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THE NATURAL OPERATORS LIFTING ¢-FORMS TO p-FORMS
ON WEIL BUNDLES

WLODZIMIERZ M. MIKULSKI

ABSTRACT. Let g, p, k, m be positive integers with m > k+p+1, and let Abea
Weil algebra with k generators. The (not necessarily regular) natural operators
lifting g-forms on an m-dimensional manifold M to p-forms on the Weil bundle
TAM are completely described by means of the so-called excellent maps. As
a consequence, we show that any natural operator lifting ¢g-forms on an m-
dimensional manifold M to p-forms on T4 M is regular, i.e., it sends smoothly
parametrized families into smoothly parametrized families. We apply our
general results to the case where T4 is the rth-order tangent bundle T"M =
J§ (R, M) (in particular, the tangent bundle).

1. INTRODUCTION

All manifolds and maps considered in this paper are assumed to be smooth (of
class C*°). The theory of Weil functors and the concept of natural operators can
be found in [5].

Let Mf be the category of manifolds and maps, Mf,, be the category of
m-~dimensional manifolds and their submersions, and let F M be the category of
fibred manifolds and their fibred maps. Let A be a Weil algebra and T4 : Mf —
FM be its Weil functor.

First, in Section [2} we study all (not necessarily regular) M f,,,-natural operators
C : NIT* ~» AOT*T4 transforming g-forms w on an m-manifold M into maps
C(w) : TAM — R. Namely, using A we define the finite-dimensional real vector
space Q%, and for any map h : Q% — R and any ¢-form w on M we define the
smooth map w'™ : TAM — R, and we prove that any C under consideration is of
the form C(w) = w'? for some map h¢ : Q% — R. Consequently, we obtain that
any such C'is regular, i.e., it transforms smoothly parametrized families of g-forms
into smoothly parametrized families of maps.

Next, in Sectionwe study all (not necessarily regular) M f,,,-natural operators
D : ANIT* ~ APT*TA transforming g-forms w on an m-manifold M into p-forms
D(w) on TAM. Using the well-known fact that TTAM Xpay; - Xpap TTAM =
TB M for some new Weil algebra depending on A, we can consider such operators D
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as M f,-natural operators AYT* ~» AOT*TE. By Section |2, they are regular and
of the form D(w) = w{"P) for some hp : Q%4 — R. But for some h: Q%4 — R and
some g-form w on M, the function w'™ : TBEM = TTAM Xpa ;- Xpapy TTAM —
R cannot be fiber skew p-linear, i.e., it cannot be a p-form on T4 M. That is why
we define the concept of excellent maps h : Q% — R, and deduce that D(w) = wih
is a p-form on TAM for any g-form on M if and only if h is excellent.

In Section [4] we try to estimate the space of the excellent maps Q% — R.
We introduce the bigger space of semi-excellent maps Q% — R, and reduce the
description of semi-excellent maps Q% — R to solutions of systems of linear equa-
tions with coefficients from {0,1} with unknown from {0,1}. Consequently, we
essentially reduce the problem of the description of all M f,,-natural operators
ANIT* ~» APT*T to a rather combinatoric problem.

In the last section, we apply practically our general results when T4 is the
rth-order tangent bundle T"M = JJ (R, M).

The linear M f,,-natural operators AYT* ~» APT*T4 are described by J. Debecki
[2, B]. In the present paper, we describe all (not necessarily linear) such natural
operators.

This work is also a generalization of [6], where regular M f,,-natural operators
T* ~s T*T# are described.

From now on, let k, m, ¢, p, and 7 be positive integers. Let z',...,2™ be
the usual coordinates on R™. Let y',....,y* be the usual coordinates on R¥
and let y',...,y* u',..., u? be the usual coordinates on R¥*? = R* x RP. Let

N ={0,1,2,...} be the set of non-negative integers.

2. LIFTING ¢-FORMS ON MANIFOLDS TO MAPS ON WEIL BUNDLES

Let C5°(R¥) be the local algebra of germs at 0 of smooth maps R*¥ — R and
let m be its maximal ideal. For simplicity of notation, for any map f : RF - R
we will denote the germ at 0 € R* of f by the same letter f.

Let Qf(R*) be the C5°(R*)-module of germs at 0 of g-forms on R*. Similarly,
for any ¢-form w on RF, we will denote the germ at 0 € R* of w by the same
letter w.

Let A be an ideal in C§°(RF) such that m? > A D m"*!, and let

A=C(RF)/A (the factor algebra).

This factor algebra A is a Weil algebra (of order r).
Given a manifold M, two maps v,v; : R¥ — M have the same A-jet, written

jAVZjAlevif
goy—govy € A forany map g: M — R.
Let
TAM = {j"y|v:R* — M}

be the space of all A-jets of maps R¥ — M. Then TAM is a fibred manifold
with the base M and the projection j4v + (0). Any map f: M — M of two
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manifolds induces a fibred map
TAf:TAM — TAMy, TAf(v) :=j*(for), v=3j".

So, we have the bundle functor T4 : Mf — FM, the Weil functor of A-jets; see
[4, 5 8].

We have the sub-modules

A-QURF) and dAAQITH(RF)

in the C§°(R¥)-module Qf (R*), the one spanned (over C§°(R*)) by all o forn € A
and o € QZ(R¥), and the one spanned (over C§°(R*)) by all dn A o for n €
and 0 € QU ' (RF), respectively, where d is the exterior derivative (QJ(RF) :
Ci° (RY)).

