constant M > 0 such that

(L[ ooa)| < veer

then we obtain, as for H4, that

Mnlmmnww»—mmmwu»m7=o

t—to

So H5 holds.

e Now for each constant & > 0 and each bounded set B C R™! there exists a
measurable function ¢ such that

|g(y,t,7,x) _g(yathvX)‘ < w(t77)|x_X|
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whenever 0 < 7 <t < k and both x and X are in B. Indeed, as F' is assumed to
be a locally Lipschitz function in R, there exists a constant L > 0 such that

’F C/OTx(s)ds) —F(i/OTX(s)ds> j_/OTm(s)ds—j_/OTX(s)ds

< Lz — X|, V(z,X)¢€ B
then we have

2L lly—=n]?
lg(y,t, 7, 2) — gy, t, 7, X)| < — (/ 16 G- dn) (t—q-)—n/2|x—X\
Rn—

<L

(2y/7)
L
< ——z - X]|,
m(t—17)
and thus ¢(¢,7) = L__ We have also that, for each t € [0, k], the function ¢

V7 (t—T)

is in L'(0,¢) as a function of 7, and we have also

t+1
L
t+1,7)dr = / — = —(2V1) > 0 withl— 0.
/t ol NG \/t—i—l—T ﬁ( )

So H6 holds.

All the conditions H1 to H6 are satisfied with (2.9) and ([2.10)).
Thus from [21, Theorems 1.1, 1.2 and 2.3] there exists a unique solution, local

in time, to the Volterra integral equation ([2.3) which can be extended globally in
time. Then the proof of this theorem is complete. O

3. THE ONE-DIMENSIONAL CASE OF PROBLEM [

Let us consider now the one-dimensional case of Problem[I.1]for the temperature
defined by

Problem 3.1. Find the temperature u at (z,t) such that it satisfies the following
conditions:

1 t
Up — Ugy = —F (t/ um(O,s)ds), x>0,t>0,
0
u(0,t) =0, ¢>0,
u(z,0) = h(z), z>0.

Taking into account that

/Gmtf, )dﬁ—erf(

the solution of Problem [3.1]is given by

u(x,t):uo(x,t)—/oterf(wfj)zf % da)d

’UIO(m?t):/O G(l‘,t,g,O)h(f)df

with
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and V(t) = u,(0,t) the solution of the following Volterra integral equation of the
second kind:

tE(L [T V(o)d
vin=viw - [ LEL VD), (31)
0 w(t —71)
where
1 oo €4t 2 oo 2 \[
W) = ———= - h(§)d¢ = — T h(2vVin)d
00 = 5oz | e = = [ e hevin an
For the particular case
h(z) =ho>0,forx >0 and F(V)=AV,for AeR (3.2)
we have

ug(t, ) = hgerf (
and the integral equation (3.1)) becomes

V(t) = oy "2y Vio)do ? ar. (3.3)

vt 0 t—T

N)

Then, we have

u(z,t) = ho erf (;/£> - )\/Ot erf (2\/1%> W (r)dr, (3.4)
where W (t) is defined by
/ Vr

By using the integral equation (3.3)) for V(¢
Volterra integral equation of the second kind:

1l do
W(t) = /[hro A i “H du]dT

A [ el

_2ho A

PRy

\ —

/ s (0, 7) dr. (3.5)

t) we obtain for W (t) the following

= <

(3.6)

dT‘| du

2ho 2)\1/
=——-—F=- | W(r)vt—7dr, t>0,
Vot Jmt Jy )
by using that
todr
=2Vt — p.
|

Therefore, we deduce the following results.
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Theorem 3.1. Taking h and F as in , the solution of the non-classical heat
conduction Problem is given by , where W (t) is the solution of the Volterra
integral equation (3.6)). Moreover, its Laplace transform L is given by the following
expression:

h _2
Qs) = LW (B)(s) = 5 (1—e ), (3.7)
and W (t) is given by the following difference of two series with infinite radii of

convergence:
2h ~ (4X%8)"
W) == (1 - Z < (2n + Dnl[(2n - 1)!!}2>

= 2hoA (1 + Z 2A2 )271 + Ol )

Proof. By using the integral equation (3.6)) for the real function W (t), the Laplace
transform Q(s) of W () satisfies the following first order ordinary differential prob-
lem:

(3.8)

A h
Q'(s) - m@(s) = —53%, R(s) >0
Q(+o0) = 0.

whose solution is given by (3.7). From a series development of the exponential
function we obtain

+oo n4-1
Q(s) = @ D™ (527:\/)2

n!