Let

s

QY = Qg(Rk)/QZ‘ (the factor module),
Q% == A QIR") +dA N QT RY),
where Q% is the sub-module in the C5°(R*)-module Qf(R*), the one consisting of

all elements o1 + o9 for 01 € A- Q4(R*) and 05 € dA A Qg_l(Rk).
One can easily see that the real vector space QY is finite-dimensional. Any
element of w € QY is of the form w = [0l foraoe Q4 (RF).

Example 2.1. Let h : Q% — R be a map. Given a ¢-form w € Q4(M) on an
m-dimensional manifold M, we define a map w'® : TAM — R by

W (v) = h(ly'wlge), ve TAM,
where v : R¥ — M is a map such that v = j4y and where y*w € Qf(RF) is the
pull-back of w with respect to ~.
Lemma 2.2. The value w™ (v) is well defined.
Proof. Suppose v = j4y = j45;, where 7,7, : RF — M. We have to prove that
By wlgn) = h(iviwlgs ).

We may assume M = R™, v(0) =v1(0) =0, and w = > w;,
where > is over all integers with 1 <i; <.+ < 1qg < m.
Let v = (v%,...,7™) and v; = (71,...,7"). Since j4y = j471, we have

iqdmil A« Adxla,

ey

Wiy,oig O — Wiy,.ig ©71 €A and Y -reA

for all integers i1,...,%, with 1 <43 <--- <ig<mandi=1,...,m. We have
YW= Aiw =Y Wiy iy 07 YT A AY T =Y wiy i om - dyi A Ady

= Z(wi1,~~~7iq Oy — Wiy,...ig © ,71) . d,yil A A d,yiq
q
+ Z Z(_l)sﬂwil,.“JQ oy - d(y* =) Ady AL
s=1

Adyi =  AdyP A Adya
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Then v'w — yjw € Q%. So, [’y*w]gz1 = [’yfw]gi. Consequently, h([’Y*w]Qi) =
hviwlar ) O

Lemma 2.3. The map w™ : TAM — R is smooth.

Proof. Let vy € TAM be a smooth curve. There exists a smoothly parametrized
family of maps v, : R¥ — M such that v, = j44; for t € R. Then [V Wlmr+1.08(mF)
is a smooth curve in the finite-dimensional real vector space Qf (R*)/m"1.Qd (RF),
the factor space of the C§°(R*)-module Qf (R*) by its sub-module m"**- Qf (RF).
Then ['y;‘w}gi is a smooth curve in Q% because [%*W]ng is the image of the curve

[ Wmr+1.01(rr) With respect to the obvious projection QI(RF)/m"™ . QI(RF) —
QY. Then w!™ (v;) depends smoothly on ¢. So, w™ : TAM — R is smooth because
of the Boman theorem (see [1]). O

Lemma 2.4. Ifw, is a smoothly parametrized family of g-forms on M then (w, )™
is a smoothly parametrized family of maps TAM — R.

Proof. The proof of this lemma is a simple modification of the proof of the previous
one. O

Proposition 2.5. The correspondence (—)<h) D NIT* ~s AOTHTA given by w —
Wi is a regular M f,-natural operator in the sense of [5].

Remark 2.6. The concept of (not necessarily regular) natural operators can be
found in [5]. In our situation, the M f,,-naturality (invariance) of (—)") means
that for any M f,,-map f: M — M; and g-forms w € Q' (M) and w; € Q4(M;) on
M and M, respectively, if w and wy are f-related, then so are w'™ and w§h>. The
regularity of (=) means that (=) transforms smoothly parametrized families
of g-forms into smoothly parametrized families of maps.

Proof. The proposition is clear. In particular, because of the canonical character
of the construction of w'™ it follows the M f,,-invariance of (—){". The regularity
of (=) is exactly Lemma O

The main result of this section is

Theorem 2.7. If m > k + 1, then any (not necessarily regular) M f,,-natural
operator C' : NIT* ~ NOT*TA sending q-forms w on an m-manifold M into maps
C(w) : TAM — R is of the form C = (=)™ for a map h = h¢ : Q% — R uniquely
determined by C. In particular, any such C' is reqular.

The proof of Theorem will occupy the rest of this section. We need several
lemmas.

Let C : AIT* ~» AT*T4 be a (not necessarily regular) M f,,-natural operator.
(Of course, the M f,,-naturality and the regularity of C' are explained in Remark
with C' instead of (—){".)

Assume m > k + 1. Define ¢ : Qf(R™) — R by

Po(w) = CW)(K?), we QfR™),

Rev. Un. Mat. Argentina, Vol. 69, No. 1 (2026)



OPERATORS LIFTING ¢-FORMS TO p-FORMS ON WEIL BUNDLES 165

where k4 1= j4(1) € T{R™, 1 : R¥ — R™, (y1, .-, ux) = (W15, Yk, 0,...,0),
Y1,-.., Yk € R.

Lemma 2.8. The operator C' is determined by ®c, i.e., if Cy is another operator
such that ®c, = @¢c, then Ch =C.

Proof. By the rank theorem, x“ has a dense M f,,-orbit in TAR™. So, the lemma
is clear. (]

Lemma 2.9. If ¢ is an M f,,-map preserving x4, then ®c(¢p*w) = ®c(w) for any
w e QR™).
Proof. Tt is an immediate consequence of the invariance of C' with respect to ¢. 0O

Lemma 2.10. For any w € QJ(R™), we have
Do (w) = Pe((zh, ..., 2"%,0,...,0)"w).

(We recall that x',... 2™ denote the usual coordinates on R™ and (—)* denotes
the pullback.)

Proof. Let t,,€, be two sequences of real numbers such that 0 < ¢, < exp(—n)
and 0 < €, < exp(—n) for any n. Let y, = (0,...,0, %) € R™. By the Whitney
extension theorem [9], there exists a smooth map ¢ : R™ — R™ such that, for
sufficiently large n,

‘p‘D(yszrhEszrl) = (‘r17 s 7xk’ 0,..., O)

and

_ 1 k k+1 m
gp'D(yzn,ezn) - (.’IJ yerey L ,tgn.’lf ,...,tgn.'lf )a

where D(y,€) is the disk {z € R™ | ||z — y|| < €}. Then
Cle"w) (G e+ yantn)) = C((@, 28,0, 0)w) (4 y2n41))
and
C(e ) (Gt +yan)) = C((@", o 2" t2na™ L tana™) W) (5 (¢ + y20))
= C(w) (7 (¢ + tany2n))

for sufficiently large n. The last equality follows from the invariance of C' with
respect to the M f,-map (', ..., 2% to,2*+1, ... t5,2™). If n — oo, we obtain

Cw)(j*) = C((=",...,2",0,...,0)"w)(j"),
ie., ®c(w) = Pc((2!,...,2%,0,...,0)*w) as well. d

Lemma 2.11. If oy € Q4(R¥), t € R, is a smoothly parametrized family, i.e., the
resulting map o : R* x R — AYT*R¥ is smooth, then the map

Rt Oc((zh,...,2")0) € R

is smooth.

Rev. Un. Mat. Argentina, Vol. 69, No. 1 (2026)



166 WLODZIMIERZ M. MIKULSKI

Proof. Define w € Q2(R™) by

ko * *
w|(m1,.“,xm) = ((.’L‘l, sy ) Uﬂﬂm) (T1,0yTm) € /\qT(I1,~~,90m) ’
where (z1,...,2m) € R™. Then
(zt,... k0, 0)"(7(0,....0,6)) "W = (z!,... ,ack)*at,

where 7o, 0.+ : R™ — R™ is the translation by (0,...,0,t) € R™, t € R. Then
using the previous lemma and the invariance of C' with respect to 7(g,... 0.+), We get
do((2t... ,xk)*ot) =do((at,. .. k0, 0)*(7(0,...,0,6)) W)
= 00((7(0,...0)"w) = C(7(0....0.0)) W) (k™)
=C(w)o TAT(07.__,07t)(I€A).
Since TAT(O ,,,,, O’t)(mA) depends smoothly on ¢, the proof is complete. U
Lemma 2.12. For any w € Q4(R™) of the form w = w(z!, ..., 2% dat,. .. da¥)
and any o € Qg_l(Rm) of the formo = o(zt,...,x% dx',... dz*), and anyn € A,

we have
Do(w) = Dolw +dn A o),

where no (zt,...,z%) is (for simplicity) denoted by 1.
Proof. Using Lemma [2.10] then Lemma [2.9] with
o= (z ..., zm 2™ (2t 2h),

and then Lemma [2.10] again, we get
Oo(w) =@c(w+dz™ No) =Po(w+dz™ Ao +dnho) =Pc(w+dnAo).
The proof of the lemma is complete. O
Lemma 2.13. For any w € Q¢(R™) of the form w = w(z!,... 2% dat,. .. daF)
and any wy € QF(R™) of the formw; = wy(a!,..., 2% dzt, ... d2*) and anyn € A,
we have
@C(w) = <I>c(w +n- wl),
where n denotes no (z1,... 2%).
Proof. By the same arguments as in the proof of Lemma we have
Po(w) = Po(w+a™ wy) =Po(w+a™ w +n-w) =Dc(w+n-w).
The proof of the lemma is complete. O

We are now in a position to prove Theorem

Proof of Theorem 2.7} Let C be as in Theorem We (must) define h¢ : Q% - R
by

ho(w) := ®c(o), w= [U]QqA, o€ QRF) c QYR™)
(the inclusion is given by the pull-back with respect to the projection (z!,..., 2*) :

R™ — RF). By Lemmas|2.12|and h¢c is well defined. Moreover, h¢ is smooth
because of Lemma [2.11] and the Boman theorem. By Lemmas 2.8 and 2.10} C is
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determined by h¢, i.e., if C; is another operator in question with ho, = h¢c then
C = C;. We can easily see that if C} := (=){), then hc, = he. Consequently,
C = Cy = (—)"e). The proof of Theorem is complete. O

Corollary 2.14. Assume additionally ¢ > k. If m > k+1, then any M f,,-natural
operator C : NIT* ~» NOT*T4A sending q-forms w on an m-manifold M into maps
C(w): TAM — R is a real constant one.

Proof. If ¢ > k, then Q(R*) = (0), and hence Q% = (0). Therefore any map
h: Q% — R is constant, and the corollary follows. O

3. LIFTING ¢-FORMS ON MANIFOLDS TO p-FORMS ON WEIL BUNDLES

Let k,m,q,p,r be positive integers, and let ', ..., y* u',... uP be the usual
coordinates on RF? = R* x RP. Let A = C5°(R¥)/A be the Weil algebra as in
the previous section. Using A we can produce a new Weil algebra B (depending
on A) by

B = Cgo(Rk+p)/§, B = <Ao(y1,...,yk), ulud li,j=1,...,p),

where B is the ideal in C§° (RF*P) spanned by the collection consisting of 7 o
(y*,...,y") for all n € A and all u'u/ fori,j=1,...,p.