A
@ <+°° (2)\)2k+1 foo (2/\)%)
A

k+1 | gk
2k + 1)lskta L= (2k)!s

oh 1 ++zo:o (2>\)2k io gk—1)2k—1
= 0| 1 i )
st = (2k+ 1)(2k)1 kT2 El(2k — 1)1 sk

and therefore we get

W(t) = L71(Q(s))(t) = 2hg ( Z 2)\ non gn )

(2n+1)(2n)!(2n — !
(A:i nj:;;’:;;i )
that is, the expression for W(¢) holds by using that
o (;) (t) = \/% £ Cn) t) = (ntn_ll)'
N EICE <2n2—t1>”ﬁ "
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(2n)! = 2"n!(2n — HN
and the definition
2n-=02n-1)2n—-3)---5-3-1. O

Corollary 3.2. The heat fluz at the boundary v = 0 of the solution of Problem[3.]]
s given by
h A7
uz(ovt) = > - = W(T)
\/7?75 \/E 0 \/t — T
where W (t) is given by (3.8).

Corollary 3.3. The first terms of the development of the series (3.8)) of the average
of the total heat flux at x = 0 are given by

1 472 A3 8\t . A5
2ho | ——= — A+ —=Vt — =t 32 — Z_¢?
0<«/m: T3 5T By 45" )7
which give us a singularity of W of the type t—1/% at t = 0.
Moreover, the first terms of the development of the heat fluz at x = 0 of the

expression (3.9) are given by
1 A 4)? 473 8A4 2\° 326
T AR $3/2 - 22 2 £5/2
0(,% 4+\/7?‘/ 5 't ouE 5 T emyE )

which also give us a singularity of u,(0,t) of the type t=1/2 att =0.

dr, (3.9)

Proof. Tt follows from the following results:

t dr 71' todr
T = 5> T = 2\/2?7
o Jr(t—1) 8 0o VE—T
t t
[ =5 | ==,
0o Vt—T 2 0o Vt—T 3
t 3/2 t 2
SN ' dr = S—Wtz, / T dr = 1—6t5/2,
0 Vi—T 8 0 t—1T 15
which can be generalized to
t n | n+ i
/ T dr = (27’l) t 21 ’ n> 17
0o Vt—T1 [(2n =12+ 4
t _p—1 2
n—3 -1l
[ T U
0 t—T (271)'

O

Now, we will give a new proof of the series (3.8]) for the average of the total flux
W (t). We use the Adomian decomposition method [T}, 2, 3] [7, 25, 26] through a
series expansion of the type
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in the Volterra integral equation (3.6]). Taking

Wo(t) =

we obtain the recurrence formula

2hg

Vi

22 1
W(t) = ——/ Wh_1(m)Vt—7dr, n>1

Then by (3.10)) and ( we get

Wi(t) = _/t Wo(r)VE— 7 dr

4Aho \/

T = —2\ho.

Theorem 3.4. By using a double induction prmczple we have

2h (4N2t)"

n t = I’ Z 17
Wen(t) Jat @n+ Dal[en— D2 "
and
2 21\n
W2n+1(t) = —2)\h0 ( A t) n Z 1,

(n+ 1)(nh)2(2n + 1)V

with Wy and Wy given respectively by (3.10) and (3.12]).

Proof. Using (3.10)) and ( we get

Wa(t) = ——/ Wi(r)Vt — mdr
__4A hOJ/ Vi - B

3T

27
Wg(t):_ﬁ/o Wo(r)vt — Tdr
16A3ho [* 2X3h
_ 16 0/ VIV Tdr = -2,
3t 0 3

22 (7
W4(t):7ﬁ/ Wg(T)\/t*TdT
0
4 t
4 hoj[ [ (0 Ty
0

3ty

taking into account that

t\/t—TdT_E
T

= —t
2a

t
/ VAVETdr =1
0
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)

i

t
2
/ Vit—T1dr = 7t3/2,

/ Wt —T1dr =
0

15

t5/2

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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and their generalizations by

R o tlplpnts

t—r1d _— >1 3.15

/ T ey e (3.15)
1 7(2n — 1)1ntt

/ 2\/t—7'd7':m, nZl (316)

The first step of the double induction principle is verified taking into account
the above computations For the second step, we suppose by induction hypothesis

that we have and (| - Therefore, we obtain
—2)\
Wapa(t) / Wapn1(T)VEt — T dr

- 4A2h0 (222)" N

Tt T (n+ D)m)2(2n + 1) u/ VE-Tdr
_ 2hy 4A%t)ntL

CVart 2n+3)(n + D)I[(2n + 1N’

and

—2X
W2n+3 (t) = / W2n+2 \/t —Tdr

4>\h0 (4X2)n+t /t 41
_ "aVE—Td
tr 2n+3)n+ )[2n+ D2 J, " rer
2. \n+1
= —2\hg (A7)

(n+2)[(n+ 1)!2(2n + 3)!I7
by using (3.15) and (3.16]). Then, the proof by the induction principle holds. O

Conclusion. We have obtained the global solution of a non-classical heat conduc-
tion problem in a semi-n-dimensional space, in which the source depends on the
average of the total heat flux on the face x = 0. Moreover, for the one-dimensional
case we have obtained the explicit solution by using the Laplace transform and also
the Adomian decomposition method.
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