Clearly, B= A® Dzlj, where Dzlj =D &R - Dr D (p times of D), where D
is the algebra of dual numbers. Then (by the theory of Weil functors) given a

manifold M we have
TEM = TTAM Xpap -+ Xpap TTAM  (p times of TTAM),

where T8 is the Weil functor corresponding to the Weil algebra B.

We are going to describe all (not necessarily regular) M f,,-natural operators
D : NIT* ~ APT*T4 sending g-forms w on an m-manifold M into p-forms D(w)
on TAM.

Clearly, any such M f,,-natural operator D : AIT* ~» APT*T4 can be treated
(in an obvious way) as an excellent M f,,,-natural operator D : AT* ~» NOT*TB in
the sense of Definition [3.1] and vice versa. So, in particular, any such D is regular
because of the previous section.

Definition 3.1. An M f,,-natural operator D : AYT* ~ AYT*TB is excellent
if, for any m-manifold M, any point u € TAM and any ¢-form w on M, the map
D(w)|p,ranrxxryran t TaTAM x -+ x T.TAM — R is skew-symmetric p-linear.

So, we are going to describe all excellent M f,,-natural operators D : AYT™ ~~
AOT*TB | where B is as above. Let D be one such operator. As in the previous
section, let

Qb = QHRMT)/QY, Q= B-OR(RMT) B A0 (RF),

By Theorem [2.7] applied with B instead of A and D instead of C, if m > k+p+1,
then D = (—){"2) for a smooth map hp : Q% — R uniquely determined by D. By
the proof of Theorem [2.7]

hp(w) := D(0)(k"), w=lolgs, o€ QR"?)CQfR™)
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(the inclusion is given by the pull-back with respect to the obvious projection
R™ = R¥P x R~ (k+P) 5 R¥4P) where v := jB(1) € TPR™, 1 : RFP - R™,

L(ylw--ayk-i-p) = (ylv"~7yk+p507~--50)7 Y1, Yk+p € R.
Let Ry = (R4, ) be the multiplicative group of positive real numbers. We have

the action of (R4)P on Q% given by
tow:= [(at)*a]%,

where t = (t1,...,t,) € (Ry)P, w=[o]qs € @, 0 € QI(R*P) and a; == (y',. . .,
y* tut, . tuP) c RFYP 5 R where yl .o yF L uP s RFPP 5 R are
the usual coordinates on R¥*P. The action is well defined because QL is (ar)*-
invariant. o

Let S, be the group of permutations of p elements {1,...,p}. We have the
action of S, on Q% given by

sUw:= [(asfl)*g]g‘gv s € Sp7 w = [O-]QQB € QqBa o< Q%(Rkwﬂ))’

where a, == (y',..., 9%, u*M ... u*®). The action is well defined because Q1 is
(as-1)*-invariant.

Definition 3.2. A map h: Q% — R is excellent if
htow)=1t1-...-t,-h(w) and h(sOw) = sign(s) - h(w)
for any w € Q%, any t = (¢1,...,t,) € (R4)? and any s € S,,.

Lemma 3.3. Assume m > k +p+ 1. Let D be as above. Then the map hp :
Q%L — R is excellent.

Proof. The first formula from Definition (for hp instead of h) is a consequence
of the invariance of D with respect to
a o= (zt, .. 2Pttt ,tp:ck“’,xkﬂHl, cooz™)
for t = (t1,...,t,) € (R4)? and the p-linearity of D(w)|r ,7aRmx...xT ,7AR™ for
any g-form w on R™. More precisely, we can proceed as follows. Consider w € Q%
and t = (t1,...,t,) € (R4)P. We can write k% = (v1,...,vp) € TaTAR™ x -+ - x
T, aTAR™ and w = [0] Qs , where o € QIRFP) c QI(R™). Then THa;(kB) =
(t1v1,...,tpvp). Hence
hp(tow) = hp([(ar)*olgs ) = D((@) o)(k") = D(o) (TP a:(x"))
=D(0o)(t1v1,...,tpvp) =t1 ... -ty - D(0)(v1,...,0p)
=t1-...-tp - hp(w),
ie, hp(tow) =1t ... -t, - hp(w) as well.
Similarly, the second formula from Definition (for hp instead of h) follows
from the invariance of D with respect to

~ 1 k k+s(1 k+s k+p+1 m
as = (x*,..., 2% x W ghts) ghtptl g )
for s € S, and the skew-symmetry of D(W)|TKA TARmx...xT_,TARm for any g-form

w on R™. More precisely, we can proceed as follows. Consider w € Q% and s € S,,.
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We can write k2 = (vq,...,v,) € TgaTAR™ x --- x T, aTAR™ and w = [O’]Qt}zs,
where o € Qf(R*?) C Qf(R™). Then TPa,(kP) = (vs(1), ..., vs(p))- Hence

ho(sOw) = ho(l(a, 1) olgy) = D((as1) o) (k%) = D(0)(T %, (57))
( ) (v s=1(1)s >V _1(p)):sign(s)-D(U)(vl,...,vp)

gn(s) - hp(w )
ie, hp(sOw) = slgn(s) p(w) as well. O

Lemma 3.4. Assume m > k+p+ 1. Let h : QL — R be excellent. Then
(=) 2 NIT* ~s AOT*TB can be treated as a natural operator NIT* ~ NPT*T4,

Proof. By the first formula from Definition (3.2) H we get that w!™ (wy,.. wp) is
p-linear in wy,...,wp, € T, TAM for any ¢-form w on M and any u € TAM.
More precisely, we can proceed as follows. Since the M f,,-orbit of k? in TAM
is dense (as m > k) and (=) is M f,,-invariant, we can assume M = R™ and
u =kt € TAR™. Let k® = jBL = (v1,...,vp). Let t = (t1,...,t,) € (Ry)? and
let a; and a; be as in the proof of the previous lemma, and let w be a g-form on
R™. Then

W (t1vy, ... tpy) = W (TBa (o1, ..., 0p)) = (@) W)™ (v1, .. . vp)
— B (@) wlgy) = h(l(ar) " wlgy ) = hito ["wlgr)
=t oty h([Pwlgs ) =t - oty W0 (g, ),
ie., w(tiv,... Jtpp) =t1-.. .-tp~w<h> (v1,...,vp). Then by the M f,,-invariance

of (=) and the fact that the M f,,-orbit of k¥ is dense in (TBM),a (as m >
k+p), we get
w<h>(t1w1,...,tpwp) = tl . -tp -w<h>(w1,...,wp)

for any g-form w on R™, any w1, ...,w, € TxaTAR™ and any t; > 0,...,t, > 0.
Now, the homogeneous function theorem implies that w™ (wr,...,wp) is p-linear
in wy,...,w, € T,aTAR™ for any ¢g-form w on R™ as well.

The second equality implies that w(" (w1, ...,wp) is skew-symmetric in wy, ...,
w, € T,TAM for any g-form w on M and any u € TAM. More precisely, we
can proceed as follows. We can assume M = R™ and u = k4 € TAR™. Let

B =B, = (v1,...,v,). Let s € S, and let as be as in the proof of the previous
lemma, and let w be a ¢-form on R™. Then

wM (Vs(1)y -+ Vs(p)) = Ww(TBag(v1,...,vp)) = (@) W)™ (v1, ..., v,)
= h([*(as)"wlqs ) = h([(as)""wlgs ) = h(s™ O "w]g )
= sign(s) - h([L*w]QqB) = sign(s) - ™ (v1,...,vp),

Le., w™ (vg1), ..., V() = sign(s) -w™ (vy,...,v,). Then by the M f,,-invariance
of (=) and the fact that the M f,,-orbit of x” is dense in (TZM),.4, we get that

wh (Ws(1ys - - > We(p)) = sign(s) - W (wy,. .. wp)
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for any ¢-form w on R™, any wy, ..., wp € T,ATAR™ and any s € Sp as well.
Then w™ is a p-form on TAM for any g-form w on an m-manifold M. O

Summing up, we have proved

Theorem 3.5. Assumem > k+p+1. The correspondence D — hp described above
between the (not necessarily regular) M fp,-natural operators D : NIT* ~s NPT*T4A
and the excellent maps hp : Q% — R is one-to-one. The inverse correspondence

is h = (=), In particular, any (not necessarily reqular) M f,-natural operator
D : NIT* ~» NPT*TA s regular.

Corollary 3.6. Assume additionally ¢ > k+p. If m > k+p+ 1, then any M f,,-
natural operator D : NIT* ~s APT*TA sending q-forms w on an m-manifold M
into p-forms D(w) : TAM — R. is the 0 one.

Proof. If ¢ > k + p, then QZ(R**?) = (0), and then Q% = (0). Then any excellent
map Q% — R is 0. Now, the corollary is clear. O

Definition 3.7. A map H : Q% — R is semi-ezcellent if H(tow) = t1-...-t,-H(w)
for any w € Q% and any t = (t1,...,t,) € (R4)P.

Quite similarly one can prove (in fact, we have proved) the following

Theorem 3.8. Assume m > k + p -+ 1. There exists a one-to-one correspondence
between the M f,,-natural operators N9T* ~~ QPT*T4 and the semi-excellent maps
Q%L — R.

Corollary 3.9. Assume additionally ¢ > k+p. If m > k+p+ 1, then any
M fr-natural operator NIT* ~ QPT*T4 is the 0 one.

Remark 3.10. Theorems [3.5] and show that, to describe all M f,,-natural
operators AIT* ~ @PT*T4 (resp., NIT* ~ AUT*T4), it is sufficient to describe
all semi-excellent (resp., excellent) maps Q5 — R. Such a description will be
presented in the next section.

4. ON SEMI-EXCELLENT MAPS

We will use the same notation as in the previous sections. In particular, let B
and Q% be as above.

We are going to present the full description of all semi-excellent maps Q% — R.

Let N be the set of non-negative integers. Given o = (o,..., ) € NP and
t=(t1,...,tp) € (R4)P, we denote t* := (t1)* ... (t,)".

Definition 4.1. An element w € Q% is homogeneous of weight o = (v, ..., ) €
NP if

tow=1t% w
for any ¢ = (t1,...,tp) € (R4)P, where ¢ and Q% are as in the previous section.

Definition 4.2. An element w € Q% is adapted if it is homogeneous of weight
a(w) satisfying a(w) € {0,1}P.
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Definition 4.3. A basis B = {w1,...,wk} of the real vector space Q% is called
adapted if wy, ..., wg are adapted.

The description of all semi-excellent maps Q% — R is presented in the following

Theorem 4.4. (i) We can choose a basis B = {w1, ..., wk} in the real vector space
QqB and K, < K such that wi,...,wg are adapted and w,...,wk, are precisely
the elements of B of weight (0,...,0).

(ii) Let B = {wy,...,wi} and let K, be as in part (i). Given w € B, let a(w)
be the weight of w. Let Ay, ..., Ak be the dual basis to B. Then any semi-excellent
map H : Q% — R is a linear combination of the monomials

(A1) Vot (Ag)T
for all vk, +1,--., vk € {0,1} such that
K
Z A/ja(wj) = (17 ) 1)»
J=Ko+1

with uniquely determined coefficients given by smooth maps Q% — R depending on
A, ..oy Ak, (i.e., of the form a(\y,. .., Ak, ) with a € C®(RX°)). Conversely, any
such linear combination is semi-excellent.

Proof. Clearly, by the definition of Q%, we can choose elements vy,...,vz € Q%
such that Qf = spang{v1,...,vz} and, for j =1,..., K, each v; is of the form
[y"‘uﬁdy“1 A ANdyPE Adu?t A - A du"”] Q0
xB
for some o € N*¥ and 8 = (51,...,8,) € NP, and some l%,ﬁ,ul,...,u,;,yl,...,uﬁ €
N satisfying 1 < g < -+ < pup <k, 1 <y < --- <y <p, k+p =g,
1Bl =p1+ -+ 06, <1,and if §; = 1, then s € {1,...,p}\ {v1,...,v5}. From
these generators we can choose the basis

B={wy,...,wk}

of the real vector space Q%. Then B is adapted. Of course, we may assume that
wy,. .., Wk, are precisely the elements of B of weight (0,...,0).
The proof of part (i) of the theorem is complete.

Let H : Q% — R be a semi-excellent map. Given w € B, let a(w) be the weight
of w. Any element w € Q% is of the form

K
w = Z Aj(w)w;, where \; : Q%4 — R are the functionals dual to w, ..., wk.
j=1
Then, for any w = EJK:1 Aj(w)w; € QF and t = (t1,...,tp) € (Ry)P, we have
K K K
tl et tp . H(Z )\j(w)wj) = H(to Z)\j(w)wj> = H(Z )\j(w)ta(wj)wj).
j=1 j=1 j=1
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Then, by the homogeneous function theorem [5], H is a linear combination of the
monomials

(A1)7K0+1 e ()\K)’YK
for all vk +1,...,7x € N such that

K

> malw)=(1,...,1),

j=Ko+1
with coeflicients given by smooth maps depending on Ay, ..., Ax,. Then v 41,.. .,
vk € {0,1} because a(wj) # (0,...,0) for j =K, +1,..., K.
The proof of part (ii) of the theorem is complete. O

Remark 4.5. The condition ZJI.(:KO+1 yia(w;) = (1,...,1) from part (ii) of the
theorem is a system of p linear equations with coefficients from {0, 1} with K — K,
unknowns «; from {0,1}. So, we have reduced the description of regular M f,,-
natural operators AIT* ~» QPT*T4 to a rather combinatoric problem.

5. APPLICATIONS

To start, applying the general results obtained in the previous sections, if m >
q+ 2 > 4, we explicitly determine all M f,,-natural operators D : A9T* ~» AIT*T
lifting ¢-forms w on an m-manifold M to g-forms D(w) on the tangent bundle T M.
We prove

Proposition 5.1. If m > g+ 2 > 4, then any M f,,-natural operator D : N1T* ~~
ANIT*T is of the form
w— aw® + b + cdiLwC

for real numbers a,b,c uniquely determined by D, where w® is the complete lift
of w from M to TM, w" is the vertical lift of w from M to TM, iy is the inner
derivative with respect to the Liouville vector field L on TM, and d is the exterior
derivative.

Proof. We prove this proposition for m > ¢+ 2 > 5. We are going to apply the
general results obtained above in the case k= 1 p=gq, A=C®R)/((u’)?) and
B={u)? v |i,j=1,...,q), where u® := y'. The collection consisting of ¢+3
classes

v = [du A dul A - A@im-wduq]@,

B

v® = [uldu® A du? A - /\duq}

=1 o
1
oD = [d ./\duq]QqB,
v® = [u’du' A - ~/\duq]Qq
—B
for i = 1,...,q generates (over R) the real vector space Q%, where, of course,

dui means that du’ is dropped. This will be proved in a more general situ-
ation in Lemma So, we have the basis wi,...,wk,,...,wx of Q% such
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that wg, 41,...,wxg € {v& M @Y and wy,...,wg, € {vil) |i=1,...,q}.
We can see that this basis is adapted. Namely, vgl) is homogeneous of weight
(1,...,1,0,1,...,1) € {0,1}7 (0 in ith position) for i = 1,...,q, and the other
elements are of weight (1,...,1,...,1) € {0,1}2. Let Ay,..., Ak be the dual ba-
sis. Using Theorem [£.4] we can immediately see that any semi-excellent map

H: Q% — R is of the form
H=ag, 11 Kk, 41+ +ax Ak,

where the coefficients are real numbers. Thus the vector space of all excellent maps
H : Q% — R has dimension < 3. Therefore the vector space of all M f,,-natural
operators AYT™* ~~» AYT*T has dimension < 3 because of Theorem@ On the other
hand, we have three linearly independent natural operators in question. Namely,
w® and w" and dipw®. So, using the dimension argument we end the proof of the
proposition in this case. That the operators w® and w" and dipw® are linearly
independent will be proved later in Lemma (in a more general situation).

So, using the dimension argument we end the proof of the proposition.

In the case m > q 4+ 2 = 4, the proof is quite similar. O

Remark 5.2. In the description of M f,,-natural operators AYT™* ~» AYT*T given
in Proposition [5.1] we cannot see the operator

W irdwC.
Why? Because of w® = Lw® = ipdw® + dipwC.

In the rest of this section, we generalize Proposition Namely, if m > ¢ +
2 > 4, we explicitly determine all M f,,-natural operators D : AIT™* ~» AIT*TT
lifting g-forms w on an m-manifold M to g-forms D(w) on the r-tangent bundle
"M = J§(R,M).

At first, we consider the case m > ¢+ 2 > 5. We prove

Theorem 5.3. If m > q+ 2 > 5, then any M f,,-natural operator D : NIT* ~~
ANIT*T" is of the form

w i asw'® + i bydipw ™
s=0 o=1

for real numbers as, by uniquely determined by D, where w'®) for s =0,...,r are
the classical (s)-lifts of w to T"M in the sense of A. Morimoto [1], and L is the
canonical vector field on TT"M with the flow given by Exp(7L)(v) := j5(y o ar),
TeR,v=74y€eT"™M, where a. : R = R, a,(t) = exp(7)t.

To prove Theorem we need a preparation. Now, £k = 1, p = ¢q, A =
C*®R)/((u®)*1) and B = ((u®) 1 ulu? | i, = 1,...,q), where u® := y'. We

prove some lemmas.
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Lemma 5.4. The collection consisting of classes

o) = [d(uo)s Adul A Adut A A dut] g,

B

(39 = [utd(u®)® A du® A - /\du”"]QQ7
“B
oD = [dut dud
= [t A ]y,
v [ du A - /\duq]

Q%
fori=1,...,q and s = 1,...,r generates (over R) the vector space Q%. All

elements of this collection are adapted Namely, v ( ) s homogeneous of weight
(1,...,1,0,1,...,1) € {0,1}9 (0 in ith position) forz =1,...,qands=1,...,r,
and the other elements are of weight (1,...,1,...,1) € {0,1}9.

Proof. Clearly, the classes [uPdu® A --- A dui A A duq]QqB for all 3 € N9t and

j =0,...,q generate the vector space Q%. Because of the construction of Q%, all
these classes are 0 except (eventually)

[(uo)kdul A A dud]

QL
[(uo)’“duo/\m/\@iA-uAduq}Qq
=B
and
[(uo)’“uiduoAmAd/JiAmAduq]Qq
=B
fork=0,...,7r, kg =0,...,7r—1,and i =1,...,q. Moreover,
[(u®) du® A d(u'u’) Adu? A~ A dui A A duq]Qq =0,
=B
SO

(WO utdu® Adu? A A duq]Qq = e[(u”)Fruldu® Adut Ao A dui A - A du] Qs

for some ¢ € {—1,1}. Consequently, the classes vgl’s), v M) p(28) for § =

1,...,qand s = 1,...,r generate (over R) the vector space Q%.

The rest of this lemma is a simple observation. O
Lemma 5.5. Let wy,...,wk be the basis in Q% such that wy, ..., wk, € {vgl’s) |
s=1,...,m0=1,...,q} and wg,11,...,wg € {v&) &) ) | s =1, r}

It is adapted. Let \i,..., \x be the dual basis. Then any semi-excellent map
Q% — R is

K, +1A1 + -+ ag Ak
for any ag,+1,...,ax € R. Thus the vector space of excellent maps Q% — R has
dimension < 2r + 1.
Proof. Tt follows immediately from Theorem [I.4] and the previous lemma. O

Lemma 5.6. If m > q+ 2 >4, the collection of M fy,-natural operators w'®) and
digw'® for s =0,1,...,r and 0 = 1,...,r is linearly independent.
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Proof. Suppose we have

n= zr:asw(s) + 27: bodizw® =0
s=0 o=1

for any w € Q9(M). Then
Zas(dw)(s) = Zasd(w(s)) =dn=0
s=0 s=0

for any w € QI(R™) because d(w®)) = (dw)®). Putting w = (z')*z2d2z® A --- A
dzt2 we get

0= au(dw)(@:",...,00,) = au(dw(@s, ..., 0542)) = > a((z"))®
s=0 s=0

s=0

for A\=0,1,...,r, where 0; = % for ¢ = 1,...,m. Evaluating at jj(¢,0...,0) €
T"R™, we get

.
1 dsth
0= Qg . = a)
for A=0,1,...,r. Then ag =a; =--- = a, =0, and then
> bpdipw™ =0
o=1

for any w € Q4(R™). Since the flow of L is a natural transformation 7" — 7" and
the flow of X is {T"(p,)}, where {p,} is the flow of X, then £;,X() = 0 for
any vector field X on R™, where L is the Lie derivative with respect to L. Then

(Lro@) (X7, X)) = Lo@ (X7, X)) = Lw(Xy .., X)),
and then
(digw @)X\, X)) = Lw(Xy ..., Xg)©
for any closed g-form w on R™ and any vector fields Xi,..., X, on R™ (because
irdw(®) =0 if dw = 0) for o = 1,...,7. Then, putting w = (") dz* A--- Adz? (it
is closed) and X; =0; for j=1,...,gand A=0,...,r, we get

T

S b, L((2) ) = 0
o=1

for A\=1,...,r. Evaluating at j{(¢,0,...,0) € T"M, we get

. 1d d? exp(T )t
0= b —— _ =X\
Uz::l oldr|__, dte ‘0 A
for any A =1,...,r. Then by = --- = b, = 0. That is why the operators w(*) and
dipw'@ for s =0,...,r and ¢ = 1,...,r are linearly independent as well.
The proof of the lemma is complete. O

We are now in a position to prove Theorem [5.3]
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Proof of Theorem [5.3] By Lemma the vector space of excellent maps Q% — R
has dimension < 2r+1. Then, by Theorem [3.5] the vector space of all M f,,,-natural
operators AYT* ~» ANIT*T" has dimension < 2r+ 1 as well. Then using Lemma [5.6
and the dimension argument we complete the proof of the theorem. O

Now, we pass to the case m > ¢+ 2 = 4. We prove

Lemma 5.7. If m > q+ 2 = 4, then the vector space of M f,,-natural operators

N2T* ~s N2T*TT has dimension < 2r + 1+ @

Proof. Clearly, Lemma [5.4] is true also for m > ¢+ 2 = 4. Then we have the
following version of Lemma [5.5

Let wy,...,wk be the basis in Qf with wq,...,wk, € {v§1’s) |s=1,...,7}

WK1,y Wk, € {véLS) |s=1,...,r}, and wg,11,..., wg € {v&) v 1) |
s=1,...,r}. It is adapted. Let A1,...,Ax be the dual basis. Then, by Theo-
rem any semi-excellent map Q% — R is of the form

Ky Ko

H=Y"" > ke Mo + 0k 41 o1 + - + ax Ak
k1=1ko=K1+1

for real coefficients uniquely determined by H.

Then, because of the above version of Lemma [5.5] there is a linear monomor-

phism sending any such H into the collection of the sequence (ak, 41, -..,ax) (cor-
responding to H) and the (r x r)-matrix [bs, s,] such that bg, s, := H(v%l’sl) —H;gl’”))
for s1,s0 =1,...,r. If H is excellent, then

by = —H (0" o)) = H(s O (o) +05"))
— H(Ugl,sz) + UéLSl)) — szsl

for any s1,s9 = 1,...,r, where s = (1,2) € S5 is the cycle. Now, the lemma is
clear because of Theorem [3.5 O

Theorem 5.8. If m > g+ 2 = 4, then any M f,,-natural operator D : N2T* ~
N2T*TT is of the form

T I
w Z aglaziLw(”l) Adpw'®) + Z asw'® + Z bydigw'®

1<o1<02<r s=0 o=1

for real numbers ay,0,,as, by uniquely determined by D.
Proof. Suppose we have

Z oy izw T N ipw(©?) 4+ Z asw'® + Z bodipw'™ =0

1<o1<o2<r s=0 o=1

for any g-form w on R™. Putting tw instead of w, we get

t2 Z aglgziLw(”l) Aipw'®) 4 t(Zasw(S) + Z bgdiLw(")) =0
o=1

1<o1<02<r s=0 =
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for any t € R. Then

Y i Nigw =0 and Y aw® + > bedigw® =0

1<o1<o2<r s=0 o=1

for any g-form w on R™. Then ap =--- =a, =0 and b = --- = b, = 0 (because
of Lemma , and
Z aalaziLw(al) A Z.LW((TQ) =0
1<o1<o2<r

for any ¢-form w on R™.
Put w = dz! A dz?. We can see that

i=1 p=1
because
) 1 d d
iy (w) _ -2 i
LGN, = | | ORI = )]
Then
(ZLUJ(U) a(’f ZZN (u) (o) a(T 0] 6(7”))
i=1 p=1
m T
= ZZ“ w(8;,00) 7 = —g(22)).
i=1 pu=1
Similarly,
(ipw@)(057) = o (@)
Then

(i) N i), 057) = mr10a(—(w2) ") (&))" + (1)) (22) ().
Hence

3 triea0102(—(22) ) (@) 4 (21)) (2%)0)) = 0.

1<0,<oa<r
Evaluating at j§(t%1,¢%2,0,...,0) € T"R™, we get as,5, = 0 for 1 < 51 < 89 < 7.
Then the dimension argument ends the proof of our theorem. O
Remark 5.9. Let m > ¢+ 2 = 3. One can verify that
v%l’l) v(l’r), v(l), 0(3’1), . ,0(3’7’), ’U(Q’l), . ,U(2’T)

yeeeyUg

(the collection of Lemma is the (adapted) basis of QL. Let
ALY AT A NGD NG @D @)

Rev. Un. Mat. Argentina, Vol. 69, No. 1 (2026)



178 WLODZIMIERZ M. MIKULSKI

be the dual basis. Then, by Theorem any semi-excellent (and hence excellent)
map H : Q4 — R is of the form

ar (A, ABIAD £ 3 (Y AT)AE)

s=1
+ as s A AN,
s=1

where a1,a25,a3s : R — R are smooth maps. Thus, using Theorem we
reobtain the result of [6], which says that if m > 3, then the space of all M f,,-
natural operators T ~» T*T" is a free (2r 4+ 1)-dimensional C*°(R")-module. It is
very likely that any M f,,-natural operator D : T* ~ T*T" is of the form

w Z hl,(iLw(l), e ,iLw(T))w(”) + Z g[,(iLo.}(l)7 . ,iLw(T))diLw(U)
v=0 o=1
for smooth maps h,,g, : R” — R uniquely determined by D, where L is the
canonical vector field on 7" mentioned above. We leave this as an open hypothesis.
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